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PREFACIO

O pressnts tratalho estende &5 variedades diferencidveis
compaciza e orisntdveis de dimenado dois, os resultados de
A. Andronov e E. Laontovich sibrs eatabilidzdes estrutural de pri-

meira ordem 303 campss de veiores definidoz num disco plano; e

estalelece a estrulura de variedade diferen iével de Banach do

conjunts de campos estruturalmsnie eatdveis de primeira ordem.

Agrade¢s ao professsr Mauricie Peixoto, por ter me auge-

Tido o problema e acompantzds com sew ¢onstznie canselho e alento
0 seu desenvolvimento; se zous artigos [2;3 }fﬁrem 2 ponts de par

tida da presente 1 vestigagio.

Desejo agraiscer tamtdm ass colegaa do INPA professor

I. Fupka, A. Augusio, M.L. Peixoto e A.C. Barreto pzla troea de

idéias adbre temzs relecionados com © aqui tratade, o gue teve in

fluéneia poaitiva na presents fese.

kate travslno contou com a &ajuda parcial do Office

Scientific Reasarch U.S.a,F,

Jorge Sotomayor

eptember 2, 2022




1. Introfugéo

Gonsideremos uma variedade M2 , compacts, conexa, -di-
ferencidvel e dimensds dois, e o conjunto {j de campod de Veto-
res tangemtes a M o

No presente trebalho nmes inbteressamos por campos de veto-
res gve possusm um cexrto 'grr;m de Estabilidade Bstrutural”; esta
Prase & vagz ma? pods asr precizada por meio daz seguintes defini
goes: ‘

DefinicEp 1. (Topologia d& Proximidade Qualitativa).

Sejam 6 vms mitrica em W2 , F{ o grupo de homeo-
morfismos de M2 em M2 e F(X,T) o subconjwnto de H ocomsti-
tuldo por homeomorfismos que transformam trajetfrizs do campo X
em trajetérias do campo Y .

Cramsmos Topologia da Proximidade Qualitativa b topologia

en A definida pela pseudométrica seguinte
e(X;% = it [sup(s((pi,2l, b € w?, ®eHEx,W]
P
e(X,T) = o e HIXY =6 .

0 conjuntso @ munido desta topelogia serd denotado (B,Q)
Por outro lsdo define-se em @ da maneira cléssica a topologis

¢ r=0,

4 uma topologia de "Proximidade Quantitativa?, o
conjunto @ com ssta topologia serd denmotado (B,07) .

Nestsa térmos a definigis cldssica de Bstarilidade Estru—
‘tural de Andronov-Pontrjegin [L] encontra o ssguinte enunciado e-
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quivalente. "
Definicio 2 - Um campo X de classe CF ra1 & Eatruturalmente
Estdvel se X € um ponto de comtinuidade da identi

dade de (B,07) em (B,0) .

Noutras palavras, X ¢ estruturalmente estdvel se todo
cempe guantitativamente préximo dele 6 também qualitativamente
préxinoa

Fates campos foram caracterizados por M.M. Peixoto [2,3],
no caso r>1 (observando-se que o caso r = O carece de inte-

reese), sendo os resultedos principais os seguintes

Teoréma A - X 4 Estruturalmente Extével se e s6 se as seguintes

oondigles slo satiefeitms:
1. Possue um mimero finito de singularidades tddas genéricas.

2. Goonjuntos a e w-limite de ocada trajetéria

podem ser
singularidads; ou trajetérias fechadss.
3, Nio possue trajetérias comectando pontos de ssla,

4. Possue um mimero finito de trajetbrias fechalas tddas genéricas.

Toorema B - O conjunto Z de campos Estruturalmente Estéveis ¢

aberto & denso em (B,07) .

0 complementar de O B(1) , aparece

| de formz natural o yroblema de caracterizer os campos X e B(1)
tais que todo campo Y £ (1) Juantitativamente proxime ddle se—
ja tembém jvalitativamente préximo. A éste respeito Andronov-Leon—
tovich [4], definiram o oonceits de Estebilidade Estrutural de Pri

meira Ordem, que em nosss erminologia se exprime pela
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Definicdo 3 ~ Um campe X € B(1) & Estruturalmente Estdyel de
Primeirs Ordem se X € ponto de continuidade da

injegdo de (A(1),¢) em (A,Q) , T3 .

0 coajunto de campon estruturalmente estdveimde primeira
ordem serd denotads por X(1) .

Androsov-Teontovich ns trabalho acima citado anunciaram
uma caracterizagin (provas omitidas) dos campos estruturalmente '
estdveis de primeira ordem, no caso de campos definidos no disco
5% , sen conteto respsoto ds 382 , o considerando topologia G2
neste conjunto de campos.

tendemos a. csrscterizagho de Andromov—

-Ieontovich para o csao de osmpos de olsssa C° ra3  com topo-
2

logia C7 ; sftre uma veriecads M° grienidvel.(leorsma 1)

Tamtém demonsiramia que o sonjunto de campos Bstruturalmente Es—
tdveds de primsirs ordem & uma subyvariedsde de Bansch de classe
C' & de codimensio um do espagd de Bamack (§,07) ry3 de cam
pos de classe C° com topologia CF , (Teorsma 2).
0 fato 42 cozsilerar claase e topologia OF re3 & fune
damental e 1320 pPor razbes puramente loczis; na realidade a carag

terizagio de Androa

Leontovich s$ é vAlidz para classe ra23 e

nio pera r = 2 , &0 conirdric do gue ee enconbrs dito em [+

Na QemonstragHo do Tesrema I para o cass de ser NP ndo orientd-

vel esncontramos ums dificuldads quz n@o conseguimoes superar; o

Teorema 2, pordm, eoatinua viliio para w?  ridp orientdvel (Obser
vagio 1)
O Teerema 2 con3titu2 um andlogo do T:orema B de M. Peixo

to ¢ fornecs exemplod claros de bifurcacso de familias a um para-

al work of J. Sotomayor ptember 2, 2022
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metro de campos de vetores, (i.e. ourvas diferencidveis en(®cT)

nos pontos de imtersegiio transversel com 2 (1) .

II. Os Teoremss de Caracterlzagio e

Imersdo

A fim de enunciar os teoremas, fixaremwos a seguinte ter—
minologla e notagin.
-l. Singularidadest Se A(X) e ofX) denotem o determinante ¢ o

trago @a matriz jacobiana das componentes com-

travariantes ds X num sistema de coordenadas, diremos que vma
singularidade p de X 6 genérica se A(X) (p)< 0 ou se
A(X) (p)>0 e o(X) (p) #0 . No primeire caso p & uzma sela
€ no segundo um 16 ou um foco segundo as raizes caracterfsticasda
matriz jacobiena sejam reais ou complexas.
A peguir definiremos duas singularidades d1%as genéricas de pri-
meira ordem.

Se

né - Uma singularidade p do campo X & denominada

sela-ng se AUT) (p) =0, o(X) () £0, ¢ LE £ 0 ono

s Bvi
e(x) =<x,vu>(vl,v1> - < x,vl> <vo,vl> , sendo ch‘fl o8 veto-
res caracteristicos de matriz jacobiana de X no ponto p , mum
eistems de coordenadss em térmo de P ;, <, > denota o métriea
euclideana em R, & v, 0 vetor associado a reiz caracteris
‘tiea nula.Fscalhends e1x0s coordenades paralelos e 05 vetores carac—

ter{stieos wm ¢ampo com uma sela-nd na origem tem componentes
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\ 2 2 ¢ (2 2
Xy(=ypmy) = 8 x] + b xyxy + 0 x5 + of (x] +x3) )
Xyxpuxpi = Axy + 6 ( (4 xg)l-/z; , onde s,A £ O .
TUma sela~nf, apresenta dois setores hiperbélicos, um se-
tor nodel, trés separatrizes s ¢ seu indice ds Poincaré & igual

a zero. [5}. Fig. la

Fig. 1

A outra singulsridads genfrica de primsira ordsm 4 o
LX) (2)>0, olX) (p) =6, TX) (p) £ 0O

donde TI{X) 4 a tranaformagZo de um segme

foco comp

to I com erigsm em
p tal que T(X) (p) =0 , = T(X} (g) & o ponto onde a trajetd-
ria positiva jue pagsa por 3§ corta pels primeira vSZ O Semi-seg-
mento de T gue contém o panto g o ver Fig. 1 b,

" A tremaformschs TI(X) 4 da mesma clasae Ge diferenciabi-
113ade que- X e = relsgio o(X, (p) = 0 implica
1- THX) (p! =T"Z; (pj = 0 o (Lema 3).

Verifica-se fieilments jue ss definigbes das singularida-—

des genéricas ds primsira ordem independen do sistema de coordena

4&a escolhido.
2~ Irajetdrias fechadaa: Sej» ¢ uma trajet6ria fechada e T
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um segments transversal & 4y num ponto p , Se chamames TI{X){g)
a0 ponto onde a trajetdria poaitiva gue passa por g corta pela
primeira vez ao segments I ; & tranaformacis g —»TI(X)(q) & um
difeomorfismo definido num eutsegmente ToCI contendo o ponto
D, e ¢ chamada Irsnsformagiio d2 Poimeard {assoclada a Y , p, X,
Ior I)e ® clsantco que TI(X; 6 da msema olasae de diferenciabi-
lidade que X , & splicagio Y—+TY) estd definida nums vizinhan
ca V(X) de X e & comvinua de (V(X), €¥) em (Dif(I,,T),07),
r=0 .

Uma trajetdéria fechsds 7 dum campe X ¢ dite genérica se com a
notaglio acima TI(X} (p) A1

Y ¢ dite gendrica de primeira ordem se T(X) (p} = 1 e TMX)(p)#

#0.

3 - Separatriges — Uma separatriz é dita p hiperbélica (resp.
) w-kipsrtélica) se o seu a-limite (resp.w-limi

te) & uma singulsridade p , e pertemce a fronteira dum setor hi-

pertflico deats singularidade.

Uma separatriz & dita (p.q) hiperb6lice (ou simplesmente hiperb

lica, quando nio £8r prec

espzcifiear os pontos p e g ) se
6§ p,a e o hipertslica.
Un gr&fice ¢ a reunids de um nimers finito 4s pontos singulares

(pu;pl,“.,pk; e separa::

es  (DgsPy)s (PyePplycoca(Dy_35Py) s
(pyrB,) hiperbslicas.

Un grifico y & dito gendrico d2 primeira se & reunifio de um pon-
to de sela p & uma eeparatriz (p,p) hipertélica, o(p} A0, e

nio 6 @ (nem w) limita d2 separatriz w{a) hipertélica.
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4 - Subvariedade de Banach - Se {§ & umu variedade de Banach de

classe €¥ , r>1 , um subconjunto

s

5 de § ¢ dito uma gubvsrs s de B de clsene €Y ‘msr e co-

dimensao um propriamente imerna em 6 as para cada ponto X & 3
existe uma vizinhanga V(Xj ds X em @ e uma fungdo
PiV(X)—=R de clesse C° tal que d&f(¥) & scbrejitiva para
Y e X)) e £70) - s5AV(X) .
A seguir destacamos certos subconjuntos de @) .
E.l — denotard o conjunto de campos gue possuem uma singularidade
genérica de primeira ordem coms  dnics singularidede ndo ge—
nérica, as trajetérias fechadas slo tUdas genéricas; e ndo possue
separatrizes hiperbflicas.
S, - denotard o conjunts de campos gue possuem uma trajetéria fe-
B chad;a genérica de primeira ordem como dnica trajetéria fecha
ds ndo genérica, que ndo € a e « limite de nenhuma trajetéria,
pem a-limite de separatrizes w -hipertédlicas se € w-limite de
separatrizes a-hipertélicas.
le - denotard o c;:n:u:\:n de campos gue PoBSuem pma Unlca separa-
triz hiperbdlica, t0das suas singuluridades e trajetérias fe
chadas si‘o genéricas, em caso de possuir um grdfico, gste ¢ gendri
co de primeira ordem.
R - denotard ¢ conjunto de campos tals que ¢ a é w-limite de ca-
da trejetéria; sé pode ser uma singularidade, trajetéria fechs
da, ou um gréfico (i.e. 08 gampos para os guals se verifica o Teo-

rema de Poinearé-Bendixon)., L
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104 M. M. PEIXOTO

We now state the characterization theorem.
THEOREM 1. In order that the vector field X be structurally stable on M it is necessary
and sufficient that the following conditions be satisfied:
(3.1) there is only a finite number of singularities, all generic;
(3.2) the o and w-limit sets of every frajectory can only be singularities or closed orbits;
no trajectory conne addle points;
(3.4) there is only a finite number of closed orbits, all simple.

Conditions (3.1), (3.3) and (3.4) are the ones formulated by Andronov and Pontrjagin
for the case of the ball B* and it is immediate to see that they hold also for the sphere S2.
Condition (3.2) implies that the theorem of Poincaré-Bendixon holds for the vector field X,
a fact that is automatic when M2 is S%. Thus all complicated tvpes of recurrent motions
are excluded so that structurally stable systems exhibit the simplest possible features.
Conditions (3.1)~(3.4) were generalized in [3] to dimension #, the corresponding systems

being the so-called Morse-Smale systems. For n > 2 it is known that the Morse-Smale
systems are not dense in the space # of all systems (Levinson, Thom, Smale) but as
remarked above it is quite probable that they are structurally stable; it is also known that
there are structurally stable systems exhibiting an infinite number of closed orbits (Smale).

Jcx (m), xeE 5+\"mcfun\\vh <t oble
T‘\-(PLIX&{Q} Q Z‘ s O\Qa“ m,\.l, fewse

|C [\/\ .Lb ov\LV\A"&EkQ
. 3 \
ul,\ @V\[\,a O J(_w)l. whew

MO 0 Vemtolole
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Saddle-node: codimension one. The subset &7

RS

f

S O\\MEC - vw&ﬁ,

% €L T Xt &
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Hopf: codimension one. The subset Sy

Sarfaw of }Jef'w die

]Ze_‘h»r M Ao 5(

ez, o) =0, ma)#o
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Periodic orbit: codimension one. The subset S,

T = L W ()30

La\wz sew ol
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>
Not Dl‘uwzﬂ\
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Surface of Periodic orbits
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Saddle connection: codimension one. The subset Sz

~L
\'\aw\a oLV\ o ot + condition

o B PHulee

W) =W (e ™

2\
L 4&

o s
\/U ) nw le\‘\{

\ 0 c Low
D bas ‘)L \ go\“Lcr\r\

O_kom‘l ‘n\(‘ ‘\D\ niColV

3"-\?&\'0\_ Lown S,WAL+LO“

The mathematical work of J. Sotomayor

Ronaldo A. Garcia (IME-UFG) September 2, 2022 18/78



Saddle connection: codimension one. Regularity of Sz

us - . .CO8 a

® 2
(8) %‘%’(Y) == <x((;_}é({%)gf1’){()lq(y))> f exp(—/ﬁ(Y)du)det(Y,z)da 5
() o
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B a

qeorema 1 (de Caracterizagdo) - Se ¥ ¢ um variedade orientd-

vel, ):,(1) = 191 sl)mz .

Teorema 2 (de Imsrado) - L1 ¢ uma saubvﬁri:i;de de Banach de

(B,6%) r23 , de classe C' e codimensio um,

A demonstragBo déates Teoremas depende da sé;—ie de Lemas seguinte.

IIT. lemas de Caracterizagio Tocal

Neste pardgrafo demonstramos alguns lemas sdbre certos
campos de 3 (1) .

Os campes considerados sdo de classe CT ;, r3>3 .

Lema 1 - Seja X um campo jue possue uma sela-né p .

Existe entdo uma vizinkenga V(pj de p ; uma vizinhan—
¢a V(X) de X , e uma fungdo f£:V(X)—>R de classe C' tal que
a£(X) # 0 para Y £ V(X) e
a) f£(I) =0 se e séee Y possue uma sela-né como tnica singu-
laridade em V(pj ;

b) £(¥)<0 se e 6 se T poasue uma sela e um né como tnieas
singulsridades em Y(p) 3

e) f(Y¥)>0 se e séb ¥ nio possue singularidades e;n V(p) .

Demonstracie: Existe um sistema de poordenadss em térno de p ,
tal que 0a componentes coniravariantes de X neste

sistena sﬁn Xl(xlny) § Xz(xg,xz) onde

il(xl,sz = 3112 + BxyX, + czg ‘0 ((1? + xg))
2y1/2
onaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor eptember 2, 2022




Results of J. Sotomayor (Thesis at IMPA)

Theorem (Sotomayor)

Let M2 be an orientable surface. Then
(1) = (UL;S)NR

Here R is the set of vector fields on M? without recurrences, i.e., the
Poincaré-Bendixson theorem is valid for vector fields in R.

| A\

Theorem (Sotomayor)

¥ (1) is a Banach submanifold of (B, C") of codimension one and of class
C!. Here B is the Banach space of vector fields of class C" of M?.
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Jorge Sotomayor (25/03/1942— 07/01/2022) and Ivan Kupka
(03/11/1937—- xxxx ) finished their thesis at IMPA in 1964 under the
guidance of Mauricio Peixoto. Also Aristides C. Barreto (1935-2009)
finished his thesis in 1964 under guidance of Mauricio Peixoto
Publications:

e J. Sotomayor. Structural stability of first order and Banach varieties.
Univ. Nac. Ingen. Inst. Mat. Puras Apl. Notas Mat. 4 (1966), 11-52.

e J. Sotomayor, Generic one-parameter families of vector fields on
two-dimensional manifolds. Bull. Amer. Math. Soc. 74 (1968), 722-726.
e J. Sotomayor. Generic one-parameter families of vector fields on
two-dimensional manifolds. Inst. Hautes Etudes Sci. Publ. Math. No. 43
(1974), 5-46.

e lvan Kupka. Contribution a la théorie des champs génériques.
Contributions to Differential Equations 2 (1963), 457-484.

e Barreto, Aristides C. Structural stability on a cylinder. Proc. 5°
Brazilian Math. Collog. (1965) pp. 101-102
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e J. Sotomayor, La mesure de I'ensemble de bifurcation des champs de
vecteurs dans le plan. C. R. Acad. Sci. Paris Sér. | Math. 293 (1981), no.
8, 405-407.

e J. Sotomayor, Curvas definidas por equacdes diferenciais no plano. 13°

Coléquio Brasileiro de Matematica. IMPA, Rio de Janeiro, 1981. iii+166
PP-
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Books: Lessons of Differential Geometry and Curves
defined by Differential Equations

CURVAS DEFINIDAS POR EOUACOES
2P ERENGLAKS
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Let M be a compact connected region in the plane R?, and denote for
r=1,2,...,00 by x" the space of all C" vector fields on M with the C*
topology. Moreover, x§ = x" \ ", where ¥’ is the set of all structurally
stable vector fields in x".

As shown by Marilia C. Peixoto (1921-1961) and Mauricio M. Peixoto
(1921-1919) [Ann. Acad. Brasileira Ciéncias 31 (1959), 135-160], x7 is a
closed subset of x" without interior points.

It is the aim of the present paper to prove the following results which
indicate that x is a "thin" subset of x" in the sense, that, for certain
finite-dimensional subsets ) of x" which carry a natural measure, the
intersection ) M ] is of measure 0.

(1) For X € x" and 6 € R, let R(6, X) € x" be obtained from X by
rotating all vectors counterclockwise by the angle 6. If all singular points
of X are simple (Jacobian # 0) and contained in Int(M), then the
Lebesgue measure of the subset {6 : R(¢,X) € x}} of Ris 0.
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(2) If S is a finite-dimensional C! submanifold of X" containing only
vector fields whose singular points are simple and belong to Int(M) and if
for each X € S the vector field R(Z, X) lies in the tangent space TX(S),
then x7 has measure 0 (remember that sets of measure 0 in S are defined
by the C! structure of S).

(3) If W" denotes the set of all X € x" whose coordinate functions are
polynomials of degree not exceeding n, then the measure of W" N x] is 0.

(4) The corresponding result holds for the set F" of all vector fields which
can be written in complex form as

P+iQ = Z ke’ ((x,y) € M).
[k|+]11<n

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 26 /78



Local phase portrait
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Phase portrait of codimension one (contact with the
boundary)
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Thesis from 1964 to 1973 (incomplete)

1973

=

JORGE LEWOWICZ. Stability Properties Of A Class Of Attracton, Public. No Trans. Am. Math. Soc., VI. 185, 1973. Tese - Brown University, . 1373.
Orientador: Maricio Matos Peixoto.

2. Mario Barone Jinior. Classi dos Camp icos Em Vari de Di Dois. Tese - Unit de Sao Paulo, . 1973.
Orientador: Mauricio Matos Peixoto.

3. RUBENS LEA'O DE ANDRADE. Hipersuperficies Convexas Em Espac,0s de Hilbert. Tese (Doutorado em Matemitica) - Instituto Nacional de Matematica Pura e Aplicada, . 1973.
Orientador: Manfredo Perdigao do Carmo.

1972

1. GUILLERMO FLEITAS MORALES. Sobre A Canit de Fluxos Em Varis Nas Dit Dois e Tres.. Tese - Associagdo Instituto Nacional de Matemdtica Pura e Aplicada, . 1972
Orientader: Mauricio Matos Peixoto.

2. KETI TENEMBLAT. Uma Estil iva dos Compri de icas Fechadas Em Varis i i Tese (Doutorado em Matematica) - Instituto Nacional de Matemética Pura e Apl
Orientador: Manfredo Perdigac do Carmo.

1969

1. ENRIQUE GONZALEZ. Generic Properties Of Polynomial Vector Fields At Infinity, Public. No Trans. Am. Math. Soc., Vol. 143 ,1969. Tese - Brown University, . 1969.
Orientador: Maricio Matos Peixoto.

1968

1. Alberto Verjowsky. Trabalho em Sistemas Dindmicos, posteriormente publicado.. Tese (Doutorado em Phd In Mathematics) - Brown University, . 1968.
Orientader: Mauricio Matos Peixoto.

1964

=

ARISTIDES CAMARGOS BARRETO. il das Equacoes Dif iais da Forma X = S (X, X). Tese - Associagdo Instituto Nacional de Matematica Pura e Aplicada, . 1964.
Orientador: Maricio Matos Peixoto.

~

IVAN KUPKA. Contribuicao A Teoria dos Campos Genericos. Tese - Associagao Instituto Nacional de Matematica Pura e Aplicada, . 1964.
Orientador: Mauricio Matos Peixoto.

JORGE MANUEL SOTOMAYOR TELO. Estabilidade Estrutural de Primeira Ordem e Variedades de Bananch. Tese - Associagao Instituto Nacional de Matematica Pura e Aplicada, . 1964.
Orientador: Mauricio Matos Peixoto.

w
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Principal curvature lines

We recall that the principal lines are defined by the differential equation
(Fg — Gf)dv® + (Eg — Ge)dvdu + (Ef — Fe)du? = Jac(lly, Is) = 0,
where

lo =(da, da) = Edu® 4 2Fdudv + Gdv?
Iy = — (da, dN) = edu® + 2fdudv + gdv?

are, respectively, the first and second fundamental forms of the immersion .
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Principal lines : developable surface
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Principal Configuration of Principal Lines on Surfaces

In ([Mo]) Monge presents the principal curvature lines of an ellipsoid. They form two
orthogonal foliations which present four singular points, the four umbilics of the surface.

FIGURE 1. The lines of curvature of an ellipsoid and of a Dupin cyclide

A systematic qualitative study of the behaviour of principal curvature lines on surfaces
of B* was initiated by C. Gutierrez an J. Sotomayor ([GS1, GS2, GS3]).
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Principal Configuration: triaxial ellispoid

\

]V\O\Aaeg Qllvv‘souo\ (|13(>

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 34 /78



Principal Configuration: bitorus
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Problem 2 The fundamental problem on the study of the Principal Curvature Con-
figurations of the differentiable, compact and oriented surfaces immersed into R?,
consists in establishing the following two theorems:

Theorem 4 The necessary and sufficient conditions for a surface to have its Princi-
pal Configuration Structurally Stable, with respect to C> small deformations of its
immersion into R3, are the following:

4a) The umbilic points must all be Darbouxian.

4b) The periodic curvature lines (principal cycles) must be all hyperbolic. That
is, their Poincaré Transformation, or First Return Map, must have a derivative dif-
ferent of 1 (Fig. 6).

4c) It must not admit connections, or self-connections, of umbilical separatrices.

4d) The limit sets of any non-periodic principal curve must be an umbilic point or
a principal cycle.
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Theorem 5 Within the space of immersions of compact oriented surfaces, endowed
with the C3 topology, the surfaces that satisfy the conditions (4a) to (4d) form a set
that is Sa: open and 5b: dense.

A rough scheme of demonstration for Theorems 4 and 5, revealed that part (5a)
of Theorem 5, as well as the sufficiency of conditions (4a) to (4d) for Theorem 4,
seemed feasible. However, serious difficulties in establishing global aspects of the
necessity of the conditions and, above all, the density, part (5b) of Theorem 5,
became apparent.

At that time no example was known of a compact surface satisfying the condi-
tions (4a) to (4d).

The influence that Peixoto’s work on the genericity of the Structurally Stable
vector fields on two-dimensional manifolds, Topology, 1962, was crucial in the
formulation of the Fundamental Problem 2. This matter has been evoked in the
author’s essay:

e On a list of ordinary differential equations problems, Sdo Paulo Jour-
nal of Mathematical Sciences, https://doi.org/10.1007/s40863-018-0110-3.
Zbl1417.01036 Zb11028.34001. MR3947401.

e The article https://www.maths.ox.ac.uk/about-us/departmental-art/theory/diffe
rential-geometry, in an Oxford University webpage, contains a very objective
outline of Differential Geometry, with pertinent links.
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Principal Lines on Surfaces

e J. Sotomayor and C. Gutierrez Structurally stable configurations of lines
of principal curvature. Bifurcation, ergodic theory and applications (Dijon,
1981), 195-215, Astérisque, 98-99, Soc. Math. France, Paris, 1982.

e J. Sotomayor and C. Gutierrez An approximation theorem for immersions
with stable configurations of lines of principal curvature. Geometric
dynamics (Rio de Janeiro, 1981), 332-368, Lecture Notes in Math., 1007,
Springer, Berlin, 1983.

e J. Sotomayor and C. Gutierrez. Structurally stable configurations of lines
of curvature and umbilic points on surfaces. Monografias del Instituto de
Matematica y Ciencias Afines, IMCA, Lima; 1998. viii4+-84 pp

e J. Sotomayor. An encounter of classical differential geometry with
dynamical systems in the realm of structural stability of principal curvature
configurations. Sdo Paulo J. Math. Sci. 16 (2022), no. 1, 256-279.
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Timeline

1961 1962 1964

Qualitative Theory of
Curvature Lines

179 1812 1896 1904
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Bifurcations of codimension two (Bogdanov-Takens)

A cusp type germ of vector fields of codimension two is a C*° germ at
0 € R?, whose 2-jet is C*°-conjugate to:

yaax+(ax + Bxy) a, af # 0.
H
B &| &
@ B S

=9 LS
@LH@@Q\§< L.
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Bifurcations of codimension one in BT

o
y8X+(X +u+vyixy) y aB # 0.

codimension 1 phase portraits {(u =0)
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Bifurcation of codimension three (cusp of cod.3)

A cusp type germ of vector fields is a C> germ at 0 € R?, whose 2-jet is
C®°-conjugate to

0 0
Y ox + (ax? +Bxy) 5 y a # 0.

Let %, (codimension five submanifold of 5—Jets) consisting of germs of
cusp type whose 4-jet is C° equivalent to

d d
8f+(x + x y)ay

Theorem (DRS,1987)
Any local 3-parameter family in (0,0) € R? x R3, cutting Z3Ci

transversally in (0,0) is fibre C° equivalent to

0

0
y§+(x + p+ (po + pax £ x3)y >8y'
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Bifurcation diagram of a a cusp of codimension 3
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Bifurcation diagram of a a cusp of codimension 3
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Others bifurcations of codimension three: Nilpotent

singularities

y % 4 (e1 x3 + bxy + e?xzy + f xay) g)_ with e, g =+ 1, b > 0. (3")
The topological type falls into one of the following categories :

1) The saddle case : € = 1, any €y and b. (a degenerate saddle). Here we
. J
make a distinction according to the sign of €y
We denote by E; ((2 = + 1), the subsets of germs with such a 4-jet.

They all have the same topological type.

2) The focus case : € = -1 and 0<b<2/§. (a degenerate focus), We denote
—_—— aE—

e ae——
by ZF+ ((2 = + 1) the corresponding subsets of germs.

3) The elliptic case : ¢, = -1 and b>2/2. Notatien }:3 with ¢, = + 1.
b s SR 1 —— E+ 2 -

They all have the same topological type.
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in each case, called standard family, is g
O
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¥ ax (€% HoX + g + y(v + DX + €,x7)) oo (&2
where A = l’,ul, p,, v), and of course : b>0, bw2/2, € 5 = 1.

The present artlele is devoted to establish several basic facts, in

support of the following conjecture

Let X,\ and YA be two local 3-parameter families, with XO, Yu belonging to
) 3

the same set E;t, Zif or ZEY, Suppose that both families are transversal

to this set (in_the sense defined above). Then they are fiber-C*

equivalent (in the sense of Chapter II).
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Bifurcations of codimension three (saddle)
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Bifurcations of codimension three (focus)
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Bifurcations of codimension three (elliptic)

ELLIPTIC
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Bifurcations of codimension three (cuspidal loop)
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Bifurcations of codimension three (cuspidal loop)

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 54 /78



Publications: Bifurcations of cod. 3

e F. Dumortier, R. Roussarie and J.Sotomayor. Generic 3-parameter
families of vector fields on the plane, unfolding a singularity with nilpotent
linear part. The cusp case of codimension 3. Ergodic Theory Dynam.
Systems 7 (1987), no. 3, 375-413.

e F. Dumortier, R. Roussarie, J.Sotomayor and H. Zoladek. Bifurcations of
planar vector fields. Nilpotent singularities and Abelian integrals. Lecture
Notes in Mathematics, 1480. Springer-Verlag, Berlin, 1991. viii4+-226 pp.

e F. Dumortier, R. Roussarie and J.Sotomayor.Bifurcations of cuspidal
loops. Nonlinearity 10 (1997), no. 6, 1369-1408.
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Principal lines: Ellipsoid of R® with three different axes
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Principal lines: Ellipsoid (x* + y?)/a* + (2> + w?)/b* =1
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Principal lines: Ellipsoid
x2/a®+ y?/b? + (2 +w?)/c®> =1, a>b>c>0
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Principal lines near an umbilic point of Ellipsoid
x2/? + y? /B> + (2 +w?) /> =1, a>c>b>0
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Principal lines: Ellipsoid

x?/a? +y? b+ 22/ +w?/d* =1, a>b>c>d
Ci2

.
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Principal lines: Ellipsoid

x?/a? +y? b+ 22/ +w?/d* =1, a>b>c>d

C12
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Principal lines: Ellipsoid
x?/a? +y? b+ 22/ +w?/d* =1, a>b>c>d

linked curves

Co3 Cio
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Principal lines: Ellipsoid
x2|@+y?/b*+ 22/ +w?/d?> =1 a>b>c>d
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e Sotomayor, J.; Garcia, R. (2016). Historical Comments on Monge's
Ellipsoid and the Confgurations of Lines of Curvature on Surfaces.
Antiquitates Mathematicae. 10: 348-354.

e Sotomayor, J. (1993). O elipséide de Monge. Revista Matemitica
Universitaria. 15: 33-47.

e Sotomayor, J. (2020). On an encounter of two men of mathematics in
Lima. Revista Brasileira de Histéria da Matematica. 20 (40): 01-07.

e Lopes, D.; Sotomayor, J.; Garcia, R. Partially umbilic singularities of
hypersurfaces of R*. Bull. Sci. Math. 139 (2015), no. 4, 431-472.

e Lopes, Débora; Sotomayor, Jorge; Garcia, Ronaldo. Umbilic singularities
and lines of curvature on ellipsoids of R*. Bull. Braz. Math. Soc. 45
(2014), no. 3, 453-483.

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 66 /78



e J. Sotomayor. Um Poeta, um Matematico e um Fisico: Trés Ensaios
Biograficos por Henri Poincaré, EDUSP, (2008).

e J. Sotomayor. LicGes de Equagdes Diferenciais Ordindrias, Projeto
Euclides, IMPA (1979).

e J. Sotomayor. Curvas Definidas por Equagdes Diferenciais no Plano, 13
Coléquio Brasileiro de Matematica, IMPA, (1981).

e Garcia, Ronaldo; Sotomayor, Jorge. Differential equations of classical
geometry, a qualitative theory. Publicacdes Matematicas do IMPA. 270
Coléquio Brasileiro de Matemética. (IMPA), Rio de Janeiro, 2009. ii4256

pp
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Timeline (EDO’s and Diff. Geometry)

1961 1962 1964

Qualitative Theory of
Curvature Lines

179 1812 1896 1904
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Sotomayor (Lima)
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Sotomayor Gallery
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Legado de Jorge Sotomayor

Como resumir em poucas palavras o legado do Soto?

Poderia dizer que foi um matematico com contribuigdes pioneiras nas
bifurcacdes das edo’s e na teoria qualitativa das linhas de curvatura. Ele
possuia grande capacidade de sintese, intuicdo agucada, habilidade
excepcional em fazer croquis de diagramas de bifurcacdes e retratos de
fase (verdadeiras obras de arte moderna). Alguns ficavam pendurados nas
paredes do seu escritério, organizado a sua maneira, onde era possivel
entrar (caso conseguisse) mas ndo podia mudar a ordem das pastas, etc.

Conheci o Soto, por intermédio do Prof. Genésio Lima dos Reis
(1940-2017) quando ainda fazia minha graduagdo na UFG. O acaso me fez
reencontra-lo no IMPA em 1986 quando me aceitou para orientacdo no
doutorado, concluido em janeiro/1989. Ao longo da minha carreira
tivemos uma parceria proficua e uma amizade estabeleceu-se. Toda vez
que foi a Goiania famos, sempre por sua sugestdo, ao restaurante Tucunaré
na Chapa.
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Continuacao...

Com o testemunho da Marilda (sua esposa), acompanhei a sua luta pela
vida nos ultimos seis meses (julho/2021 a janeiro/2022), mas ele pediu
para n3o dar publicidade. Acredito que cumpri quase fielmente a sua
vontade. Na pendltima vez que falamos por telefone disse-me que eu teria
um compromisso com ele no dia 25/03/2022.

Agora, espero que ele esteja junto ao meu filho Breno relembrando e
recontando a histéria “E os cisnes ficaram doidinhos...”
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Soto’s legacy

How to summarize in a few words Soto's legacy?

| could say that he was a mathematician with pioneering contributions in
the bifurcations of edo’s and the qualitative theory of curvature lines. He
had a great capacity for synthesis, sharp intuition, exceptional ability to
make sketches of bifurcation diagrams and phase portraits (true works of
modern art). Some of them hung on the walls of his office, organized in
his own way, where you could enter (if you could) but could not change
the order of the folders, etc.

| met Soto through Prof. Genésio Lima dos Reis (1940-2017) when | was
still an undergraduate at UFG. By chance | met him again at IMPA in
1986 when he accepted me as a PhD supervisor, which | finished in
January 1989. Throughout my career we had a fruitful partnership and a
friendship was established. Every time he came to Goidnia we went, always
on his suggestion, to the restaurant Tucunaré na Chapa (Roasted
Tucunaré(fish) on a Plate).
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With the testimony of Marilda (his wife), | accompanied his fight for life
for the last six months (July/2021 to January/2022), but he asked me not
to publicize it. | believe that | have almost faithfully followed his wishes.
The second-to-last time we spoke on the phone he told me that | would
have an appointment with him on 3/25/2022.

Now | hope he will be with my son Breno, reminiscing and retelling the
story " And the swans went crazy...".

Ronaldo A. Garcia (IME-UFG) The mathematical work of J. Sotomayor September 2, 2022 7778



Obrigado!
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