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                             A family of threefolds with unusual features 
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Xtop x X calabi yau Physics

A conjecture ofBogomolov

Kawamata Rorrison conjecture

A conjecture of Namikawe

A conjecture of Elkies

Physics of String Theory
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Question From string geometry n mid 80s

what integers arise as
XpopCx

I dim x 3 compact Kahler act o

I strominger Witter etel 1863

C Schoen 19883

A family of such t proj algebraic
computes Atop x



n ro2oz
1 X the schoens

step o B

g

rational elliptic surface withsection
r

Example
F G general cubics in p IF tub pencil

20,77,1 2 FEZ G Z

is

R

4 i

t
FEETGCE Z

r B p is an elliptic timation with sections

To 5g are sections

Theorem All rational ellipticsurfaces w section

arise from pencils of plane cubics
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Example Fix y z to ez ez
Glxy t Ez 2 2252 2 Ezoz 23 1

a Pencil AfterG F G F G of Doc Po

a RES B y P I 12716 51
3 3m67

B
r f

TY Clay
I

P Chin

Singular fibers I't q y I

where qi Chi nj
rootsof 12716 she zu I E ji s 6

Gasps A ZANARDINI

Example F G general RFtuG penal
RES B

B
r f

TY Clay
I qi Chi Mi is s 12

M Chu

Singular fibers t ai y x'Gt



If Discriminant It E By p g
on

step the construction

Let r B a P r B IP Res with section

It Bop

X

B B
r

sp
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X BxB Ipi

Lp B

4 F
B

u
n

r
g

px x o

BLIP ECB IP

Remark

i ECB P r E B d of ah x smooth

al Xtoplx is easily computed

Proof Mayer Victor

r B it i r B IP family of Xtop CA

ai x gen smooth and atop 41 0

Mostly mild singularities c x ok

Wy
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Proposition 1 Wr n Tx

Proof

Proposition 2 x is simply connected

n'Oy h Tx o

Def X dim 8 3 is a smooth Calabi Yau Bfold
a Xproj smooth ache or Knox

n'love Motto child o

X smooth Schoen is a Calabi Yau
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Schoen KapustaKapusta
conditions on

fr
B B

r B's ip
Mch that i t t is singular

7 a I X I smooth Calabi Your

Remark a is a small resolution
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I 12 exceptional Ip 212

Th fpi
msn.am

NODES Tty We22
P

YiSpy

B
T I

i

n
n

a a

BLIP E BYIP

schoen Calculations of x top

Some aw rigid

unfortunately for the physicists
many Xtop C
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Review MsciNetC Beauville

theoretical physicists do not seem to care

any longer about these three folds
but mathematicians

In fact

Question Bogomolov X KanOx

Does I e I birational automorphism

extend to a biregular automorphism

Counterexample cSchoen FY Schoen

A I e I birational automorphism which

does not extend to f I bi regular
I I



M10.2022

Physicsof Miron symmetry

Mirror symmetry for x y Calabi Yau

Kahler moduli ex as a moduli Y

9 uh x h y mid 80 s

Question Morrison 192 X Cy

Does Nef X H x Q have a fundamental domain

which is a rational polyhedral cone for Aut x

Theorem AG Morrison 92

The conjecture is non trivially satisfied
for x Schoen general

Def Chanler are

Nef x AgDivisors on X A Pao Te NEW

TN M effective curves
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Remarks

e Most X ay in the physics literature

reflex is rationally polyhedral

ii Mr Morrison Kawamata conjecture
in more generality

Proof Idea of7
Addition law in the fibers

gives infinitely many edges of NE x

Nef x

gtfo
E Not to scale

dim 4218,22 19

Addition law in the fibers gives fundamental
domain and action of Autox
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f to 61 501

ipi
x B

g B

se

n

F
B

T tGo

q
n

t x o

BLIP ECB IP

r
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Deformations and Resolution geometrictransitions

7Nami Nawa M Rossi

Question I Namikawa x Calo bi Youn f

I x smell resolution
Does 7 Y C Y Y Y Y NODES

n4gEz w

and flat deformation I a Y

Theorem C Nami kawa Rossi F counterexamples

Xi family of New schoens

renown conifold transitions Physics
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Example Fix y z to ez ez
Glxy t Ez 2 2252 2 Ézoz 23 1

a Pencil NFtuG

a B y P I 12716 51
3 3m67

B
r f

TY Clay
I

P Chin

Singular fibers flail y P

where q Chi u rootsof 12716 spurs 467 I e je 6

X BY B 6 singularities Not NODAL

cartoon

X B B I
j

y x w z

Pl

LPs
I

B B

B
u

n

r



r
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I a p

BLIP ECB IP

7 tiliosis Thi Xi X small resolutions
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Physics of F Theory

Def X
P

B elliptic timation
E to P E R C B dense E IT

elliptic curve

Vata af Evidence of F Theory

constructed as deal

F theory on X B e
t
IB on B with 7branes

x CY pelliptic

Suzie symmetryof E e SL 2,717 symmetryof IB
E NT ILS

F many CY with elliptic titrations
C A I searches

Mirror symmetry other dualities
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Questions Compute the spectrum in physics
I

geometry of X B

objects of interest for the spectrum
MWA B Mordell Weil group of sections of É

o Enumerative invariants

Def Theorem MWA B is abelian
finite generated

itx BYE

I P
BPdp

r

i
4 5
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via dualities

Physics prediction x B elliptic c y 3fold
Ek MWCx E 20 if BY IP

2K MW x a 24 if D IP

Remark i dim X 2 R2 Physics RKMW E 18

Cox Kloosterman Kuwata
ikr WE 18 all values occur

what is top rkrwcx Jinx 3

Cii Jinx 3

F examples many RK MWe 9

Question Others

Def Elkies Excellent family

Wnba y Pt Pac t Pio f se t c tp l t pig

N Y Z 6,9 2

p invariant form of deg j
for 5733 Shephard Todd unitary reflection

in PG
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Theorem Elkie Take
Pj Ipa Phenol C quadratic

in IP

2k MWCWND IP to
D

Question 5 it Is Ware Calabi Yau

Cii The spectrum invariants

Problem to answer

Analyze the singularitiesof Wnba

Theorem IG Weigand

F Xi B Calabi Yau Schoen BIRES

G ell MW Xi B 10

Cii Compute the spectrum of F theory
I

dictionary Compute invariants in particular
relative genus O Gopakumar Vata

which are birational invariants
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Dictionary geometry a F theory
in particular

Multi B a gauge group Yale
rk Mwai B a V sector multiplets

genus o Gr invariants Heh charged

hypermultiplets

Ueno chargesr shioda map
heightpairings

Anomaly cancellations hold
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Proof Take Xi as in Naminowa Rossi

xi y
taptimal curves
Pj't PjiB

1

i

answer

t
y y z w 23B

Lps B

so
14

B I
a

BLIP ECB IP

G a re Ta of RES give 8 sections ind
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o Xi X smell res gives 2 other ind

Lii careful analysis

Relative Gopakumar Vafa invariants
I

Lo P A doPIB3 s doPitts a

Question Is this a WNDE

Theorem

j

Xi birational to

Wi y It pig degpig reducible

Proof sketch

Xi

B Tp Blow up in the Firstexample
of R E S
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Fix a section of
i

B Ip

Build a Relative log canonical model Wi

Xia aWi

22

o

B is 4equationsof a cuspidolourbics
as in example 1

corollary Wi has

a factorial canonical not terminal sing

over Po Pg e p

o Non factorial terminal sing
over the cups in the pencils in P2

The singular homes of the discriminant

has 15 points
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Example Fix y z to ez ez
Glxy t Ez 2 2252 2 Ezoz 23 1

Po Pg3 F G o

B y P I
12716 51 3 3m67

B P

I
pi

o Singular fibers Flq y I

where qi Chi nj
rootsof 12716 she zu I e ji f 6

Corollary If pig is irreducible

and put pro Pozo

wi is not a WNDE
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Def Elkies Excellent family

y Pt p C t PioZ se t c tp l t pig

N Y Z 6,9 2

p invariant form of deg j
for 5733 Shephard Todd unitary reflection

Remark Pa is the equation ofthe Burkhardt
quartic record quartic 45 modes

irreducible pro equation of dual of the Burkhardt

not normal CFreitaysolvati Ranni
45 components of codimension one
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Questions

Is Big p's pas Bl 5733 invoriout

What about general Wade

commute all

Goparamor vafa for Xi B


