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Tese - Sotomayor/ IMPA (1964)
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Saddle-node: codimension one. The subset S1
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Hopf: codimension one. The subset S1
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Periodic orbit: codimension one. The subset S2
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Surface of Periodic orbits
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Saddle connection: codimension one. The subset S3
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Saddle connection: codimension one. Regularity of S3
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Results of J. Sotomayor (Thesis at IMPA)

Theorem (Sotomayor)

Let M2 be an orientable surface. Then

Σ(1) =
(
∪3
i=1Si

)
∩R

Here R is the set of vector fields on M2 without recurrences, i.e., the
Poincaré-Bendixson theorem is valid for vector fields in R.

Theorem (Sotomayor)

Σ(1) is a Banach submanifold of (B,C r ) of codimension one and of class
C 1. Here B is the Banach space of vector fields of class C r of M2.

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 21 / 78



Jorge Sotomayor (25/03/1942— 07/01/2022) and Ivan Kupka
(03/11/1937– xxxx ) finished their thesis at IMPA in 1964 under the
guidance of Mauŕıcio Peixoto. Also Aristides C. Barreto (1935–2009)
finished his thesis in 1964 under guidance of Mauŕıcio Peixoto
Publications:
• J. Sotomayor. Structural stability of first order and Banach varieties.
Univ. Nac. Ingen. Inst. Mat. Puras Apl. Notas Mat. 4 (1966), 11–52.
• J. Sotomayor,Generic one-parameter families of vector fields on
two-dimensional manifolds. Bull. Amer. Math. Soc. 74 (1968), 722–726.
• J. Sotomayor. Generic one-parameter families of vector fields on
two-dimensional manifolds. Inst. Hautes Études Sci. Publ. Math. No. 43
(1974), 5–46.
• Ivan Kupka. Contribution à la théorie des champs génériques.
Contributions to Differential Equations 2 (1963), 457–484.
• Barreto, Aristides C. Structural stability on a cylinder. Proc. 5o

Brazilian Math. Colloq. (1965) pp. 101–102

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 22 / 78



• J. Sotomayor, La mesure de l’ensemble de bifurcation des champs de
vecteurs dans le plan. C. R. Acad. Sci. Paris Sér. I Math. 293 (1981), no.
8, 405–407.

• J. Sotomayor, Curvas definidas por equações diferenciais no plano. 13o

Colóquio Brasileiro de Matemática. IMPA, Rio de Janeiro, 1981. iii+166
pp.
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Books: Lessons of Differential Geometry and Curves
defined by Differential Equations
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Let M be a compact connected region in the plane R2, and denote for
r = 1, 2, . . . ,∞ by χr the space of all C r vector fields on M with the C r

topology. Moreover, χr
1 = χr \ Σr , where Σr is the set of all structurally

stable vector fields in χr .
As shown by Maŕılia C. Peixoto (1921-1961) and Mauŕıcio M. Peixoto
(1921-1919) [Ann. Acad. Brasileira Ciências 31 (1959), 135–160], χr

1 is a
closed subset of χr without interior points.
It is the aim of the present paper to prove the following results which
indicate that χr

1 is a ”thin” subset of χr in the sense, that, for certain
finite-dimensional subsets Y of χr which carry a natural measure, the
intersection Y ∩ χr

1 is of measure 0.
(1) For X ∈ χr and θ ∈ R, let R(θ,X ) ∈ χr be obtained from X by
rotating all vectors counterclockwise by the angle θ. If all singular points
of X are simple (Jacobian ̸= 0) and contained in Int(M), then the
Lebesgue measure of the subset {θ : R(θ,X ) ∈ χr

1} of R is 0.
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(2) If S is a finite-dimensional C 1 submanifold of χr containing only
vector fields whose singular points are simple and belong to Int(M) and if
for each X ∈ S the vector field R(π2 ,X ) lies in the tangent space TX (S),
then χn

r has measure 0 (remember that sets of measure 0 in S are defined
by the C 1 structure of S).

(3) If Wn denotes the set of all X ∈ χr whose coordinate functions are
polynomials of degree not exceeding n, then the measure of Wn ∩ χr

1 is 0.

(4) The corresponding result holds for the set Fn of all vector fields which
can be written in complex form as

P + iQ =
∑

|k|+|l |≤n

akle
i(xk+yl)((x , y) ∈ M).
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Local phase portrait
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Phase portrait of codimension one (contact with the
boundary)
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Thesis from 1964 to 1973 (incomplete)

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 29 / 78



Principal curvature lines

We recall that the principal lines are defined by the differential equation

(Fg − Gf )dv2 + (Eg − Ge)dvdu + (Ef − Fe)du2 = Jac(IIα, Iα) = 0,

where

Iα =⟨dα, dα⟩ = Edu2 + 2Fdudv + Gdv2

IIα =− ⟨dα, dN⟩ = edu2 + 2fdudv + gdv2

are, respectively, the first and second fundamental forms of the immersion .
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Principal lines : developable surface
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Principal Configuration of Principal Lines on Surfaces

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 32 / 78



Principal Configuration of Principal Lines on Surfaces
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Principal Configuration: triaxial ellispoid
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Principal Configuration: bitorus
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Principal Lines on Surfaces

• J. Sotomayor and C. Gutierrez Structurally stable configurations of lines
of principal curvature. Bifurcation, ergodic theory and applications (Dijon,
1981), 195–215, Astérisque, 98–99, Soc. Math. France, Paris, 1982.

• J. Sotomayor and C. Gutierrez An approximation theorem for immersions
with stable configurations of lines of principal curvature. Geometric
dynamics (Rio de Janeiro, 1981), 332–368, Lecture Notes in Math., 1007,
Springer, Berlin, 1983.

• J. Sotomayor and C. Gutierrez. Structurally stable configurations of lines
of curvature and umbilic points on surfaces. Monograf́ıas del Instituto de
Matemática y Ciencias Afines, IMCA, Lima; 1998. viii+84 pp

• J. Sotomayor. An encounter of classical differential geometry with
dynamical systems in the realm of structural stability of principal curvature
configurations. São Paulo J. Math. Sci. 16 (2022), no. 1, 256–279.
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Timeline
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Bifurcations of codimension two (Bogdanov-Takens)

A cusp type germ of vector fields of codimension two is a C∞ germ at
0 ∈ R2, whose 2-jet is C∞-conjugate to:

y
∂

∂x
+ (αx2 + βxy)

∂

∂y
, αβ ̸= 0.
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Bifurcations of codimension one in BT

y
∂

∂x
+ (x2 + µ+ νy ± xy)

∂

∂y
, αβ ̸= 0.
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Bifurcation of codimension three (cusp of cod.3)

A cusp type germ of vector fields is a C∞ germ at 0 ∈ R2, whose 2-jet is
C∞-conjugate to

y
∂

∂x
+ (αx2 + βxy)

∂

∂y
, α ̸= 0.

Let Σ3
C± (codimension five submanifold of 5-jets) consisting of germs of

cusp type whose 4-jet is C 0 equivalent to

y
∂

∂x
+ (x2 ± x3y)

∂

∂y
.

Theorem (DRS,1987)

Any local 3-parameter family in (0, 0) ∈ R2 × R3, cutting Σ3
C±

transversally in (0, 0) is fibre C 0 equivalent to

y
∂

∂x
+
(
x2 + µ+ (µ0 + µ1x ± x3)y

) ∂

∂y
.
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Bifurcation diagram of a a cusp of codimension 3
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Bifurcation diagram of a a cusp of codimension 3
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Others bifurcations of codimension three: Nilpotent
singularities
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Bifurcations of codimension three (saddle)
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Bifurcations of codimension three (focus)
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Bifurcations of codimension three (elliptic)
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Bifurcations of codimension three (cuspidal loop)
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Bifurcations of codimension three (cuspidal loop)
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Publications: Bifurcations of cod. 3

• F. Dumortier, R. Roussarie and J.Sotomayor.Generic 3-parameter
families of vector fields on the plane, unfolding a singularity with nilpotent
linear part. The cusp case of codimension 3. Ergodic Theory Dynam.
Systems 7 (1987), no. 3, 375–413.

• F. Dumortier, R. Roussarie, J.Sotomayor and H. Zoladek. Bifurcations of
planar vector fields. Nilpotent singularities and Abelian integrals. Lecture
Notes in Mathematics, 1480. Springer-Verlag, Berlin, 1991. viii+226 pp.

• F. Dumortier, R. Roussarie and J.Sotomayor.Bifurcations of cuspidal
loops. Nonlinearity 10 (1997), no. 6, 1369–1408.
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Principal lines: Ellipsoid of R3 with three different axes
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Principal lines: Ellipsoid (x2 + y 2 + z2)/a2 + w 2/b2 = 1
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Principal lines: Ellipsoid (x2 + y 2)/a2 + (z2 + w 2)/b2 = 1

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 59 / 78



Principal lines: Ellipsoid
x2/a2 + y 2/b2 + (z2 + w 2)/c2 = 1, a > b > c > 0
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Principal lines near an umbilic point of Ellipsoid
x2/a2 + y 2/b2 + (z2 + w 2)/c2 = 1, a > c > b > 0
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Principal lines: Ellipsoid
x2/a2 + y 2/b2 + z2/c2 + w 2/d2 = 1, a > b > c > d
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Principal lines: Ellipsoid
x2/a2 + y 2/b2 + z2/c2 + w 2/d2 = 1, a > b > c > d
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Principal lines: Ellipsoid
x2/a2 + y 2/b2 + z2/c2 + w 2/d2 = 1, a > b > c > d
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Principal lines: Ellipsoid
x2/a2 + y 2/b2 + z2/c2 + w 2/d2 = 1, a > b > c > d
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• Sotomayor, J.; Garcia, R. (2016). Historical Comments on Monge’s
Ellipsoid and the Confgurations of Lines of Curvature on Surfaces.
Antiquitates Mathematicae. 10: 348–354.

• Sotomayor, J. (1993). O elipsóide de Monge. Revista Matemática
Universitária. 15: 33–47.

• Sotomayor, J. (2020). On an encounter of two men of mathematics in
Lima. Revista Brasileira de História da Matemática. 20 (40): 01–07.

• Lopes, D.; Sotomayor, J.; Garcia, R. Partially umbilic singularities of
hypersurfaces of R4. Bull. Sci. Math. 139 (2015), no. 4, 431–472.

• Lopes, Débora; Sotomayor, Jorge; Garcia, Ronaldo. Umbilic singularities
and lines of curvature on ellipsoids of R4. Bull. Braz. Math. Soc. 45
(2014), no. 3, 453–483.
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• J. Sotomayor. Um Poeta, um Matemático e um F́ısico: Três Ensaios
Biográficos por Henri Poincaré, EDUSP, (2008).

• J. Sotomayor. Lições de Equações Diferenciais Ordinárias, Projeto
Euclides, IMPA (1979).

• J. Sotomayor. Curvas Definidas por Equações Diferenciais no Plano, 13
Colóquio Brasileiro de Matemática, IMPA, (1981).

• Garcia, Ronaldo; Sotomayor, Jorge. Differential equations of classical
geometry, a qualitative theory. Publicações Matemáticas do IMPA. 27o
Colóquio Brasileiro de Matemática. (IMPA), Rio de Janeiro, 2009. ii+256
pp
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Timeline (EDO’s and Diff. Geometry)
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René Thom (local and global panorama)
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Memorial Day
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Croquis
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Sotomayor (Lima)
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Sotomayor Gallery
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Legado de Jorge Sotomayor

Como resumir em poucas palavras o legado do Soto?
Poderia dizer que foi um matemático com contribuições pioneiras nas
bifurcações das edo’s e na teoria qualitativa das linhas de curvatura. Ele
possúıa grande capacidade de śıntese, intuição aguçada, habilidade
excepcional em fazer croquis de diagramas de bifurcações e retratos de
fase (verdadeiras obras de arte moderna). Alguns ficavam pendurados nas
paredes do seu escritório, organizado à sua maneira, onde era posśıvel
entrar (caso conseguisse) mas não podia mudar a ordem das pastas, etc.

Conheci o Soto, por intermédio do Prof. Genésio Lima dos Reis
(1940-2017) quando ainda fazia minha graduação na UFG. O acaso me fez
reencontrá-lo no IMPA em 1986 quando me aceitou para orientação no
doutorado, conclúıdo em janeiro/1989. Ao longo da minha carreira
tivemos uma parceria prof́ıcua e uma amizade estabeleceu-se. Toda vez
que foi a Goiânia ı́amos, sempre por sua sugestão, ao restaurante Tucunaré
na Chapa.
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Continuação...

Com o testemunho da Marilda (sua esposa), acompanhei a sua luta pela
vida nos últimos seis meses (julho/2021 a janeiro/2022), mas ele pediu
para não dar publicidade. Acredito que cumpri quase fielmente a sua
vontade. Na penúltima vez que falamos por telefone disse-me que eu teria
um compromisso com ele no dia 25/03/2022.
Agora, espero que ele esteja junto ao meu filho Breno relembrando e
recontando a história “E os cisnes ficaram doidinhos...”
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Soto’s legacy

How to summarize in a few words Soto’s legacy?
I could say that he was a mathematician with pioneering contributions in
the bifurcations of edo’s and the qualitative theory of curvature lines. He
had a great capacity for synthesis, sharp intuition, exceptional ability to
make sketches of bifurcation diagrams and phase portraits (true works of
modern art). Some of them hung on the walls of his office, organized in
his own way, where you could enter (if you could) but could not change
the order of the folders, etc.

I met Soto through Prof. Genésio Lima dos Reis (1940-2017) when I was
still an undergraduate at UFG. By chance I met him again at IMPA in
1986 when he accepted me as a PhD supervisor, which I finished in
January 1989. Throughout my career we had a fruitful partnership and a
friendship was established. Every time he came to Goiânia we went, always
on his suggestion, to the restaurant Tucunaré na Chapa (Roasted
Tucunaré(fish) on a Plate).
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With the testimony of Marilda (his wife), I accompanied his fight for life
for the last six months (July/2021 to January/2022), but he asked me not
to publicize it. I believe that I have almost faithfully followed his wishes.
The second-to-last time we spoke on the phone he told me that I would
have an appointment with him on 3/25/2022.
Now I hope he will be with my son Breno, reminiscing and retelling the
story ”And the swans went crazy...”.
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.

Obrigado!
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