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1. Introduction

Our model: A class of periodic systems of DDEs with (finite) delay and
impulses:

21(t) = —diOri) + S ay(0)2;(0) + galt, za) for ¢ £ by,
) j=1,j#i (1)

A(zi(tr) == 2(t]) — 2i(ty) = Iw(z:i(te)), k€Z, i=1,....n,

where: 7 is the time-delay,
sy = (T1gy e ooy Tpp) = Ty 1S the past history of the state, defined by

x4(s) = x(t + s) for s € [—7,0]

- the solutions x(t) are piecewise continuous, left continuous, with jump
discontinuities at ty (k € Z) given by Lk (z;(tx))
- d;(t),ai;(t), gi(t,¢) continuous, nonnegative and w-periodic in ¢t (w > 0),

- the impulses at times t; occur with periodicity w




e GOAL: To find sufficient conditions for the existence of (at least) one

positive periodic solution for the impulsive delay differential equation
(IDDE) (1)
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e Our criteria can be applied to broad families of concrete models:

- discrete /distributed, finite/infinite delay
- systems incorporating general impulses whose signs may vary
- -and a very general nonlinearity g

(in general, the nonlinearities g are non-monotone)




e GOAL: To find sufficient conditions for the existence of (at least) one
positive periodic solution for the impulsive delay differential equation

(IDDE) (1)
e Our criteria can be applied to broad families of concrete models:

- discrete /distributed, finite/infinite delay
- systems incorporating general impulses whose signs may vary
- -and a very general nonlinearity g

(in general, the nonlinearities g are non-monotone)

e As usual, our method uses a fixed point argument (Krasnoselskii)

e Our technique is based on the construction of an original operator, whose
fixed points are the periodic solutions we are looking for
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Impulsive Delay Differential Equations (IDDE)

finite delay 7 > 0: I = [—7,0]

e PC := PC(|—,0],R"™), space of functions ¢ : [—7,0] — R™ which are
piecewise continuous (i.e., finite number of jump discontinuities) and left
continuous,

e Phase space: Banach space of normalized (from the left) regulated functions
R(I;R"™) := PC in the space of bounded fcs B(I; R™) with

loll = sup |p(0)]
—7<6<0
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e PC := PC(|—,0],R"™), space of functions ¢ : [—7,0] — R™ which are
piecewise continuous (i.e., finite number of jump discontinuities) and left
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e Phase space: Banach space of normalized (from the left) regulated functions
R(I;R"™) := PC in the space of bounded fcs B(I; R™) with

loll = sup |p(0)]
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. IC at t = O: z(s) = ¢(s), s € |—,0],
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- w > 0 is the period
- (tx )kez is an “w-periodic sequence” of given points where the impulses
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e our models are from math biology X := {z € X : 2(t) > 0,t € [0,w]}




Abstract setting:

- w > 0 is the period
- (tx )kez is an “w-periodic sequence” of given points where the impulses
occur, 0 <t < -+ <tp < W, Upgpp =l +nw,Vne Z,k=1,...,p

e Define the Banach space
X = X(R") ={zx: R — R" | z is w—periodic, continuous for all ¢ # ¢,
there exist z(t; ), z(¢t;) and z(t; ) = z(tg), for k € Z}
and X :={z; : z € X,t € R}
(2)

e our models are from math biology X := {z € X : 2(t) > 0,t € [0, w]}

e X is endowed with the norm || - ||, simply denoted by || - ||, and with the
partial order < induced by the cone X ™: y; <wys ifyo —y3 € X




ezxeX = z,€PC,ie, X :={z;,:x€ X,t R} C PC
® an isometry:
Xsaz—ao=z_ ,€PCC R([—7,0];R™)

(w.l.g. for 7 > w), so X can be interpreted as a complete subspace of the
phase space R(|—7,0]; R™).




ezxeX = z,€PC,ie, X :={z;,:x€ X,t R} C PC

® an isometry:
Xsaz—ao=z_ ,€PCC R([—7,0];R™)

(w.l.g. for 7 > w), so X can be interpreted as a complete subspace of the
phase space R(|—7,0]; R™).

THUS:

e From now on, for the purpose of finding periodic solutions of an IDDE, we
“forget” the phase space R(|—7,0]; R™) and work on

X with [l = [l




A remark on infinite memory

HERE: To simplify the exposition, we only consider systems with finite delay.

The consideration of models with infinite delay goes back to Volterra’s population
models (1920's, 1930’s) (where typically the “memory functions” appear as integral
kernels) e.g. in predator-prey models:

t(t) = x(t)|a — bx(t) — cy(t) — /OOO ki(s)x(t — s)ds — /OOO ka(s)y(t — s)ds|
90 = y(O=d+ palt) = au(®) + [ a(s)at = )ds — [ ka(shyle - s

a,b,c,d,p,q >0, k;(s) >0 continuous, k; € L'[0, 0o)

(the delay effects diminish gradually when going back in time)

10



A remark on infinite memory

HERE: To simplify the exposition, we only consider systems with finite delay.

The consideration of models with infinite delay goes back to Volterra’s population
models (1920's, 1930’s) (where typically the “memory functions” appear as integral
kernels) e.g. in predator-prey models:

t(t) = x(t)|a — bx(t) — cy(t) — /OOO ki(s)x(t — s)ds — /OOO ka(s)y(t — s)ds|

§(t) = y(t)[—d + pe(t) — qy(t) + / " ha(s)a(t — s)ds — / " ka(s)y(t — s)ds]

a,b,c,d,p,q >0, k;(s) >0 continuous, k; € L'[0, 0o)

(the delay effects diminish gradually when going back in time)

IC at t = 0: (2(s),y(s)) = #(s),s <0, ie., (,9)|(—c00 = ¢ € B C C((—00,0]; R?)

The treatment of infinite delay requires a careful choice of an admissible phase space,
which must satisfy some axiomatic (Hale & Kato, Funkcial. Ekvac.'78)

10



impulses, infinite delay: [ = (—o0,0]:

e PC(I;R"™): the space of functions ¢ : (—o0, 0] — R™ whose restrictions
Pl LO ANy interval [—7, 0] are piecewise continuous and left continuous

However: PC'(I;R™) is not a good space; moreover, PC'(I;R"™) ¢ B(I;R"),
for B(I;R™) the space of bounded fcs.

e With the identification r = z¢ = L)oo the space X of w-periodic
functions with jump discontinuities at (¢z) is also seen as a (closed) subspace
of an appropriate phase space B C PC,

X CB, ||~ |lzt]lz VreX
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(See e.g. Buedo-Fernandez & Faria, MMAS 2020, for scalar IDDE with oo delay...)
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. Preliminary results

(H1)

(H2)

(H3)

i

z;(t) = —di()xi(t) + Z aij(t)x;(t) + gi (¢, i) for ¢ # Ly,
< =L (1)

\A(,’L'Z(tk)) = LEZ(t:> — LL‘Z(tk> == zk(xz(tk»; k e Z, 1= 1, e

Lix : R™ — R are continuous and 3 p € N such that 0 <t; < -+ <t, < w (for
some w > 0) and

lhtp = Uk + W, Iz’,k—l—p: ik, k€Z,o=1,....n

0 t1 ta 'ty W tprq tprs tap2w S 8w
There exist «;;, > —1 and n;; such that

aipu < Lip(u) <ngu, u©w>0, ke{l,...,p}

and, if |7 > 1 |there exist lim ¢ ci=1,....,n,k=1,...,p;
u—0+t U + Izk (U)

P (1) < e BOE G




(H4) (i) the functions d;, a;; g; : R x X(R) — R™ are continuous, w-periodic in
t € R (Vi,j), with [ d;(s)ds > 0,

g(t,xe) = (g1(t, x1¢), - - gn(t, Tnt))

Is bounded on bounded sets of R x )~(;

(ii) if | n > 1| either ["a;;(s)ds > 0 forall i # j or [ gi(s,0)ds > 0, for each
1=1,...,n.

(H5) The function
G(t,z) =g(t,z;) for teRzec X"

is uniformly equicontinuous for ¢ € [0, w| on bounded sets of X", ie.

VYA C XT bounded and Ve > 0, 35 > 0:
maXc(o |G(t, ) — G(t,y)| <e forall z,y € A with ||z —y|| <.

13



Remarks about the hypotheses

* Conditions (H1) and (H4)(i) give the w-periodicity of system (1).

* The situation without impulses is included in our setting: | I; = 0| for all k

* Here, the impulses are allowed to be negative or to change signs!

* (H2) guarantees that, at the impulsive points t;, solutions of (1) with
z(t, ) = z(tx) > 0 must satisfy

xz(t,j) = Q?Z(tk) + Ilk(xz(tk)) > (1 -+ Olik)il?i(tk) >0,k € N.

14



Remarks about the hypotheses

* Conditions (H1) and (H4)(i) give the w-periodicity of system (1).

* The situation without impulses is included in our setting: | I; = 0| for all k

* Here, the impulses are allowed to be negative or to change signs!

* (H2) guarantees that, at the impulsive points t;, solutions of (1) with
z(t, ) = z(tx) > 0 must satisfy

xz(t,j) = Clil(tk) + Ilk(xz(tk)) > (1 -+ Olik)il?i(tk) >0,k € N.

* Assumptions (H2) and (H3) are significantly weaker than the ones usually
considered in the literature for the scalar case (n = 1), where:

Iy (u)

- the impulses are nonnegative & additional restrictions on close to 0 and oo or

- the impulses are linear [ (u) = agpu , with [[}_; (1 +ax) =1

[Simple example: If i = aVk, the latter condition is satisfied only if & =0 (no
1 w
impulses!), whereas our setting only requires —1 < a < e? Jo a(t)dt _ 1.]

14



Remarks about the hypotheses (cont.)

x For|n > 1} for a;j,¢:(-,0) € CH(R), we have imposed

(note that a;; # 0 iff [ a;;(s)ds >0 (j #4) and g;(-,0) Z 0 iff [ gi(s,0)ds > 0)

The role of (H4)(ii) is to preclude the existence of periodic solutions with one
component positive but with others that may vanish.

15



Remarks about the hypotheses (cont.)

x For|n > 1} for a;j,¢:(-,0) € CH(R), we have imposed

(note that a;; # 0 iff [ a;;(s)ds >0 (j #4) and g;(-,0) Z 0 iff [ gi(s,0)ds > 0)

The role of (H4)(ii) is to preclude the existence of periodic solutions with one
component positive but with others that may vanish.

* The role of (H5) is to guarantee that the operator ® defined below is compact.

15



Some auxiliary functions:

e X and X, with || || =1 [l
Define (1 =1,...,n,k € Z):

Bi(t;x;) = H Jir(xi(tx)) and
k:tx€l0,t)

~ B;(s; x;)
Bils ti i) = Bi(t;z:)

ktkEtS)

—1

Li(z;) = (Bi(w;a:i)eDi(w) — 1) for i=1,...,n,xe€ X",

'Y
Recall: (H3) H 1+ ) < Jo” di(dt o g i(w;x;)e Di(w) > 1,vz € X1, s0 T'; are well-defined.
k=1

H Jzkxztk f0r0§t§S§t+w7x€X+7

16



Properties of these auxiliary functions:

Assume (H1)—(H4). Fori=1,...,n,k € Z,x = (x1,...,2,) € X T:

e J;;. are continuous and bounded: J;x(u) = ﬁ with # € ik, nik] =

(14 m) ' < Ji(u) < (1T +ai)™t uw>0

e[, : XT(R) — (0,00) are continuous and bounded: 0 < T'; < T';(z;) <T;
where I'; = ( 221(1 —|—04,L~k)_1eDi(w) — 1)_ , T, = ( 221(1 —|—77,L-k)_1eDi(‘*’) — 1)_1
° éi(s,t;xi) are bounded:! 0 < B; < Ei(s,t;xi) < B,

e Bi(s+w,t+w;x;) = Bi(s, t;a;) fort < s <t4+wand ¢ € XT(R)

'Recall that there is a finite number of impulses on each interval of length < w.
NOTE THAT, with linear impulses I;x(u) = nixu,
Jit = (1 + i)~ " (constants) and B;(t;x) = B;(t) = ki, e+ nik) L

17



Construction of an operator on a new cone:

® a new cone
K=K(o):={xe XT:2;(t) > o;||lzi|]|,t € [0,w],i =1,...,n}, with
oe (0,1)"

e an operator ® = (®q,...,P,): X+ — X,

+w <
(®;x)(t) = i) / B;(s, t;x;)ede ar)dr ( Z aij(8)z;(s) + gi(s, T;s)
' j#i

forx = (x1,...,2,) € XT,t >0

)as

18



Construction of an operator on a new cone:

® a new cone
K=K(o):={xe XT:2;(t) > o;||lzi|]|,t € [0,w],i =1,...,n}, with
oe (0,1)"

e an operator ® = (®q,...,P,): X+ — X,

~

t+w s
(®;2)(t) = T;(z) / B;(s, t;x;)ede ar)dr ( > aij(s)a;(s) + gils. x)) ds
' j#i

forx = (x1,...,2,) € XT,t >0

LEMMA 1. Assume (H1)-(H4), take 0 = (o1,...,0y,) with

0<o;< BB e P®fori=1,...,n, and K = K(c). THEN:

(i) ?(K) C K.

(i) If z € K\ {0}, = is a fixed point of ® iff x is a positive w-periodic
solution of (1).

(iii) If in addition (H5) holds, ® is completely continuous on K \ {0}

18



Remark:

o If x(t) = (z1(¢),...,x,(t)) is a solution of (1), the function
y(t) = (y1(t), ..., yn(t)), where y;(t) = B;(t;x;)x;(t), i=1,...,n,is continuous,
because

i (L))

e Rather than using sums of the impulses, the key idea is to account for the
impulses in a multiplicative mode by means of the products of the functions J;;(u):

Jik(wi(tr)) =

in this way, B;(t;2;) = [;.4, cj0.¢) Jir(i(t)) are used to “glue” the pieces of the
solution’s graph at impulse times ¢, so that it becomes continuous.

19



Remark:

o If x(t) = (z1(¢),...,x,(t)) is a solution of (1), the function
y(t) = (y1(t), ..., yn(t)), where y;(t) = B;(t;x;)x;(t), i=1,...,n,is continuous,

because

i (ty)
e Rather than using sums of the impulses, the key idea is to account for the
impulses in a multiplicative mode by means of the products of the functions J;;(u):

Jik(wi(tr)) =

in this way, B;(t;2;) = [;.4, cj0.¢) Jir(i(t)) are used to “glue” the pieces of the
solution’s graph at impulse times ¢, so that it becomes continuous.

e Instead of P, the following operator has been considered for scalar IDDEs:

t+w .
(Ty)(t) = (eD(w)_l)—l [/ g(S,yS)eff d(u) du ds—+ Z Ik(y(tk))eft d(u) du
t

kit €[t t4+w)

efts d(u) du

S by are summed up to

(the impulses multiplied by the Green function G(t,s) =
time ).




Krasnoselskii Theorem:

Let X be a Banach space, K a cone in Xr, R € R™ with r # R and
Ay ry i ={z € K :rg <||z|| < Ry}, where rg = min{r, R}, Ry = max{r, R}.
Let T': A,, r, — K be a completely continuous operator such that

(i) Tx # Az for all z € K with ||z|| = R and \ > 1;
(ii)) There exists ¢ € K \ {0} such that = £ Tz + A\ for all z € K with ||z|| = r
and all A > 0.

Then T has a fixed point = € A, r, which moreover satisfies ry < ||z|| < Rp.

20



Krasnoselskii Theorem:

Let X be a Banach space, K a cone in Xr, R € R™ with r # R and
Ay ry i ={z € K :rg <||z|| < Ry}, where rg = min{r, R}, Ry = max{r, R}.
Let T': A,, r, — K be a completely continuous operator such that

(i) Tx # Az for all z € K with ||z|| = R and \ > 1;
(ii)) There exists ¢ € K \ {0} such that = £ Tz + A\ for all z € K with ||z|| = r
and all A > 0.

Then T has a fixed point = € A, r, which moreover satisfies ry < ||z|| < Rp.

Next: Under some additional conditions,

one shows that 3 0 < r < R such that ® satisfies (i),(ii)

—> there is an w-periodic solution z* > 0 in a conical sector A,, g, of K

?Combination of both the compressive (r > R) and expansive (r < R) forms can lead to
the existence of more than one positive period solution to (1).

20



. Main results

(H6)

There are constants 7o, Ry with 0 < 7o < Ry and functions by;, bo; € C7(R)
with ["bgi(t)dt > 0(¢=1,2), such that fori=1,...,n, 2 € K and ¢ € [0, w]
it holds:

gi(t,xs) > bi(P)u if 0 <u <y <o,

gi(t,wit) < boi(t)u if Ry <z <.

21



3. Main results

(H6) There are constants 7, Ry with 0 < ry < Rg and functions by;,bs; € C7(R)
with fow byi(t)dt >0(q=1,2), such that fori =1,...,n, x € K and t € [0, w]
it holds:

gi(t, i) > b(t)u if 0 <u <z <o,
g@'(t,ZC@'t) S bgi(t)u If R() S X; S Uu.

Theorem 1. Assume (H1)—-(H6) and that, for by;, be; as in (H6),

t+w
oL [ O8 (Do) (o) o 21

JF#i
_— t_|_w S
COO =1'; B; II%(E)AJX]/ eft di(r)dr(Zaij(S) + bQZ(S)) ds<1l,i=1,....n
te|0,w
J71

THEN there exists (at least) one positive w-periodic solution x*(t) of (1)
(Moreover, z*(t) € K, for o; = B:iB; e Diw) (1<i¢<n)asin LEMMA 1.)

21



Proof:

(i) ®x # Ax for all x € K with ||z|| = R and A > 1:
* Fix rg, Rp as in (H6), let R > Ro(minlgign 0'7;)_1 and x € K with H.CEH =R
Choose i such that ||z|| = ||z;]| = R
*x 2;(t) < R and z;(t) > o;||z;|| = 0sR > Rg for t € [0,w], thus, from the 2nd
inequality in (H6),

gi(t, xit) < ba;(t)R.

Using the properties in Lemma 1 and C7° < 1, we have

t+w
|®;x|| < RT; B; Hff}X]/ e (T)dr[ d " ai;(s) + bai(s )} ds = RC{® < R.
te NOY) t
J7#1

In particular, we conclude that ®x # Az for all A > 1 and x € K with ||z|| = R

22



Proof:

(i) ®x # Ax for all x € K with ||z]| = R and A > 1:
* Fix rg, Rp as in (H6), let R > Ro(minlgign 0'7;)_1 and x € K with H.CEH =R
Choose i such that ||z|| = ||z;]| = R
*x 2;(t) < R and z;(t) > o;||z;|| = 0sR > Rg for t € [0,w], thus, from the 2nd
inequality in (H6),

gi(t, xit) < ba;(t)R.

Using the properties in Lemma 1 and C7° < 1, we have

t+w
|®;z|| < RT; B; max]/ ¢ di(r)dr {Zaw + b (s )} ds = RC® < R.
t

te[0,w Fy
In particular, we conclude that ®x # Az for all A > 1 and x € K with ||z|| = R
(i) 9y € K \ {0} such that z # ®x + A\ for all z € K with ||z|| =7 and all A > 0:
*x Take r < minj<;<, 0370, ¥ =1 :=(1,...,1) and consider any A > 0. For z € K

with [|z|| = r, we claim that x # ®x + .

* Suppose otherwise that there are A > 0,z € K with ||z|| =r and x = ®x + \1.

22



* Let 1 := min, (g ) mini<;<, z;(t). We have 0 < X < p < x4(t) < r < rg, thus
the 1st inequality in (H6) implies

gi(t, i) > b1 (),

which, together with the constraint ¢! > 1, yields

t+w
(®yz)(t) > Iy B, min]/ ¢ di(7) dr[zaw + b1 )} ds = pcy > p.
¢

——te[0,w
JFt

* Next, choose t* € [0,w] and i* € {1,...,n} such that z;-(t") < pu+ .
From |z = &x + \1 |,

po> i (1) = A= (Di=2)(t7) 2 p,

a contradiction.

23



* Let 1 := min, (g ) mini<;<, z;(t). We have 0 < X < p < x4(t) < r < rg, thus
the 1st inequality in (H6) implies

gi(t, i) > b1 (),

which, together with the constraint ¢! > 1, yields

t+w
(®yz)(t) > Iy B, min]/ ¢ di(7) dr[zaw + b1 )} ds = pcy > p.
¢

——te[0,w
JFt

* Next, choose t* € [0,w] and i* € {1,...,n} such that z;-(t") < pu+ .
From |z = &x + \1 |,

po> i (1) = A= (Di=2)(t7) 2 p,

a contradiction.

(1),(i1) are proven, thus Krasnoselskii Theorem gives the existence of a fixed point z*
for ®in K, p ={z € K :r <|z|| < R}, i.e., a positive w-periodic solution of (1).
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“sublinear case”: a refinement

Theorem 17. Assume (H1)-(H6) and that there is v = (vq,...,v,) > 0 such
that, for by;, bo; as in (H6),

t+w <
el(v) =L By min /t S (S 0 wjag(s) + bui(s) ) ds > 1,

— 10w

J7#1
L t+w s
CZOO(U) :Fz Bz tg%gjj]‘/t eft di(r) dr(;vilvjaij(s) + bQZ(S)) ds S 1,

1=1,...,n.

THEN there exists (at least) one positive w-periodic solution x*(¢) of (1).
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“superlinear case”:

Theorem 2. Assume (H1)—(H5) and

(H6*) There are constants g, Ry with 0 < rg < Rp and functions

b1, bai € CF(R) with [ bgi(t) dt > 0(q = 1,2), such that for
izl,...,n,xEKandte[O w] it holds:

gi(t,:cit) < bli(t)u if 0 < T <u <7,
gi(t, zit) > boi(t)u if x; > u > Ry.

If there is a vector v = (v1,...,v,) > 0 such thatfori=1,...,n
0 L t+w
Ci'(v) ;=T B; max ( v, vaz s) + by; )dsgl,
(0) = T0B; max [ e o7 g (4)+ e

ttw
¢;”(v) ;=1 B; min /t elr ir) dr(ZUZ-_lUjaij(S) + bzi(s)) ds > 1.

J71

THEN there exists (at least) one positive w-periodic solution z*(¢) of (1).
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Further criteria:

e For (1), define the n x n matrices of functions in C.7(R) given by
D(t) = diag (di(t),...,dn(t), A(t) = |ai;(t)],

(with a;;(t) := 0V7)

e Assume (H1)—(H6).

e For b1;(t),be;(t) as in (H6), define

By (t) = diag (b11(t), ..., bin(t)), Ba(t) = diag (ba1(¢), ..., b2n(t))

26



A pointwise comparison criterion:

Corollary 1. Existence of a positive w-periodic solution of (1) IF

o Jv > 0:

Mo [Bg(t) + A(t)}v < D(t)v < M, [31(75) + A(t)}v, t € 10,w (H7)

i.e., mgi(Zvjaij(t)nLvibgi(t)) S Uidi(t) S mli(Zvjaij(t)—i—vibu(t)), Vi,t € [O,w]
JAi J71

where M, = diag(mll, e ,mln), My = diag(me S 7m2n)7

my; = &&(GD"(“) — 1), mo; := F_iE(eDi(“) —1),i=1,...,n;

(4)

Proof. From (H7),
-1 —1
D> wjagi(s) +vibii(s) > mi;vidi(s), D wvja;j(s) +vibgi(s) < myvidi(s) =
Iz I

t—l—w S
0 —1 . d; d —1 D,
c;(v) 2m, Ty By ten%nw]/t et di(r) "d;(s)ds = m,, 'y Bi(e (@) 1) =1,

N ttw : Y :
C7°(v) < m3; T By max ]/ et 4474, (5) ds = m3 Ty By(ePi) — 1) = 1.
te|0,w t
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An average comparison criterion:

Corollary 2. Existence of a positive w-periodic solution of (1) IF

e 1v > 0:

/O Na[By(t) + A |vdt < v < /O N[Bi(t) + AD)]var,  (He)

i.e.,nm/ (Zvjaw ) 4+ vib1i (s )) ds < v; < nlz/ (Zv]az] ) 4 viba; (s )) ds V1

i i
for
Nl — diag(nlla <. 7n1n)7 N2 — (n217 <o 7”2%)7
ni; = &&7 na; «— F_iEGDi(w)a 1= 17 SRR 2
(Proof. Trivial)

Recall:

-1 —1
L= ( oy (14 agg) " telil) — 1) L= ( ey (14 myp) ~tePi@) — 1)
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DDEs without impulses

wi(t) = —di()ai(t) + Y ag(t)a;(t) + gi(t,za), i=1,...

J71

* [i(u) = (eD@'(w) — 1)_1 and B;(t,u) =1
* M1 = M2 = ] and
N1 = dz’ag(eDl(w)—l, . ,eD”("’)—l)_l,Ng = diag(l—e_Dl(w), ey

,n, ()

l—e_D”(‘*’))_l
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DDEs without impulses

wi(t) = —di()ai(t) + Y ag(t)z;(t) + gi(t,xw), i=1,....,n, (6)
j#i

* [i(u) = (eD@'(w) — 1)_1 and B;(t,u) =1

* M1 = M2 = ] and

N, = dz’ag(eDl(w)—l, o ,eDn(w)—l)_1,N2 _ diag(l—e_Dl(w)v o '71_€_Dn(w))_1

Corollaries 1'&2’. Assume (H4)—(H6). For the matrices in
D(t), A(t), Bi(t), B2(t) as above, suppose that for some v > 0:

(a) either Ba(t)v < [D(t) — A(t)|v < By (t)v for t € [0, w];
' /0 Ba(t) + Alt)

vdt < diag (1 — e_Dl(w), R e_D”(w))v
(b) or < w i
/ Bi(t) + A(t)|vdt > diag (eP*@) —1,... ePr) 1),
\ 0 _ i

Then, there exists a positive w-periodic solution of (6).
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4. Applications

Example 1. A periodic Nicholson system with distributed delays:

J#t
m t
+ Z 6zl(t)/ ’YZZ(S),Q}Z(S)G—CU(S)ZM(S) ds, i =1,
=1 t—11 (1)
gi(t:%t)

(N)
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4. Applications

Example 1. A periodic Nicholson system with distributed delays:

m t
T Zﬁil(t)/ va(s)zi(s)e 1 ds =1, n, (N)
t—

gi(t,xit)

Biological interpretation:
One or multiple species, n classes or patches, with migration of the populations
among classes

x;(t) - density of the species on class
ai;(t) (j # i) - migration coefficient from class j to class ¢  (w.l.g. a;; = 0)
d;(t) - coefficient of instantaneous loss for class i: death rate on class i plus the
emigration rates of the population that leaves class i:
di(t) = ms(t) + > ;4 a5i(t), (mi > 0)

: : Y m t
birth function on class i (Nicholson-type): >°,", Bur(t) [, va(s)hin(wi(s)) ds
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hi (u) = we™ et
Ricker nonlinearities h(u) = ue™ " (¢ > 0):

h(0) =0,k (0) =1, h(u)/u — 0 as t = oo
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hi (u) = we™ et
Ricker nonlinearities h(u) = ue™ " (¢ > 0):

h(0) =0,k (0) =1, h(u)/u — 0 as t = oo

e The nonlinearities are bounded = B (%) can be taken arbitrarily small

e With

m t

bz(t) = Zﬁzl(t)/ ’yz'l(S)dS, tZO, z'zl,...,n

l:1 t—Til (t)

and B(t) = diag (b1 (1), ..., b,(t)), (H6) holds with

Bi(t) = (1 —&)B(t), Bs(t) =l (Ye > 0)
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Proposition 1. 3
IF (with v =(1,...,1)):

(i) either Y " a;;(t) <z di(t) <z > ai;(t , Wt € [0, w]
J71 J71

(ii) oreD(w/ D ag(t)dt < () —1) < /(Zaij(t)eri(t))dt

0 VEal 0 JFi

THEN system (N) has a positive w-periodic solution.

3with no impulses: mi; = mo; = 1, ny; = (ePi) —
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Impulsive version of (N):

(2i(t) = —di(t)zi(t) + ) ag(t)z;(t)

JFu
m t
+Zﬁzl(t)/ fyil(s)xi(s)e—cil(s)%(s) dS, t#tk,
=1 ¢

—Til(t)

where 0 <ty <ty <--- <t, <w, tpyp =t +w, vk (p impulses on [0, w]).
Take e.g. Iix(u) = I(u) :=sinu, u > 0,Vk.

N\

(IN)
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Impulsive version of (N):

(2i(t) = —di(t)zi(t) + ) ag(t)z;(t)

J7#1

T Z Bu(l / vt (8)a; (s)e ctl)wils) gg ¢ Lty (IN)
t

Tzl(t)
\xz(t:) xZ(tk) — zk(xZ(tk))7 kEZ, 1= 177”

where 0 <ty <ty <--- <t, <w, tpyp =t +w, vk (p impulses on [0, w]).
Take e.g. Iix(u) = I(u) :=sinu, u > 0,Vk.

N\

Then:
o =L < Ll <9y >0, thus (H2) holds with g, = — 2,7, = 1
* (H3) is satisfied if 27 < eJo” (D) dt

1u)=1 374(0) = lim J(u) =

1
With the above notations: J;x(u) = (1 + 2 1 2
u—
LT = ( Pile) — 1)~

1,B; =27P,T; = ((eP*®27P — 1)~

Plugging these constants to evaluate | M, (%), Ny(t)| (¢ = 1,2) in (4), (5), from Cor
1 & 2 (with v = 1)
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Proposition 2. |F

(a) either

D;(w) _ 1 B |
2—peD w)_lza” <7_éd <7—é2 p(Za’ij(t)_'_bi(t))v vt € |0, w], Vi

JFi
(b) or
(%) — Di(w) _ / - |
< < g .

2—peDi(w) _ 1 / ZCLZ] dt ) 0 (Z Ajj (t) + bz(t))dt,VZ

J71

THEN (I N) admits at least one positive w-periodic solution.
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Example 2. A simple autonomous planar Nicholson system

t) = — t t — —c121(t—71)
{x SO (di, as, Bis ¢i, Ti > 0)

/
1
T (t) = —damo(t) + agmy (t) + Pama(t — T)e—e2m2(t=T2)
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Example 2. A simple autonomous planar Nicholson system

t) = —dix1(t t t — 7 )eCr@1(t="1)
{x (t) = —d121(t) + ars(t) + Braa(t = m1)e o ai B cirs > 0

/
1
T (t) = —damo(t) + agmy (t) + Pama(t — T)e—e2m2(t=T2)

B1 —dy aq
as Bo —da|

o s(M) <0 <= 0is GAS (globally asymptotically stable) (in the set of all
non-negative solutions), where s(M) = max{Re\ : A € o(M)}.

(e.g. withd; =2,0, =6, =1,i=1,2, o(M) ={0,—2} = 0is GAS)

e community matrix: M =
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Example 2. A simple autonomous planar Nicholson system

t) = —dix1(t t t — 7 )eCr@1(t="1)
{x (t) = —d121(t) + ars(t) + Braa(t = m1)e o ai B cirs > 0

/
1
T (t) = —damo(t) + agmy (t) + Pama(t — T)e—e2m2(t=T2)

B1 —dy aq
as Bo —da|

o s(M) <0 <= 0is GAS (globally asymptotically stable) (in the set of all
non-negative solutions), where s(M) = max{Re\ : A € o(M)}.

(e.g. withd; =2,0, =6, =1,i=1,2, o(M) ={0,—2} = 0is GAS)

e community matrix: M =

Remark. This contradicts the assertion in Zhang, Huang & Wei, Adv. Diff.
Equ.(2015), of existence of a positive (w-periodic) solution for the above system with
w-periodic coefficients (rather than autonomous).
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e Fix any w > 0 and add e.g. a single linear, constant, positive impulse on
each component and on each interval of length w:

ACIZ‘Z(tk) = nq;a:i(tk), 1= 1, 2, k € 7 (7)

e With v = (1,1) in Corol. 1: this destroys the GAS of the trivial solution if

2w_1

0<n < 1 = 1,2 = 4 a positive w—periodic solution !

e2w 4+ 1’
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Final Comments:

e There is only a couple of previous works proving the existence of positive
periodic solutions for systems of differential equations with delays and
impulses

(Moreover, as a particular case our work shows that same claims in Zang et al., Adv
Dif Eqs 2015, are not correct!)

e Our approach also applies to impulsive systems (1) with infinite delay

e For the scalar case: very few papers have “average” criteria, relating the
averages of the coefficients over [0, w]
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Future:

e For|n > 1|, how to eliminate/weaken hypothesis (H4)(ii), and still derive
the existence of an w-periodic solution with all components positive?
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Future:

e For|n > 1|, how to eliminate/weaken hypothesis (H4)(ii), and still derive
the existence of an w-periodic solution with all components positive?

e Once the existence of a positive periodic solution x*(%) is established:
provide sufficient conditions for its global attractivity!

(This depends strongly on the particular g;(¢, z;:) and on the impulses!)
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DDEs, such as Lotka-Volterra models, Nicholson systems with “nonlinear
mortality terms”, etc.
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Future:

e For|n > 1|, how to eliminate/weaken hypothesis (H4)(ii), and still derive
the existence of an w-periodic solution with all components positive?

e Once the existence of a positive periodic solution x*(%) is established:
provide sufficient conditions for its global attractivity!

(This depends strongly on the particular g;(¢, z;:) and on the impulses!)

e Apply the present technique to treat other families of impulsive systems of
DDEs, such as Lotka-Volterra models, Nicholson systems with “nonlinear
mortality terms”, etc.

e Treat the case of almost periodic systems of DDEs with impulses.

(For non-impulsive equations and systems: the usual operators whose fixed points we
are looking for are not compact, therefore other techniques have been used, by
imposing conditions that allow the use of Lyapunov functionals, Banach contraction
principle, monotone operators... )
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THANK YOU!
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