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networks (ANNs). Finally, we provide a verification of
our claims by considering two paradigmatic models of
statistical physics: the Ising model – for which the RG
procedure yields the famous Kadano↵ block spins – and
the dimer model, whose RG is much less trivial.

Consider then a classical system of local degrees of free-
dom X = {x1, . . . , xN} ⌘ {xi}, defined by a Hamilto-
nian energy function H({xi}) and associated statistical
probabilities P (X ) / e

��H({xi}), where � is the inverse
temperature. Alternatively (and su�ciently for our pur-
poses), the system is given by Monte Carlo samples of
the equilibrium distribution P (X ). We denote a small
spatial region of interest by V ⌘ {vi} and the remain-
der of the system by E ⌘ {ei}, so that X = (V, E). We
adopt a probabilistic point of view, and treat X , E etc.
as random variables. Our goal is to extract the relevant
degrees of freedom H from V.

“Relevance” is understood here in the following way:
the degrees of freedom RG captures govern the long dis-
tance behaviour of the theory, and therefore the experi-
mentally measurable physical properties; they carry the
most information about the system at large, as opposed
to local fluctuations. We thus formally define the ran-
dom variable H as a composite function of degrees of
freedom in V maximizing the mutual information (MI)
[23] between H and the environment E .

Mutual information, denoted by I�, measures the to-
tal amount of information about one random variable
contained in the other (thus it is more general than cor-
relation coe�cients, which measure monotonic relations
between variables, only). It is given in our setting by:

I⇤(H : E) =
X

H,E

P⇤(E ,H) log

✓
P⇤(E ,H)

P⇤(H)P (E)

◆
, (1)

The unknown distribution P⇤(E ,H) and its marginaliza-
tion P⇤(H), depending on a set of parameters ⇤ (which
we keep generic at this point), are functions of P (V , E)
and of P⇤(H|V), which is the central object of interest.
In the supplementary materials we discuss the relation of
this approach to RG to the more standard procedures.

Finding P⇤(H|V) which maximizes I⇤ under certain
constraints is a well-posed mathematical question and
has a formal solution [24]. Since, however, the space of
probability distributions grows exponentially with num-
ber of local degrees of freedom, it is in practice impos-
sible to use without further assumptions for any but
the smallest physical systems. Our approach is to ex-
ploit the remarkable dimensionality reduction properties
of artificial neural networks (ANNs) [9]. We use re-
stricted Boltzmann machines (RBM), a class of proba-
bilistic ANNs well adapted to approximating arbitrary
data probability distributions. An RBM is composed
of two layers of nodes, the “visible” layer, correspond-
ing to local degrees of freedom in our setting, and a
“hidden” layer. The interactions between the layers are
defined by an energy function E⇥ ⌘ Ea,b,✓(V,H) =
�
P

i aivi �
P

j bjhj �
P

ij vi✓ijhj , such that the joint

probability distribution for a particular configuration of
visible and hidden deegrees of freedom is given by a Boltz-
mann weight:

P⇥(V,H) =
1

Z
e
�Ea,b,✓(V,H)

, (2)

with Z the normalization. The goal of training of an
ANN is to find parameters ✓ij (“weights” or “filters”)
and ai, bi optimizing a chosen objective function.
Three distinct RBMs are used: two are trained as

e�cient approximators of the probability distributions
P (V, E) and P (V), using the celebrated contrastive di-
vergence (CD) algorithm [25]. Their trained parameters
are used by the third network [see Fig. 1(B)], which has
a di↵erent objective: to find P⇤(H|V) maximizing I⇤,
we introduce the real space mutual information (RSMI)
network, whose architecture is shown in Fig. 1(A). The
hidden units of RSMI correspond to coarse-grained vari-
ables H.

FIG. 1. (A) The RSMI neural network architecture: the hid-
den layer H is directly coupled to the visible layer V via the
weights �j

i (red arrows), however the training algorithm for
the weights estimates MI between H and the environment
E . The bu↵er B, is introduced to filter out local correla-
tions within V (see supplementary materials). (B) The work-
flow of the algorithm: the CD-algorithm trained RBMs learn
to approximate probabilty distributions P (V, E) and P (V).
Their final parameters, denoted collectively by ⇥(V,E) and
⇥(V), are inputs for the main RSMI network learning to ex-
tract P⇤(H|V) by maximizing I⇤. The final weights �j

i of the
RSMI network identify the relevant degrees of freedom. For
Ising and dimer problems they are shown in Figs. 2 and 4.

The parameters ⇤ = (ai, bj ,�
j
i ) of the RSMI network

are trained by an iterative procedure. At each iteration a
Monte Carlo estimate of function I⇤(H : E) and its gra-
dients is performed for the current values of parameters
⇤. The gradients are then used to improve the values
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temperature. Alternatively (and su�ciently for our pur-
poses), the system is given by Monte Carlo samples of
the equilibrium distribution P (X ). We denote a small
spatial region of interest by V ⌘ {vi} and the remain-
der of the system by E ⌘ {ei}, so that X = (V, E). We
adopt a probabilistic point of view, and treat X , E etc.
as random variables. Our goal is to extract the relevant
degrees of freedom H from V.

“Relevance” is understood here in the following way:
the degrees of freedom RG captures govern the long dis-
tance behaviour of the theory, and therefore the experi-
mentally measurable physical properties; they carry the
most information about the system at large, as opposed
to local fluctuations. We thus formally define the ran-
dom variable H as a composite function of degrees of
freedom in V maximizing the mutual information (MI)
[23] between H and the environment E .

Mutual information, denoted by I�, measures the to-
tal amount of information about one random variable
contained in the other (thus it is more general than cor-
relation coe�cients, which measure monotonic relations
between variables, only). It is given in our setting by:

I⇤(H : E) =
X

H,E

P⇤(E ,H) log

✓
P⇤(E ,H)

P⇤(H)P (E)

◆
, (1)

The unknown distribution P⇤(E ,H) and its marginaliza-
tion P⇤(H), depending on a set of parameters ⇤ (which
we keep generic at this point), are functions of P (V , E)
and of P⇤(H|V), which is the central object of interest.
In the supplementary materials we discuss the relation of
this approach to RG to the more standard procedures.

Finding P⇤(H|V) which maximizes I⇤ under certain
constraints is a well-posed mathematical question and
has a formal solution [24]. Since, however, the space of
probability distributions grows exponentially with num-
ber of local degrees of freedom, it is in practice impos-
sible to use without further assumptions for any but
the smallest physical systems. Our approach is to ex-
ploit the remarkable dimensionality reduction properties
of artificial neural networks (ANNs) [9]. We use re-
stricted Boltzmann machines (RBM), a class of proba-
bilistic ANNs well adapted to approximating arbitrary
data probability distributions. An RBM is composed
of two layers of nodes, the “visible” layer, correspond-
ing to local degrees of freedom in our setting, and a
“hidden” layer. The interactions between the layers are
defined by an energy function E⇥ ⌘ Ea,b,✓(V,H) =
�
P

i aivi �
P

j bjhj �
P

ij vi✓ijhj , such that the joint

probability distribution for a particular configuration of
visible and hidden deegrees of freedom is given by a Boltz-
mann weight:

P⇥(V,H) =
1

Z
e
�Ea,b,✓(V,H)

, (2)

with Z the normalization. The goal of training of an
ANN is to find parameters ✓ij (“weights” or “filters”)
and ai, bi optimizing a chosen objective function.
Three distinct RBMs are used: two are trained as

e�cient approximators of the probability distributions
P (V, E) and P (V), using the celebrated contrastive di-
vergence (CD) algorithm [25]. Their trained parameters
are used by the third network [see Fig. 1(B)], which has
a di↵erent objective: to find P⇤(H|V) maximizing I⇤,
we introduce the real space mutual information (RSMI)
network, whose architecture is shown in Fig. 1(A). The
hidden units of RSMI correspond to coarse-grained vari-
ables H.

FIG. 1. (A) The RSMI neural network architecture: the hid-
den layer H is directly coupled to the visible layer V via the
weights �j

i (red arrows), however the training algorithm for
the weights estimates MI between H and the environment
E . The bu↵er B, is introduced to filter out local correla-
tions within V (see supplementary materials). (B) The work-
flow of the algorithm: the CD-algorithm trained RBMs learn
to approximate probabilty distributions P (V, E) and P (V).
Their final parameters, denoted collectively by ⇥(V,E) and
⇥(V), are inputs for the main RSMI network learning to ex-
tract P⇤(H|V) by maximizing I⇤. The final weights �j

i of the
RSMI network identify the relevant degrees of freedom. For
Ising and dimer problems they are shown in Figs. 2 and 4.

The parameters ⇤ = (ai, bj ,�
j
i ) of the RSMI network

are trained by an iterative procedure. At each iteration a
Monte Carlo estimate of function I⇤(H : E) and its gra-
dients is performed for the current values of parameters
⇤. The gradients are then used to improve the values
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The essential ingredients

▪ The MI estimator

▪ The RG ansatz

PΛ (H |V )
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Estimating MI with neural networks

▪ MINE can be improved in many respects (e.g. variance)

Nguyen, Wainwright, Jordan (2010)

Poole et al. ICMLR (2019) “On variational bounds of mutual information”

InfoNCE, van den Oord et al. (2018)

▪ Common methods are computationally 
demanding and/or not differentiable

▪ Estimation by optimising variational bounds

Make T a neural network! MINE, Belghazi et al. (2018)

▪ We end up with a parametric, differentiable, and tight lower bound
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The RSMI-NE network

▪ The coarse-graining convolution(s)
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▪ Differentiable ``discretizer``



The RSMI-NE network

▪ The coarse-graining convolution(s)

▪ The RSMI estimator and the coarse-graining Ansatz are chained together
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▪ Differentiable ``discretizer``



The RSMI-NE network

▪ The coarse-graining convolution(s)

▪ The RSMI estimator and the coarse-graining Ansatz are chained together
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▪ Differentiable ``discretizer``

▪ They are co-trained with SGD as a single network (because: differentiable, 
upper bounded!) 
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RG of dimer model: 
mapping to height field
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▪ The optimal filters depend on T ▪ RSMI retrieved by pristine filters reflect 
competing correlations
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▪ Pairs of C/P filters label broken symmetry states ▪ Filters define order parameters:

Alet et al. PRE 74, 041124 (2006)

▪ Filters are relevant operators:

Papanikolaou et al. PRB 76, 134514 (2007)

▪ They can be assigned scaling dimensions

(Also: staggered filters are gradients of the height field)
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Data analysis of RMSI filter ensemble

▪ They can be decoupled and recovered

▪ In intermediate regimes and finite systems 
competing correlations yield mixtures of filters

▪ As a function of disorder distribution?

▪ Works also from partial data
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The information bottleneck (IB) compression

▪ “Relevance” defined implicitly, by 
correlations with a signal variable

Tishby, Pereira, Bialek (1999) 
Tishby Slonim NeurIPS (2000)

▪ Optimal compression of relevant 
information is a variational problem

▪ IB equations:

▪ Optimal IB encoder goes through a sequence of 
permutation symmetry breaking transitions

Gedeon et al. Entropy (2012), 14(3) 456-479

▪ RSMI arises in the infinite      limit, and finite alphabet
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IB and the transfer matrix

▪ We want to solve the IB eqs. for encoder

▪ The encoder (needs to be solved self-consistently):

▪ Distributions entering IB equations can be 
expressed using transfer matrices 

▪ Eigenvectors/eigenvalues of transfer matrices 
have direct relation to CFT operator content

Cardy  J. Phys. A: Math. Gen. 17, L385 (1984) 
Bloete et al. Phys. Rev.Lett. 56, 742 (1986)

▪ All quantities of interest are functions of matrix elements of relevant operators:
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▪ Expand around first transition                        :

Differentiation from 
trivial encoder

▪ Trivial solution exists always, but a nontrivial 
one appears when:

Symmetries in IB and RG

▪ Physical symmetries of the data:

▪ We expect the optimal encoder to maintain it:

▪ Below first transition the encoder is trivially symmetric 

▪ We can explicitly construct an optimal symmetric encoder after 
first transition

▪ Can potentially be used to identify symmetries.
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▪ Assume first perfect RSMI capture, then:
The range of the Hamiltonian 

does not increase!

▪ The upper bound on compressed information

▪ This assumption is rarely true. But the factoring property holds also in practice:
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Disorder distributions

▪ RG acts on distributions of couplings:

▪ Under perfect RSMI capture factorability of 
disorder distribution is maintained

Centre of mass shiftKL divergence
▪ Example: disordered 1D Ising model



Conclusions

▪ Constructing an optimal RG transformation as 

a variation problem in information theory 

▪ https://github.com/RSMI-NE/RSMI-NE 

▪ Comprehensive view of long-distance physics 

▪ Constructing the relevant operators 

▪ Formal connection between compression 

theory and field theory formalism

Outlook
▪ Extension to non-equilibrium 

▪ Statistical models in 3D 

▪ Correlations in experimental data: surface measurements, 

meteo, …

https://github.com/RSMI-NE/RSMI-NE


Thank you!
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▪ The staggered filters:
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▪ The staggered filters:

Papanikolaou et al. PRB 76, 134514 (2007)

▪ Expanding sin/cos and averaging we obtain:





RSMI training


