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1. The language is based on surgery description of closed manifolds
introduced by Wallace (1960) and Lickorish (1962).

2. The calculus is based on the calculi introduced by Rolfsen
(1976), Kirby (1978), Fenn and Rourke (1979) and Roberts (1997).

3. The composition of diagrams is new.
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An 𝑛-dimensional TQFT is a symmetric monoidal functor from
the category nCob to the category Vect.

How faithful a 3-dimensional TQFT could be?
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Diagrams for 1Cob↭ Richard Brauer’s representation

1

Under some minor provisos, every 1-dimensional TQFT is faithful.
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Diagrams for 2Cob↭ commutative Frobenius algebras

1

A 2-dimensional TQFT with respect to QZ5⊗𝑍(QS3) is faithful.
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Diagrams for 3Cob↭ ?

? = Modular categories of Turaev or J-algebras of Juhasz or
something else.

What are 3Cob diagrams and how to compose them?
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S. Sawin, Three-dimensional 2-framed TQFTS and surgery,
Journal of Knot Theory and its Ramifications ,
vol. 13 (2004), pp. 947-963

2nd Reading
November 3, 2004 9:24 WSPC/134-JKTR 00353

962 S. F. Sawin
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Fig. 8. The embedding plus link corresponding to the pairing.

A B A ∪s B A Am

Fig. 9. Sewing and mending of three-manifolds.

Remark 6. While [18] construct TQFTs by proving invariance of appropriate

quantities under the 2-framed Kirby moves, one could just as well use the Roberts

moves directly.

Corollary 2. For each g suppose Σg is a handlebody of genus g, in particular a

2-framed surface, and suppose Z(Σg) is a finite-dimensional vector space. Given an

embedding of
⋃n

i=1 Σgi with each Σgi labeled by a vector in Z(Σgi) into S3 together

with a framed unoriented link in the complement of the embedding, suppose f is

an invariant of the labeled embedding and the link. Suppose further that f is linear

as a function of each label, independent of the ordering of {gi}n
i=1, unchanged by

the framed Kirby moves and that the value of f on the embedding shown in Fig. 8

(shown here for the genus two case) is a nondegenerate pairing 〈v, w〉 on Z(Σg).

Finally suppose that f of the embeddings pictured in Fig. 9 are related by

f(A ∪s B) = (f(A) ⊗ f(B)) ◦Φ

f(Am) = f(A) ◦ Φ ,

where Φ is constructed out of the dual element to the pairing as in Theorem 1. Then

f is actually an invariant of the basic cobordism determined by that embedding and

link which satisfies the axioms of Theorem 1 and as such determines a TQFT.

Proof. Of course invariance under the biframed Kirby moves guarantees f is an

invariant of the cobordism. We are given that it satisfies the Symmetry and Non-

degeneracy Axioms of Theorem 1, and to see it satisfies Sewing and Mending it

suffices to check that the embeddings and link shown in Fig. 9 (shown here only for

a genus two 2-framed surface, represented by its underlying graph) represent the

sewing and mending of the basic cobordisms. This follow easily from the definition

of the surgery description.
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The diagrams

The diagrams are placed in 𝑅3 in a narrow tubular neighbourhood
of the 𝑥𝑦-plane.
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The interpretation (as 3-manifolds)
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The interpretation of a diagram as a manifold includes something
more than just the homeomorphism type of a manifold—it gives
a canonical identification of the boundary.

n

1

Both diagrams present the solid torus. However, if we consider
the red circles to be identical, then there is no homeomorphism
between the solid tori, which fixes the points of the common
boundary.
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The interpretation (as 3-cobordisms)

For every 𝑔 a surface Σ𝑔 of genus 𝑔 is fixed and its embedding
into a component of 𝜕𝑀 is defined. The goal is to interpret the
following diagrams as identities.
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The handlebody 𝐻𝑔 and its boundary Σ𝑔

Σ𝑔 is equipped with a wedge of 2𝑔 circles, one pair, consisting of
an 𝑎-circle and a 𝑏-circle, for each handle.
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The reversion

a1

b1

a1

b1

a2

b2

a2

b2

b1

a1

b1

a1

b2

a2

b2

a2

1

𝑅 = [𝑏1, 𝑎1, 𝑏𝑔, 𝑎𝑔, . . . , 𝑏2, 𝑎2]



14

.

Proposition 1. Every connected arrow of 3Cob is presentable
by a diagram.

Corollary Every arrow of 3Cob is presentable by a sequence
of diagrams and two permutations acting on the source and the
target.

Proposition 2. Two diagrams present the same arrow of 3Cob
if and only if there is a finite sequence of moves

C -1 -1

. . . . . .. . . . . .

Ci, ni
↓

Ci, ni + lk2(C,Ci)
↓

(-1) 

-1

1

. . . . . .

(0) C 1 1

. . . . . .. . . . . .

Ci, ni
↓

Ci, ni − lk2(C,Ci)
↓

(1) 

1

transforming one into the other.
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A diagram within a handlebody
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Inside-out
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Inside-out
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Inside-out
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Inside-out
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Inside-out
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Gluing along a connected boundary
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Surgery for Σ𝑔 × 𝑆1.



23

.

Gluing along a disconnected boundary
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Gluing along a disconnected boundary
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a1
b1

a1

b1
b2a2

b2
a2

a1

b1

a1

b1
b2a2

b2

a2

1

Σ𝑔 × 𝐼
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