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Topics of the talk

n How can we design nonlinear feedback controllers using Lyapunov 
based techniques?

n Idem… using optimization model-based techniques...

n Several examples on motion control of single and multiple 
autonomous robotic vehicles
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What is a control system?

Control Objectives:
Design a controller that in real-time stabilizes the plant and the output signal track the 

reference despite external disturbances, noises, and plant parameter uncertainty 

(robust stability and performance)

System

Plant/Process

Controller Actuators Sensors
Reference OutputInput

Actuation
noise

External
disturbances

Sensor
noise
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What is a model based control design?

G
Nominal System

Δ
Uncertainty

Exogenous inputs
w

Control inputs
u

Performance signals
z

Output signals
y

State-Space Model

G :

<latexit sha1_base64="zaCwpy6YXJrK/B0vT+1m8uL7fb8="></latexit>

ẋ = f(x, u, w)

y = h(x, u, w)

<latexit sha1_base64="EGKC8H0/lA8xdV6pM87Wz3gmOAY="></latexit>

x 2 X u 2 U
y 2 Y w 2 W

<latexit sha1_base64="yV++gSGFZaWsp1VWRiltPE2uR9g="></latexit>

� 2 F�

K = ?
Controller
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Why do we care?
We are interested in system methodological tools that are provably

(mathematically) certified by design guaranteeing the specifications 

(e.g., stability, robustness, and performance) in the presence of challenging 

restrictions and uncertainties.

No matter what sequence of events occur (within a set of reasonable assumptions), the 

control system will always respond in a manner that satisfies the specification.

Safety-critical systems
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Lyapunov Stability
Stability definition

<latexit sha1_base64="T0UlC2gDtoNs33QqTQFsPX/Unc0="></latexit>

Definition
The equilibrium point x = 0 is

• stable if, for each ✏ > 0, there is � = �(✏) > 0 such that

kx(0)k < � ) kx(t)k < ✏, 8t � 0

• unstable if it is not stable
• asymptotically stable if it is stable and � can be chosen such that

kx(0)k < � ) lim
t!1

x(t) = 0

<latexit sha1_base64="Ffh3pwZPHCznbWhUMEo4g0WbjiI="></latexit>

ẋ = f(x)

All solutions 
starting nearby, 

stay nearby

e

d
0
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Lyapunov Stability

<latexit sha1_base64="rDWZidmnwuSPB+Xr2jgCiTj//ZM="></latexit>

Let V : D ! R be a continuously di↵erentiable function such that

• V (0) = 0, V (x) > 0, 8x 2 D\ {0}
• V̇ (x)  0, 8x 2 D

Then, x = 0 is stable. Moreover, if

V̇ (x) < 0, 8x 2 D\ {0}

then x = 0 is asymptotically stable.

Note that the set

⌦� = {x 2 Br : V (x)  �}

is an invariant set.
<latexit sha1_base64="8BW/EMMO1DZGNveaI9hh0mcvBoo="></latexit><latexit sha1_base64="8BW/EMMO1DZGNveaI9hh0mcvBoo="></latexit><latexit sha1_base64="8BW/EMMO1DZGNveaI9hh0mcvBoo="></latexit><latexit sha1_base64="8BW/EMMO1DZGNveaI9hh0mcvBoo="></latexit>

Lyapunov’s stability theorem

⌦�
<latexit sha1_base64="zx+ul6klDspi210bMwtVAZ/rZN8="></latexit><latexit sha1_base64="zx+ul6klDspi210bMwtVAZ/rZN8="></latexit><latexit sha1_base64="zx+ul6klDspi210bMwtVAZ/rZN8="></latexit><latexit sha1_base64="zx+ul6klDspi210bMwtVAZ/rZN8="></latexit>
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Control Lyapunov functions

All these concepts can be extended to stability of trajectories, sets, global results, 

robustness to disturbances, discrete-time systems, etc.

How can we find a CLF / control law?
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- Speed, Heading, and Depth Control
- Bottom Following (Terrain Contouring)
- Point Stabilization, Hovering, Manipulation
- Trajectory Tracking and Path Following
- Target Tracking…

Example: Marine Robotic Vehicles
Typical motion control problems
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Point Stabilization

AUV/ROV

Fully actuated AUV/ROV

Model:

⌧ ⌘

M ⌫̇ + C(⌫)⌫ +D(⌫)⌫ + g(⌘) = ⌧

⌘̇ = J(⌘)⌫

⌧ = (⌧u, ⌧v, ⌧w, ⌧p, ⌧q, ⌧r)
0 ⌫ = (u, v, w, p, q, r)0

⌘ = (x, y, z,�, ✓, )0

M > 0

C(⌫)T = �C(⌫)

D(⌫) > 0
<latexit sha1_base64="qG6LIafIqkBQsCffCM/y7wNwMxA="></latexit><latexit sha1_base64="qG6LIafIqkBQsCffCM/y7wNwMxA="></latexit><latexit sha1_base64="qG6LIafIqkBQsCffCM/y7wNwMxA="></latexit><latexit sha1_base64="qG6LIafIqkBQsCffCM/y7wNwMxA="></latexit>

<latexit sha1_base64="tISp1NERtCs6cdh7lp8CcnYpp4s="></latexit>

Goal: Design a state feedback control so that ⌘(t) converges to a desired posi-
tion and attitude ⌘d (Pose stabilization)
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Nonlinear Control Design

Model:

M ⌫̇ + C(⌫)⌫ +D(⌫)⌫ + g(⌘) = ⌧

⌘̇ = J(⌘)⌫

Error dynamics:

Control Lyapunov function:

e(t) = ⌘(t)� ⌘d ė = ⌘̇ = J(⌘)⌫

V (⌫, e) =
1

2
(⌫TM⌫ + eTKP e)
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<latexit sha1_base64="UpZOmghokpIePfPLC/7A0wcz1U0="></latexit>

V̇ = ⌫TM ⌫̇ + ėTKP e

= ⌫T
�
M ⌫̇ + JT (⌘)KP e

�

= ⌫T
�
⌧ �D(⌫)⌫ � g(⌘) + JT (⌘)KP e

�
� ⌫TC(⌫)⌫| {z }

0

Nonlinear Control Design
Computing the time derivative with respect to the trajectory of the system...

Assign a feedback law...

⌧ = �JTKP e(t)�KD⌫ + g(⌘)

V̇ = �⌫T
�
D(⌫) +KD

�
⌫  0 We have stability!

Using now other tools (LaSalle’s invariance principle) it is possible to conclude 
asymptotically stability!
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Dynamic Positioning of an underactuated AUV
Goal: steer an underwater vehicle to a target point  

Vehicle modeling (horizontal plane)

Strategy adopted:

Adaptive controller

Dynamic controller

Kinematic controller

Observer

Main challenges
• Nonlinear dynamics
• Underactuated
• Parametric modeling uncertainty
• External disturbances
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Dynamic Positioning of an underactuated AUV

ė = �ur cos� � vr sin� � Vc cos(� +  � �c)

�̇ =
sin�

e
ur �

cos�

e
vr +

Vc

e
sin(� +  � �c)

 ̇ = r

e =
p
(x� xd)2 + (y � yd)2

x� xd = �e cos( + �)

y � yd = �e sin( + �)

 + � = tan�1
⇣�(y � yd)

�(x� xd)

⌘
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Trajectory tracking versus path following
Trajectory Tracking

• Time and space reference 
trajectory

Reference 
trajectory

Space x Time

Path following

• Reference path given in a 
time-free parameterization

Reference path

Possible vehicle 
trajectory

Space
Path-following is motivated by applications in which spatial errors 
are more critical than temporal errors

Possible vehicle 
trajectory
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Additional design of freedom (we 
control the virtual point!)

pd(t) pd(�(t))

Trajectory tracking versus path following

n Consider an underactuated vehicle modeled as a rigid body subject to 
external forces and torques

n Kinematics

n Dynamics
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n Step 1. Coordinate Transformation
tracking error in 

body frame

n Step 2. Convergence of e
error only in position!

<0 linear velocity viewed as a 
virtual control input

Lyapunov based motion control of an underactuated
vehicle
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n Step 3. Backstepping for z1

It will not always be possible to drive z1 to zero!
Instead, we will drive z1 to a small constant δ

virtual control input
control input

<0 <0
1st control signal has been 

assigned

angular velocity viewed as a 
virtual control input

dominated by the first term

Lyapunov based trajectory tracking 
of an underactuated vehicle
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n Step 4. Backstepping for z2

2nd control signal has 
been assigned

<0 <0 <0

dominated by the first term

Using Young’s inequality for any γ > 0

All signals remain bounded and converges to ball of radius proportional to δ

can be made 
arbitrarily small

Lyapunov based trajectory tracking 
of an underactuated vehicle
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Trajectory tracking Path following

Autonomous Underwater Vehicle (3D) 
(simulation results)
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Moving path following

n Classic Path Following n Moving Path Following

Natural extension of the classical path following methods for stationary paths
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Moving path following
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Moving path following
Three Dimensional Moving Path Following for Fixed-Wing Unmanned Aerial Vehicles

Error
Kinematics

Lyapunov-based 
control design with 
stability guarantees

Position error
Orientation error Flight tests

Numerical / 
hardware in 

the loop 
simulations

Methodology:
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¨ Attach a desired landing pattern to the moving vessel and make the UAV
converge to and track the moving landing pattern:

Moving path following:
Autonomous landing on a moving vessel

¨ Flight test
results
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¨ Additional flight test results:

Moving path following:
Autonomous landing on a moving vessel
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Moving path following

¨ A more general illustration of the MPF method for 3D reference paths

¨ Applications: 
- tracking a moving target
- cloud monitoring, 
- thermal soaring, …

Relative UAV path with 
respect to the desired 
path under different 
autopilot bandwidths
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Optimization-based approach

At every point, we select the smallest input which ensures that the CLF decays at the specified 
desired rate!

Desired rate
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Set Invariance and Safety
How can we address safety?

<latexit sha1_base64="TKxCCF/8m4FcfgtTaQA1S4c8Fxk="></latexit>

C
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Control Barrier Functions
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Stabilization and Safety using QPs
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Stabilization and Safety using QPs

Solution: Include the freedom of rotating and scaling the initial 

proposed CLF V by augmenting the state of the control system.

X



32

Optimal input trajectory

Apply the first part

Receding horizon approach

PlantMPC
Controller

(Solver engine: several 
iterations at each sample!)

Reference OutputInput

<latexit sha1_base64="WcDEYRECOcYVA9ZLGoV8ibq6LL8="></latexit>

t = ti+1

<latexit sha1_base64="91vTU3Pzv6gu46+lzDalkP4nGFc="></latexit>

u?(t)

<latexit sha1_base64="U4mWf0ER2/sZfiyjkMzNrdnYtVg="></latexit>

t
<latexit sha1_base64="/nPqVYTB0lqei0QRfgb0GkL8N4s="></latexit>

ti + T
<latexit sha1_base64="1EG2hQB6GZ3aqh82DvIwM3X0T3k="></latexit>

ti

<latexit sha1_base64="91vTU3Pzv6gu46+lzDalkP4nGFc="></latexit>

u?(t)

<latexit sha1_base64="U4mWf0ER2/sZfiyjkMzNrdnYtVg="></latexit>

t
<latexit sha1_base64="Pyv0DsI9WlhZDpARDXBAPXK27LE="></latexit>

ti + 1
<latexit sha1_base64="1EG2hQB6GZ3aqh82DvIwM3X0T3k="></latexit>

ti

Optimization-based approach
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Model Predictive Control

Stage Cost Terminal Cost

Dynamical Model

State and Input Constraints

Terminal Constraint

Auxiliary 
elements are 
crucial for 
stability!
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<latexit sha1_base64="eCSYi5jZuYWBWCHeJmtOAwuwpf0="></latexit>

x(ti)

<latexit sha1_base64="mtK/UB4JNcecc9qHmDVicXFDWZY="></latexit>

x(ti + T )

Model Predictive Control

Bonus: If the auxiliary control law yields global asymptotical stability (under the
constraints) then the terminal set is the all space, and the Region of Attraction (R.O.A) of
the MPC is all the state space! (MPC improves the designed auxiliary controller)

n Key idea:
Design an auxiliary Lyapunov based control law and use it to compute the

n Terminal set: usually a level set of the Lyapunov function
n Terminal cost: to approximately recover the infinite horizon control

solution
<latexit sha1_base64="t51q5qqYyy6X2DtSbl2buh7Kkok="></latexit>

'(x(ti + T )) =

Z 1

ti+T
`(x(⌧),Kaux(x)) d⌧
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Path followingTrajectory tracking

Simulation results
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n Application scenarios:
n When there is margin to reduce tracking accuracy to perform economic

optimization

Dual-Objective MPC for Economic Optimization

<latexit sha1_base64="IqqKUigMcmhifgh/2lBa835KW8U="></latexit>

kx(t)k  �(kx(t0)k, t� t0) + �
�
sup
t�t0

k`(x(t), u(t))k
�

Transient Economic optimization:  
<latexit sha1_base64="d42uxZR2paJZxQwmKrXTimdi3xY="></latexit>

k`(x(t), u(t))k ! 0 =) kx(t)k ! 0

<latexit sha1_base64="rnSQYI/z1bCVYyD1ztuQYFneQH0="></latexit>

`(x, u) = `s(x, u) + `e(x, u)

Stabilizing Cost Economic Cost

Stage Cost:

<latexit sha1_base64="NVB/vmNqQzhcsSN0CT9rVu2L8B0="></latexit>

|`e(x, u)|  b(t)Under some suitable design of the auxiliary elements…
… it is possible to show that
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Dual-Objective MPC for Economic Optimization
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Dual-Objective MPC for Economic Optimization
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Dual-Objective MPC for Economic Optimization
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Dual-Objective MPC for Economic Optimization
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Dual-Objective MPC for Economic Optimization

Target

Attention!!! The two objectives might conflict
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Dual-Objective MPC for Economic Optimization
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Dual-Objective MPC for Economic Optimization

−20 0 20 40 60 80 100
−70

−60

−50

−40

−30

−20

−10

0

10

20

30
Position trajectories − decoupled design

[m]

[m
]

0 50 100 150 200
−4

−2

0

2

4
Input trajectories − decoupled design

time [s]

−20 0 20 40 60 80 100 120
−25

−20

−15

−10

−5

0

5

10

15

20

25
Position trajectories − proposed design

[m]

[m
]

0 50 100 150 200
−40

−20

0

20

40
Input trajectories − proposed design

time [s]

pf(t)
pt(t)

est pf(t)
est pt(t)

vf(t)
ωt(t)

pf(t)
pt(t)

est pf(t)
est pt(t)

vf(t)
ωt(t)

<latexit sha1_base64="qxF+9AfoV7NCxguWAX7VFuvWZYo="></latexit>

JT (x, u) =

Z ti+T

ti

(`(x, u) + `o(x, u)) d⌧ + '(x(ti + T ))

Stabilizing Cost Observability Cost
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Problem Statement and Motivation

Agent i

ẋ[i](t) = f [i](t, x[i](t), u[i](t))
<latexit sha1_base64="u439Mzcsh8MmIX/Q5F4DQxBvbog=">AAACEXicbVBbSwJBGJ21m9ltq8delqRQENm1IF8CoZceDfICajI7zurg7IWZb0NZ9lf00l/pJaKXhH5B/6ZRN0Htg4HDOWf4vnPsgDMJpvmjpTY2t7Z30ruZvf2DwyP9+KQu/VAQWiM+90XTxpJy5tEaMOC0GQiKXZvThj28m+qNZyok871HGAe04+K+xxxGMCiqq5faPR+iUfwUtVgnzkH+8tb5w4XRgi2EC5jv6lmzaM7GWAdWArIomWpXn6glJHSpB4RjKVuWGUAnwgIY4TTOtENJA0yGuE+jWaLYuFBUz3B8oZ4Hxoxd8mFXyrFrK6eLYSBXtSn5n9YKwSl3IuYFIVCPzBc5ITfAN6b1GD0mKAE+VgATwdSFBhlggQmoEjMqurUadB3US0Xrqlh6uM5WykkJaXSGzlEOWegGVdA9qqIaIugVvaMvNNFetDftQ/ucW1Na8ucULY32/Qs3V5xV</latexit>

�̇[i](t) = g(t) + u[i]
� (t)

<latexit sha1_base64="RwK/7Uk9QIVcex+IzKMrcTv4Lh0=">AAACHHicbVDLSgMxFM3UV62vUTeCm8EiVIQ6Uxd2Uyi4cVnBPqCtQybNtKGZB8kdoQzzK276Gy4VFHGjIPg3ptO6aOuFhJNzzs19OCFnEkzzR8usrK6tb2Q3c1vbO7t7+v5BQwaRILROAh6IloMl5cyndWDAaSsUFHsOp01neD3Rmw9USBb4dzAKadfDfZ+5jGBQlK1X4k76SezwiCa5Ti+AuNPHnoeT+7jNukkBzip9dZ1H07f9JysusfW8WTTTMJaBNQP56tHLkzb2L2q2/qoqkMijPhCOpWxbZgjdGAtghE/qR5KGmAxxn8ZpX4lxqqie4QZCHR+MlJ3zYU/Kkecop4dhIBe1Cfmf1o7ALXdj5ocRUJ9MC7kRNyAwJpsyekxQAnykACaCqQ4NMsACE1D7zKnRrcVBl0GjVLQui6VbK18to2lk0TE6QQVkoStURTeohuqIoDF6Q5/oS3vUnrV37WNqzWiznEM0F9r3L5nqpRc=</latexit>

y[i](t) = h[i](t, x[i](t), �[i](t))
<latexit sha1_base64="zfNZUo1lIgyiqPBbDKPWMD66KaA=">AAACH3icbVDLSsNAFJ3UVxtfUTeCm2ARWiglqQu7EYJuXFawD2hrmUwn7dDJg5mJGEPAX3HjB/gTuhBxo1DwY0zSWmjrgYHDOWc4917To4QLTRtLmZXVtfWNbE7e3Nre2VX29hvc9RnCdeRSl7VMyDElDq4LIihueQxD26S4aY4uE795hxknrnMjAg93bThwiEUQFLHUU4zgNmyTblQQxfPhHy3dz8SSHHbSltCkPo7kzgDaNpzZUbGn5LWylkJdJvqU5I3Dh5/c48tFrae8dfou8m3sCEQh521d80Q3hEwQRJMGn2MPohEc4DBtjtSTWOqrlsvi5wg1Vedy0OY8sM04aUMx5IteIv7ntX1hVbshcTxfYAdNiiyfqsJVk2OpfcIwEjSICUSMxBOqaAgZRCI+qRyvri8uukwalbJ+Wq5c63mjCibIgiNwDApAB2fAAFegBuoAgWfwDr7At/QkvUof0uckmpGmfw7AHKTxL1ispVw=</latexit>

(coupling equation)

Comm. links
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Problem Statement and Motivation
Control objectives

Output regulation

y [i ](t)→ 0

∑

(i ,j)∈E

(γ[i ](t)− γ[j ](t))2 → 0

γ̇[i ](t)→ vd

Coordination

Asymptotic assignment

How to combine the output regulation objective with the consensus 
objective?

Communication graph E ⊆ V × V

γ[j ](t)system i reads
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Path
Vehicle
formation

Speed
assignment

Cooperative Path Following

Key ingredients:
§ Path following for each vehicle
§ Inter vehicle coordination 

speed adjustments based on
VERY LITTLE INFO EXCHANGED)
(space-time decoupling)

PF

CC

PF and CC interconnection
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Logic/event-based communications: 
Field tests

Event-based, Porto, 2018 Logic-based, Lisbon, 2018
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CPF and CMPF (numerical results)

Strong penalty on the distance to the 
path (solid line)

Asymptotic 
convergence to 
consensus

Cooperative Moving Path FollowingMPC goal: Optimize over a pre-existing auxiliary 
consensus control law to balance coordination and 
regulation !
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Conclusions
n Brief overview of Lyapunov model based and optimization model 

based control design

n Applications for motion control of single and multiple autonomous 
robotic vehicles

n Control architectures that accounts for vehicle dynamics, external 
disturbances, sensor noise, inter-vehicle time-varying communication 
topologies and communication losses 

On-going and Future Research: How to better exploit (and LEARN through) 
DATA (off-line and real-time) and how to combine with (potentially poor) 
nominal dynamic models to improve performance and robustness in the 
presence of challenging restrictions and uncertainties, but guaranteeing key 
specifications (e.g., safety, interpretability, …)?

n Implementation, and proof-of-concept of the algorithms on specific 
high impact applications
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