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.



Review of
"

Berry phase
"

.

Let M be a compact manifold (
"

parameter )
space

"

Let V be a fixed f. d. Hilbert space .

Let H.pe : V → V
, µ c- M

be a smooth family of Hamiltonians

( self - adjoint operators) e. f.

lowest eigenvalue is
"

non-degenerate
"

( eisen space has dimension 1 ftp.c M )

L

µ / / / /
← line bundle

-

of

" ground states
"

• L is a seebbeendle of

a trivial bundle with
M

fiber V.
• There is a canonical
connection DB on L

C
"

Berry connection
" )



F =D,} e Ñ( M
,
iR) (

"

Berry curvature
"

)

Purely imaginary b. c. DB is unitary
.

[ 1¥;] c- HTM ,R) is an integral class

( lies in the image of HTM
,
-6)→ HTM,R))

[ IF;] depends only on L
,

not on

the Hamiltonians Hcr)
.

let [ ¥+7 -1-0 ,

the family of

ground states is
" topologically non-trivial

"

.

Can we generalize this to the case

of a many - body quantum system ?



Quantum lattice systems

Typical setup : zed C IRD
Hilbert space is not specified at the outset .

Instead , specify an algebra of observables
,

it = ☒ Ap , Ap E Matty ,
pezd

T

f. d.
c* - algebra

Define somehow a Hamiltonian on it

which generates the time evolution .

A ground state is now a

positive linear function Wi it → ①

invariant under evolution .

W defines the Hilbert space via GNS

construction .

problem : as the Hamiltonian varies
,

so will W
. The Hilbert spaces for

different co aremotnateerallg-
isomorphic



The same problem from a different angle

suppose the parameters are themselves

physical degrees of freedom - r .

&
'

→ 04%1-7
local coordl . x⇒= ( x '

,
. . .

>
xd )

on M

d=0_

Seff -- f.A:(&CtDdd¥dt=fo*AB G. . . )

Here AB= AF dolt is the
" connection 1 - form

"

.

DB = dt AB

AB is defined only locally .

UCI 27

A
"
- A
"! d£

" "

for? U'
"'
→ i' 11%1+21

U
" ' UM FB= DAB is

an honest 2- form



d > 0

Sett = f *
C +

.
. .

C = ¥1! ↳ - -
- day

dol
"

. .
.de/4"

is a (da ) - form ( locally )

C'"- C'⇒ =
da
""

✗
"" end (u "? ik)

U
" ' UM

✗
""
+ ✗
(b)

+ ACID = dg(
1237

plan € ☐
d- '

( ACK
'

? ip)
:

f- =
'

dc c- Id"(Milk is an honest @+ 2) - form

( C ,
X

, P , . .
. ) is a Beilinson - Deligne

cocycle

( Cdt 1) - form gauge field)
Alternative description :

Cheegeo - Simons differential character



Summary

• For d > 0 expect a

"

higher Berry phase
"

described by a Cd -11 ) -for 'm garage field .

• [ z¥i] c- Hd+2(M.IR) should be

possible to define without knowing

the details of the Hamiltonian

a. [ 2¥;] is possibly quantized -

( perhaps under some additional

conditions )



"

philosophy
"

.

• To understand lattice systems
,

it is natural to use
'

Quantum Statistical Mechanics .

• Mathematical apparatus :

operator algebras ( analysis)

• This is not as hard as it seems

( some nice algebra emerges)



Currents in QFT

Symmetry ⇒ current j
"

•
" global

"

• conserved : dµj"=O
• acts locally . local

Ambiguity : jM-sjt-ophtefhM.fi"]

Equivalently : j°=fl→p+dih°
"

,

i -1,43

( D= fgd% is unchanged)

jki-sjk-qhk-q.hu
.

T
additional

ambiguity
(Net current

All these ambiguities through a surface
are physically harmless * not affected )

*
I think .



Currents and conserved quantities
on a lattice .

•
• Ac Rd

•

•

• (e. g. A = Id ) -

• or •

Algebra of observables : if __☒Ñp
PEA

Ap -- Matcnp, .

Hamiltonian :

A- to
"

EH
,
A ]"=dµ(A)

p
derivation of ct

d( A-B) = 8(A) -B -1 A -81137

A. BE A
• dµ is NOT bounded

-

• die is not defined everywhere on &

• Unbounded derivations do not

form a lie algebra .



Physically relevant derivations :

on. At 2 I ( r) , A) ,
Ollie ctr

of TEPCA )

properties of ☒ ( t)

• ☒ Ct)*= - OCT)
.

• Oct) → 0 as diam (T) → as

• Trl (1-7)--0 .

N -
B
.

.

• ⑨( t) are not uniquely defined by 8¢ .

"

• No notion of
"

density of energy .

Alternative :

G- : A to E [ Fp, A] ,
Fp c- A.

PEN

• FI = - Ep .

• Fp is approximately localized near p ,

• Trlfp)=O



QI How do we describe the ambiguity
in Fp for a given Jp ?

Conservation equation :

of, Fj =
- I yf ←

" current from

j to K "

kj
p

k c- a

conserved

quantity atj

• IF
kj
= - GE; )☒

•
IF
kj
= - IF
jk

• IF → 0 as lj - H → as

hi

• IF
nj
is approximately localized neaej , K .

F

R2_ Does such a J exist for any
" Hamiltonian

"

F ?

Q3_ How does one describe the

ambiguity in TF for a given Fp ,
pen ?



Finite - range ( UL ) chains
.

A : A ✗ Ax .
.
-
✗ A → A .

c-

9+1 times I

g. chain

• sheer - symmetric qzo
• traceless

• Ajo . . .jq
localized on a ball of

radius R centered at jn ,

he { 0, . . . ,q}

• founded
UL

Get Cq be the space of g- chains .

@ a) = I Ajoj
,
. . .iq .

I
,
. .iq Jo

0 :c"q
'

→ cut
g- ,

is a differential :

0=0
.



Let Jja be a 1- chain .

(d) F)a = §. Tjn .

Conservation equation takes the foam

9. (F) =
- oof

.

Ambiguity ?
UL

Its T + OM ,

ME Cz .

no other ambiguities f. c.

theorem
Homology of ( C! ! d) is trivial

for q > 0 .

Ho ( c :') E finite - range derivations

Det .

UL Noether complex is

UL

. .

.ie?-ci-?ci-ic..
"

" nice
" derivations

.

Ul Noether complex has trivial homology .



Rapidly decaying ( UAL) chains

Uniformly Almost Local chains
.

a : ax . .
.in → A

¥-Emes r_•?⃝
"

:

• skew - symmetric
'

,
,

,

-

• traceless

• Ajo . . .jg approximately localized near

any of joy .
.
- .

> Jq -

@ : CHAL UAL

q
→ C'

g- * ,
07-0

.

UAL derivations :

a : At E [ aj > A ] . A- c- Aae
j

T
dense subalgebra

in A
theorem UAL UAL

Homology of .

C
,
→ Co → CUAL

- l

is trivial T
UAL deviations



Important technical point :

one can set up the definitions so that

UAL

Aae
, Cq are

"

nice
"

topological vector

spaces ( Fréchet spaces ) ltqz -1

and 2 is a continuous map Fq >- O
q



applications

• any
" local

"

symmetry of a
" local

"

Hamiltonian gives a
"local

"

current

• currents are determined up to

exact 1- chains .

• conserved quantity determines its

density up to exact 0 - chains

Exauiple : energy current .

TE [ Hh
, Hj ] .

( kileeeu
,

"

Ansons
" )

jh
=

more generally , for any two

0 - chains (
"

densities
"

) F
, ,
G; can define

a 1- chain :

[ F , G) jh = [ Fj , Gn) - [ Fu , G;] .

How does this binary operation

fit into our story ?



There is a bracket of degree +1

0h Cut & CUAL
•

•

1- a. b)qio.r-ip-q-i-p.fqi.taio-ipsbip-yr-ip-g.itT

p
- chain g- chain 1- permutations

Wilma
,

[ .
,

. ] ) is a ( 1- shifted)( c.
,

DG Lie algebra

• graded Jacobi for [ , ]
(DGLA )

• goaded Leibniz for ( E , ] , d)

C-
,

✗ C-
,
→ C.

,
=.
lie bracket of

derivations

co ✗ Co → C
,

. symmetric operation

on 0 - chains

shew - symmetric iuqbC. f. in QFT :

[34×307,515,07] =fabG9⇒É-i
+ Schwinger

symmetric→ter①in a. to



AFT - lattice dictionary

QFT in Lattice models

Del space - time in D spatial
dimensions dimensions

D- form
0 - chain

(D- 1) -form = current I - chain

p - form
CD - p) - chain

de Rham d 2

? 1-
,
]

Submanifold
ftp.cochaiu

of dimension p
(to be discussed)



What is this good for ?

Not sure
- . .
but there is an analogous

structure which is VERY useful .

Let W : A → ① be a state
.

Det
.

An observable A does not

excite w if < [ A
,
B) ) = O

H BEA
.

This seems rare
.

Det
.

A derivation of does not excite

w it C of B > =D HB c- A

Exarate : Derivations associated to

unbroken symmetries

Det
.

A q - chain
a does not excite

w if < Eajo . . .jq ,
B) 3--0

V-B.cat

Also seems rare .



Let Cqw be the space of chains which

do not excite w
, qz -1

Th_
.

Lt w is a gapped ground state

of a Hamiltonian H= Etlj arising
j

from a 0 - chain Hj
,

then

( C!
,
d) has trivial homology .

Appon#I

8µ : A ↳ [ [ Hj , A) does not excite

j

the ground state W of H

If H is sapped ,
then 3- Ñj S.t.

• tlj is a 0 - chain

( i. e. H&Ñ generate
• 8+1=8 ,ñ

the same dynamics)
•

( [ Ñ; > 1333=0 t Bet

e. e. to) is the eigenstate

of each Ñj . ← due to

Kitaer



Application # 2 : Higher Berry class

Det
.

A family of states of : A → ①

is called smooth µ€M

if I G c- SEIM
,
Dae )
T
space of UAL derivations

such that ( M
,
W ) is

"

covariates constant
"

w.r.to D= d -1 G.

d (A)
,
= < ↳ (A)Ya V- A- c- A

Or
,
if A- : M → it is a smooth function :

d < A > = < DA + GCA )) = (DA)

note :

D= DTA> = ( DYAD = ( f- (A))

where F = dG + LEG , G) .

Thus F c- JECM
,
Die )

also
,
DF =D

.



II. let H : M → De is a smooth

family of
"

Hamiltonians
" with

unique ground states Wµ ,
MEM such

that (A)
,

c- CALM
,
e) TAE it

,

then such a G exists
.

( follows from a theorem of

Y
. Ogata and A. Moon )

.

This provides a justification for

studying smooth families of states .

We will further assume that for
'

some floe M
the state cope . is

a unique ground state of a gapped

UL
"Hamiltonian

"

.

Then

-
. - → stem .ci ) -7ohm .ci )%P(M,D% )
has trivial homology tp 20 .



Now let's try to define the Berry

curvature f- c- Id"(M , IRI)

d=O

= ( F )

( makes sense b. c. Dae =D ={ tracelessanti - self-adjoint}
elements of ct

Check that it is closed :

d f- = ( DF) = 0
.

dsot-dG-ETG.CI E NTM ,Ñae )
But (F) now does not make sense

.

Deal now consists of formal sums

13=2 Bj
,

Bj c- Aae is

JEN " approximately localized atj
"

.

F.( Bj) is divergent . . .



Maurer - Carton element

Recall that gioen a DG lie algebra

( g•
,
d
,
E
,
3)

,
an MC element

is a degree - l element G satisfying

dG + I [G.G) =D .

G c- R' (M
,
Dae ) is a degree - l

element in

g. = ☒ RP (M , Tq )
p , q

where T.is the complex

2 ww d u 2

→ C → Dae
. . .

→ C
,

o

deg : -

a - i 0

D= d -12

[
,
] is a combination of [ , ]

and wedge product of
forms .



G is not an MC element b. c.

F- = dG+t[ G. G) 1=0 .

But can use G as a • seed
"

:

G = G + É g?
,go.es?(M,Tp-a)p--2

Can soloe the MC equation recursively :

f- + Og
'"

= 0 ✓

Dg
'"
- og

"'=O ✓

Dg
'"
-1 I { g

'".gl#3+dg'
"

=D ✓

:

what do we do now ?

need to extract an observable

out of all these form - valued chains
. . .



Integrating chains

d

How to integrate a 1- chain ( = current) :

• • • • \ • • • • •

Ao Ai

f h = I hpq =

" flux of h
" '

through a section
"

AoA , pt Ao

qe At

Mainproperty-

f 0h
'

= 0 for a 2- chain h
'

.

AoA ,

consider I = f < g
" "
> c- JÉCM ,iR)

AoA ,

df
'? f ( Dgm ) = -f og

' " '
> = O

Ao Ai AoA i

can also check that if c- 1-PCM.IR)
does not depend on the section

.



General d : Integrating a d- chain

• Choose d -11 conical regions

Ao
,
. .

,
Ad C Rd s.t.UA; =/Rd

• f h = I hi
.
. .

- id '

e

i. C- Ao
Ao . -

- Ad :

idEAd °÷e

Hence we let

f-
Id -127

= f ( g
'd-12)

>
Ao . .

- Ad

dtfd"
'
= f ( Dg

'd-127
> = , f gld-133

Ao . . -
Ad Ao . -Ad

"

o
th

.
[ £+27] c- Hd"( M

,

IR)

does not depend on the choice of

Ao . . - Ad
,
or the MC element G

⇒ it is a topological invariant

of the family .



Concluding remarks

• [ g-
Cdt" ] is not expected to be

quantized ,
in general .

• But can be shown to be quantized

for D= 1

• f.
Cdt"

depends on various choices

⇒ not physical .

• Suppose ( M
,
W) is a G- equivariant

family ( G= a compact lie group)
can attach to it an element

of tilt
"
(M.IR)G

• This is interesting even for M={* } :

get topological invariants

of G- invariant states taking

wakes in G- invariant polynomials

on the lie algebra of G

⇒ Chern - Simons forms !
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