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Many open questions
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ℛ̂n(Θ) =
1
2n ∑

ν∈[n]
(yν − fΘ(xν))2

Empirical Risk

• Gradient descent (GD):

Θk+1 = Θk − γk ∇Θkℛ̂n (Θk)
Defining  with , at fixed  the limit  yields gradient flow:t = kδt δt = γk n, d γk → 0

·Θ(t) = − ∇Θℛ̂n (Θ(t))
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Algorithms: SGD

One-pass limit: at each , take fresh datak

Θν+1 = Θν − γν ∇Θν[ 1
2 (yν − fΘν(xν))2] |Bν | = 1

Θk+1 = Θk − γk ∇Θkℛ̂Bk (Θk)

• Stochastic Gradient descent (SGD): at every , choose mini-batch k Bk ⊂ [n]

ℛ̂B(Θ) =
1

2 |B | ∑
ν∈B

(yν − fΘ(xν))2

mini-batch

As before, taking the limit  at fixed :γk → 0 n, d

·Θ(t) = − ∇Θℛ (Θ(t))
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Another look at SGD

Θk+1 = Θk − γk ∇Θkℛ (Θk) + γkεk

Rewrite SGD:

Where:

εk = ∇Θk[ℛ (Θk) − ℛ̂Bk (Θk)]

Question: How to characterise this?

Effective 

Noise

GD on population



Two-layers: a toy problem

Hidden
layer

Input
x ∈ Rd

a ∈ R
W ∈ Rd×p

fΘ(x) =
p

∑
i=1

aiσ(w⊤
i x)

Let  denote  i.i.d. samples from  (xν, yν) ∈ ℝd × ℝ ν = 1,⋯, n p

 Θ ≡ (a, W) ∈ ℝp × ℝp×d
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Define empirical density of weights:Idea: 



Mean-field limit
Define empirical density of weights:Idea: 

Show that, at fixed  and :d γk ≪ 1/d

∂tρt = γ∇θ(ρt ∇θR(θ; ρt))
p → ∞One-pass 


SGD

[Mei, Montanari, Nguyen 18’; Chizat, Bach 18’; Rotskoff, 
Vanden-Eijnden 18’; Sirignano, Spiliopoulos 18’]

R(θ; ρ) = V(θ) + ∫ℝd+1

ρ(dθ′￼)U(θ, θ′￼)

V(θ) = a 𝔼(x,y)∼ρ [yσ(w⊤x)] U(θ, θ′￼) = aa′￼ 𝔼x∼ρx [σ(w⊤x)σ(w′￼
⊤x)]

Where: “Mean-field” limit

 ρν
p(Θ) =

1
p

p

∑
i=1

δ(θ − θν
i )  θi = (ai, wi) ∈ ℝd+1



Global convergence
From [Chizat, Bach 21’, arXiv: 2110.08084]

[Mei, Montanari, Nguyen 18’; Chizat, Bach 18’; Rotskoff, 
Vanden-Eijnden 18’; Sirignano, Spiliopoulos 18’]
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Teacher-student setting

Teacher network

W⋆ ∈ ℝk×d

1
k

fΘ*(x) =
1
k

k

∑
r=1

σ(w*r
⊤x)

ζν ∼ 𝒩(0,1)

yν = fW*(xν) + Δζν

xν ∼ 𝒩(0, Id)



Teacher network

W⋆ ∈ ℝk×d

ζν ∼ 𝒩(0,1)xν ∼ 𝒩(0, Id)

Student network

1
p
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1
p
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Sufficient statistics

Goal: track population error exactly throughout the dynamics
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Goal: track population error exactly throughout the dynamics

Where:

Ων = ( P Mν

Mν⊤ Qν) ∈ ℝ(k+p)×(k+p)

Key idea:

Ων+1 = Ων + δtν ψ(Ων)One-pass 

SGD
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After some work…

Sufficient statistics

Mν+1 − Mν =
γ

dp
ψM(Ων)

Qν+1 − Qν =
γ

dp
ψ(1)

Q (Ων) +
γ2

dp2
ψ(2)

Q (Ων)

Ων+1 = Ων + δtν ψ(Ων)



After some work…

Sufficient statistics

Ων+1 = Ων + δtν ψ(Ων)

Population 
gradient

Noise

Mν+1 − Mν =
γ

dp
ψM(Ων)

Qν+1 − Qν =
γ

dp
ψ(1)

Q (Ων) +
γ2

dp2
ψ(2)

Q (Ων)



Deterministic limit

Theorem (Saad,Solla ’95; Reents, Urbanczik ’98; Goldt et al ’19)

Defining  with , for , 

for :

t = νδt δt = 1/d p, k, γ = O(1)
d → ∞

Note:  number of samples seen at time  is t = O(1) n ∼ td

·M(t) =
γ
p

ψ̄M(M(t), Q(t))

·Q(t) =
γ
p

ψ̄(1)
Q (M(t), Q(t)) +

γ2

p2
ψ̄(2)

Q (M(t), Q(t))
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Bridging the two regimes

x ∈ ℝd

h ∈ ℝp

x ∈ ℝd

h ∈ ℝp

p
d

Narrow networks

p ≪ d

Wide networks

p ≫ d???

(Saad & Solla) (Mean-field limit)



Saad & Solla ‘95 Our work

k, p, γ = O(1)

d → ∞

k = O(1)

d → ∞

p ∼ dκ κ > 0

γ ∼ d−δ κ + δ > −
1
2

Bridging the two regimes



Main theoretical result

Theorem [Veiga, Stephan, BL, Krzakala, Zdeborová ’22]

Let ,  . Then  :T ∈ ℝ+ δt ≥ c max ( γ
dp

,
γ2

dp2 ) ∀0 ≤ ν ≤ ⌊ T
δt ⌋

𝔼 | |Ων − Ω̄(νδt) | |∞ ≤ C(T)log(p) δt

Where  is the solution of an ODE:Ω̄(t)

dΩ̄(t)
dt

= ψ(Ω̄(t))
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[Saad, Solla 95’]



Blue line: κ + δ = 0

�1 �1
2

0 1
X

0

1

^

Perfect learning

Bad
learning

No
ODEs

Plateau

δt = 1/d

100 101 102 103 104

C = a
3

10�7

10�6

10�5

10�4

10�3

10�2

R
� = 10�2

� = 10�3

� = 10�4

� = 0

Extension of S&S regime to the whole blue line 

(same phenomenology)



Green region: κ + δ > 0
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Orange region: 0 > κ + δ > − 1/2
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Fundamental trade-off

Lowering  by a factor  requires  more samplesγ d−δ dδ
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Summary
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for 2-layer NN in the high-dimensional limit

Wide hidden-layer helps achieving perfect learning

Full phase diagram describing 

cross-over between different regimes



Thank you!



