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Motivation

•Mathematically rigorous QFT for the quantised 
version of the standard model (still an open 
question) 

•Geometric quantisation  

• Donagi "Seiberg-Witten Integrable systems" 1997 

• ...
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Motivation
•Maxwell equations   

•Yang-Mills equations  

• Hitchin's equations 

• Higgs bundles



Integrable systems
• Hamiltonian systems 

• Liouville theorem 

•
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Motivation
•Many integrable systems can also be complexified 

• Examples for integrable systems come from: 
celestial mechanics, water waves etc 

• Krichever'93: Elliptic solitons (solutions to KP 
equations for which there is a geometric 
construction in terms of spectral curves and vector 
bundles) 

• Treibich and Verdier '93: solutions to KP subset of 
 

• Kim'11: Generalised construction of such solutions.

ℳK(D)(r,0)



Motivation
•Kontsevich and Soibelman'13: Semi-polarised  integrable 

systems 

• Diaconescu, Donagi and Pantev'07 some G-Hitchin 
systems isomorphic to Calabi-Yau systems 
( ,  family of CY 3-folds) 

• Beck'19: Langlands duality related to Poincaré Verdier 
duality for Calabi Yau 3-folds 

• Lee and Lee'20: extend DDP correspondence to 
meromorphic Higgs bundles

F : J2(Y ) ⟶ B Y ⟶ B



What are Hitchin systems?

•  compact Riemann surface of genus  ( ) 

•  holomorphic vector bundle of rank  

•  line bundle  

•  Higgs field

X g g ≥ 2

E ⟶ X r

L ⟶ X

E ⟶ E ⊗ L



What are Hitchin systems?

•  moduli of Hitchin pairs 

•  :  moduli space of Higgs bundles 

• ; :  

  moduli of K(D)-pairs 

• + With a weighted filtration on :  
moduli of parabolic Higgs bundles 

ℳL(r, L)

L = K ℳH(r, d)

D =
ℓ

∑
i=1

xi L = K(D)

ℳK(D)(r, d)

E ℳParH(r, d, α)



Moduli spaces 
• Stability condition 

• Symplectic structure
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Moduli spaces 
• Stability condition 
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• Hitchin map: 

 

• Spectral correspondence: 

     

 zero set of 

h : ℳH ⟶ B :=
r

⨁
i

H0(X, Ki)

b ∈ B h−1(b) ≅ Jac(Xb)

|K | ⊃ Xb



Hitchin systems
•  moduli space of K(D) pairs 

•dimension =  

• Poisson manifold 

• (Markman, Botaccin) A.C.I.S.  

•  

•dimension = 

ℳK(D)(r, d)

ℳK(D)(r, d) 2r2(g − 1) + r(r + 1)n

h : ℳK(D)(r, d) ⟶
r

⨁
i=1

H0(X, KiDi)

r

⨁
i=1

H0(X, KiDi) r2(g − 1) +
r(r + 1)n

2
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Hitchin systems
•  moduli space of parabolic Higgs 

bundles 

•

ℳParH(r, d, α)

h : ℳParH(r, d, α) ⟶
r

⨁
i=1

H0(X, KiDi)



Frames

•    

• framing , framed bundle  

• Framed Higgs bundle  

•  moduli space of framed Higgs bundles 

•  

D =
ℓ

∑
i=1

nixi n =
ℓ

∑
i=1

ni

δ : ED ⟶ 𝒪⊕r
D (E, δ)

(E, ϕ, δ)

ℳFH(r, d)

T(E,δ)ℳF ≅ H1(X, End(E) ⊗ 𝒪(−D))



•  

•  

• dimension  

•  forgetful map is Poisson 
and if  reduced it is a -torsor

𝒞∙ : C0 := End(E)(−D) ⟶ C1 := End(E) ⊗ K(D)

T(E,ϕ,δ)ℳFH(r, d) ≅ ℍ1(𝒞∙)

ℳFH(r, d) = 2r2(g + n − 1)

Q : ℳFH(r, d) ⟶ ℳK(D)(r, d)
D GL(r, ℂ)n/ℂ⋆



• On-going work: Irregular Parabolic Higgs 




