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Motivation
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Diffusion with jumps
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The role of the parameter s to model diffusion strategies
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Some questions

How to study the s-dependency?

For example:

e What can be said about the map s — (—A)%p?

o If u, is a solution of

(_A)Sus = fv

What can be said about the solution map s — us?, Is it continuous?,
differentiable?, if so, how is the derivative vg := Osus analyzed?

e How is this influenced by a nonlinear component?, for instance, if us is a
solution of

Ps=2,,

(—A) us = |u,

S

What can be said about the map s — u,?, What happens as s — 077?
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What can be said about
s (—A)5p?
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The logarithmic Laplacian: a pseudodifferential
operator

Let p € C(RY), ¢ € RV\{0}, then

(CAFP() = [€2°3(€) = (1 + sIn(|E[?) + o(s)B(€)
= 3(&) + sIn(|€2)B(E) + ofs)

as s — 07, Let

m(—A)p(€) = n(|¢*)B(E).

Other notations
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An integrodifferential operator

Lap(z) = FH(In(| - [*)2)(2).
(Chen, Weth; 2019)
Lagp(z) =cn SD(SL))SD(y)dyCI\//]R Mdy+pN99(Z)7

Bi(x) |y|N N\ B (z) |y\N

where ey =7~ 3 T(Y) > 0, py = 2In2 + '(§)/T(Y) +17(1) e R.
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Derivative of (—A)?

p(x) — () e(y)
LAQD(.Z‘):CN/ " dy —¢cn —~dy + pne(z),
By (z) ly|v RN\ B (z) ly|V (=)

(Chen, Weth; 2019)
For 1 < p < oo and p € C(RY),

[[(FA) -
| - L =0.
| v =0
Namely,
Lap(z) = 4 —A)%p(x)
AP dsls=0 vir
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Variational structure

LMO(QJ):CN/ Mdy—CN/ Mdy+pN<p(m)7
By (x) |ZI|N RN\ B (z) |”!/\N

Let Q ¢ RY be a bounded domain and let

o= [ [ . (o) ~ )W) —vl)

|z —y|N

Then,
H(Q) := {p € L*(Q) : E(p,p) < 00, » =0 in RV\Q}

is a Hilbert space with scalar product £(-,-). Let

Ep(u,v) := E(p, 1)) — en /RN /RN\Bl(x) W dydx + pn /RN (Y)Y (y) dy.
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Weak solutions

LAu:f

!

E1(u, ) = /Q fode Ve CR(Q),

Lau=\u — SL(u,go):)\/ucpdx Yo € C°(Q).
Q

(Chen, Weth; 2019) There is a sequence of eigenvalues
Mo< Al <. < AE < ... and eigenfunctions & € H(Q) such that

e {¢E} is an orthonormal basis of L%(Q),

o >0,
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Eigenfunctions

La&t = M€
(Chen, Weth; 2019) If & is the first eigenfunction of (—A)*® and
(—A)°&7 = A,
then lim, .o+ A] =1,
° /\L _d s

ds =0 1L

o ¢l ass— 0.
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Maximum principle

L&l = APEf

(Chen, Weth; 2019)

e The operator La satisfies the maximum principle if and only if A} > 0.
o A\ <In(\y), where A\; = A\1(Q) > 0 is the first eigenvalue of the Laplacian.
o A\ <In(\) < 0if Ay < 1 (for Q big, for instance).
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Regularity

LAU, = f
(Kassman, Mimica; 2013 - Chen, Weth; 2019)

o f € L>(Q) implies that u € C(Q) and

1
lu(z)| < CTW

for all T € (0, 3).

as p(x) = dist(x,00) — 0
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[f ug 1s a solution of
(_A>Su8 — f7

what can be said of s — us”



Differentiability of s — ug

Let z >0, s € [0,1], and h € C*(0,1), then

%(z*h(s)) =1In(z)2°h(s) + 2°K'(s).

If
(=A)Yus=f enQ, us =0 on RM\Q,
then s — uy is differentiable in (0,1) (Jarohs, S., Weth; 2020) and

d

0= £((—A)Sus) =1In(—A) ((—A)SUS) +(=A)° (disus>

Then vy := %us is the solution of

(=A)’vs = —LA((—A)S’LLS> in €, v =0 on O

See also (Burkovska, Gunzburger, 2020).
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Some results for s € [0, 1]

Vg = %us, us = v, = 0 in RV\Q,
(“AYuy=f>0 inQ (A, = —LA((—A)SuS) in Q.

(Jarohs, S., Weth; 2020)

o s ug(x) is decreasing in [0,1] for all z € Q <= Laf >0in Q.
e if f=13ry>0:QC B,,(0) = s+ uy is decreasing for s € [0, 1].
e if f =1 and B,,(0) C Q, then s — u4(0) is not decreasing in [0, 1].

Note: \T/Nﬁﬁc>0as]\7%oo.
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It ug 1s a solution of
(—A) us = ‘us‘ps—Qu&

What can be said about s — ug”.
What happens when s — 077
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A superlinear subcritical problem

Let p € C([0, 1]) be such that

2N
2 — L
<p(s) <2} N _g, Paas €(0,7),

Let ps := p(s) and let us be the solution of

, 4
p'(0) ¢ {Ov N}

(—A)*us = |ug[P<%uy  in Q, us =0 on RV\Q.
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(S., Herndndez Santamaria; 2022)

Let s — 0 as k — oo and let u,, be a least-energy solution of

(—A)ug, = |ug, [P+ *u in €, ug, = 0 on RM\Q.

Sk

Then there is ug € H(2)\{0} such that (passing to a subsequence)
U, — U en L3(Q)

and ug is a least-energy solution of

Laug =9 (0)In(Juo))ug  in Q, up =0 on RNM\Q.
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Some difficulties

e Lack of compactness (no embedding such as Hg(Q2) — LP=(Q2)).
e It only holds that H(2) — L2(Q2) is compact, but this is not enough.

e An important tool: the logarithmic Sobolev inequality.
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A proof of the logarithmic Sobolev inequality

Step 1: Consider the fractional Sobolev inequality

lul3. < knsllull? for all u € C°(RY),
where s € (0, %), 27 == 205,

M‘M

|u

2 _
2;—</RN|U

3
o* :
: dx) ,

Juli = [ | 1€Pato) ds.
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A proof of the logarithmic Sobolev inequality

Step 1: Consider the fractional Sobolev inequality
32 < kns|lul|? for all u € C°(RY),

where s € (0, %), 25 == 205-=2+ s+ + o(s),
2
23

2 = (/ |u|? dm)
s RN
2 4 2 2 2
:/ |u|*de + s— (/u 1n|u\d:v—/ |u|® dzIn (/ |l d.L)) + o(s),
RN N RN RN

R R Gl

|u

|u

= [1uPds+s [ w(eP) @O ¢+ ofs)
B JRN ‘
P o) (ruv)) N
: M \1(D)
=1 +sany +o(s))

for some ay € R as s — 0.
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A proof of the logarithmic Sobolev inequality

Step 2: An first order expansion on s:
|u\§s < ki ellul? for all u € C°(RY),

becomes

4
/ lu|? dz + s— </ |u|21n|u\dx—/ |u|? dz In </ |u2dz>) + o(s)
RN N RN RN RN

< sy o) ([ uPdrts [ mleaeRds + o)

= [ s (o [ ars [ miepyaerae) + o
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A proof of the logarithmic Sobolev inequality

Step 3: Simplify:

4 —~
N (/]RN lu|? In |u| dz — |u§ln|u|§) < aylul? +/sz In([€[2)[a(€)[? d€ + o(s),

ful? = / u? de
]RN

where
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A proof of the logarithmic Sobolev inequality

Step 4: Let s — 0™:

2 5 2
& [ P m(u) de < [ (@O g+ i nfuff + ol
RN RN
or
z/ lu? In(|ul?) dz < E(u u)+3\u|2hl\u|2+a |u|3
N Jen = ¢L(W, NP2 2 N|W|2-

This is the Sobolev logarithmic inequality with optimal constant
(Beckner, 1995).
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The Nehari manifold method

Lau = pln(ul)u, e (0, %).

The energy functional J : H(Q2) — R is given by
T(u) = %SL(u,u) - %/Quz(ln(|u|2) _1).
The Nehari manifold is
N = {u e HOMO} + €)= [ m(ul)ed

Given ¢ € C°(Q)\{0},

5 ) - lIl 2
top €N, where ¢, := exp ( (%) 'qu |l )

1|3
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Proposition

Let (uy) C Ny be such that

sup,en J(un) < C. Then (uy) is bounded in H(Q)}

J(uy) =

4
%|un|g = sup |un|§ < -C=:04.
neN %

By the Sobolev logarithmic inequality,

2C > 2J(up) = Ep(u,u)

Z (1 - ]\ZJI> SL(una

sup Er, (Un, upn) <
neN

Then

)

Thus,

Cy > Er(Un, un) =

un i)

> |lunllfq) — (191 + [on])C
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—%/Qthl(MQ)—i—l;/QuQ

Iz p N
wn) = St Bl + (5 — ax )

te[0,C4]

C (1 + sup (|In(¢)| + 1)t> =: Ch.

un(y)
—c dy dzx + Uy,
N /]RN /]RN\Bl(z) |z — y|N x| |2



Work in progress

Alberto Saldana



Existence of classical solutions (with Héctor
Chang-Lara - CIMAT)
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Numerical approximation of solutions (with Victor
Hernandez-Santamaria - IMUNAM)
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flx)=sin(5*x)

-0.32

117 -

-1.17 -
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f(x)=sin(5*x)

=1



Asymptotic analysis in sublinear-type problems (with
Felipe Angeles Garcia - IMUNAM)
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