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Simplified description of the processes

Silicosis is an occupational lung disease characterized by inflammation and
fibrosis of the lungs caused by the inhalation of crystalline silica dust. It is

incurable, although preventable, and kills about 11 000 persons annually
worldwide.
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https://www.youtube.com/watch?v=R_sC2wX9Uwc&t=119s

Simplified description of the processes
(Tran et al, Scand. J. Work Environ. Health, 1995)

In a simplified way the processes are as follows:
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Simplified description of the processes
(Tran et al, Scand. J. Work Environ. Health, 1995)

In a simplified way the processes are as follows:

@ silica particles enter the respiratory system down to the pulmonary
alveoli:

@ its presence is detected by immune system cells called alveoli
macrophages;

@ a macrophage can ingest one or more than one silica particles;

@ the role of the macrophages is to expel their load of silica by
travelling up the “mucociliary escalator” (lungs — trachea —
pharynx) to get eliminated out of the respiratory system;

@ silica particles are toxic to the macrophages and lead to their death,
which can occur while they are still in the lungs, thus liberating the
silica particles back into the respiratory system.
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The mathematical model

input

@ x(t), concentration of silica particles in the respiratory system;
@ M;(t) concentration of macrophages with a load of i silica particles;
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The mathematical model

input

@ x(t), concentration of silica particles in the respiratory system;
@ M;(t) concentration of macrophages with a load of i silica particles;
@ « input rate of silica particles (environment);

@ r input rate of new macrophages (physiology);
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The mathematical model

input

° x(t), concentration of silica particles in the respiratory system;

@ M;(t) concentration of macrophages with a load of i silica particles;

@ « input rate of silica particles (environment);

@ r input rate of new macrophages (physiology);

@ (gi)ien, death rate (i-nondecrease); )
o (pi)ien, escape rate through the mucociliary escalator (i- nonlncreaseg
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The mathematical model

input

Mo = r — koxMo — (po + qo)Mo ,

M; = ki_1xMi_q — kixM; — (pi + g )M; , i >1,
[o¢] o0
)'(:Oz—XZk;M,'—i-ZI'q,'M;, (1)
i—0 i—0
x(0) = x0, Mi(0) = Mo, i=0,1,2,.... A )
6/40
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The mathematical model

o0
Amount of quartz particles: X := x + Z iM;,

i=0
o 1
Amount of macrophages: M = Z M;,

i=0
i=0

o0
Total amount of matter: U := X + M = x+ Z(/ + 1)M;
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The mathematical model

o0
Amount of quartz particles: X := x + Z iM;,

- i=0
Amount of macrophages: M := Z M;,
i=0
oo
Total amount of matter: U := X + M = x+ Z(/ +1)M;.
o] I:O o
Formally: X=a-— Z ipiM; < «, M =r— Z(p,- + q,-)l\/l,- <r
i=1 i=0

o0
(r+a)=Y ((+pi+a)M < r+a.
i=0
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The mathematical model

o0
Amount of quartz particles: X := x + Z iM;,

- i=0
Amount of macrophages: M := Z M;,
i=0
oo

Total amount of matter: U := X + M = x+ Z(/ +1)M;.

o I:O [oe)
Formally: X = a — Zip;M; <a, M=r— Z(p; +qi)M; < r

i=1

i=0

oo
(r+a) Z -|—1p,-|—q,)l\/l,\r—|—oz.
i=0

Banach space X of sequences y = (y;) = (x, Mo, M1, M, ...) with
[l == x|+ 11((i + 1)Mi)i=0,1.2....
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The mathematical model

Definition (mild solution)

Let 0 < T < +o00. A solution of (1) is y : [0, T) — X such that:
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The mathematical model

Definition (mild solution)

Let 0 < T < +o00. A solution of (1) is y : [0, T) — X such that:

() Vee[o,T) y(t) 2

(i) each y; : [0, T) > R is CO, and sup |ly(t)|| < oo, VT € (0, T);
te[0, 7]

(iii) / x(s) < oo, / Z ipi + iqi + ki)M;i(s) < oo, Vt € [0, T);
(iv) Mo(t) = Moo + rt — /O [x(s)koMo(s) — (Po + do)Mo(s)] .

Mi(t) = Mo; +/0 [x(s)ki-1Mi-1(s) — x(s)kiMi(s) — (pi + qi)Mi(s)],

x(t):xo+at+/[x(s)2kl\/l +Z/q, ; ] >

= = — oyt
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Existence

Theorem (existence of solution)

Let (gi)ien, and (ki)icn, be nonnegative sequences such that, for some
0>0,g41—g =9,i=0,1,2,..., and furthermore,

(g,-+1 —g,-)k,- = O(g;), for i= 0,1,2,....

Let (pi)ien, and (qi)ien, be two arbitrary nonnegative sequences.

(@)
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Existence

Theorem (existence of solution)

Let (gi)ien, and (ki)icn, be nonnegative sequences such that, for some
0>0,g41—g =9,i=0,1,2,..., and furthermore,

(6i+1 — gi)ki= O(gi), for i=0,1,2,....
Let (pi)ien, and (qi)ien, be two arbitrary nonnegative sequences.

Then, for yo = (x0, Moo, Moz, ... ) € Xy, such that, 32, giMo; < oo,
there exists a solution y = (x, My, My, ...) of (1) on [0, +00) with
y(0) = yo, that satisfies, for any T € (0, 00),

(%) T o
sup Zg,-M,—(t) < 00, /0 Zg,-(p,- +gi)Mi(s)ds < co.  (2)
i=1

te[0,T] 7 2o

)
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Existence

The proof is adapted from the existence proof in (Ball, Carr & Penrose,
1986) for the Becker-Doring, and consists in:

@ defining finite n-dimensional truncations of (1), with solutions
y"=x",M§,...,M]);

@ getting a priori estimates |x"(t)| < |ly"(t)]| < ||yol] + (o + r)t, and
uniform in n estimates for | & M7 (t)|;

e using the bound on x” to get x" = x in L>(0, T) for some
non-negative x € L*°(0, T), and some subsequence (not relabelled),
meaning:

-
Vo € 110, T), /0 (x"(s) — x(s))é(s)ds — 0 as n — oo;

"©
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Existence
@ using Ascoli-Arzela and a diagonalization procedure to get M — M;,
uniformly on [0, T], for some continuous M;, for some subsequence
(not relabelled), which satisfy the equations in (iv);
@ using Gronwall's lemma in the integral equation for the evolution of
>, 8M?"(t), and the monotone convergence theorem to take limits
as n — oo, obtain the a priori bound

oo t o
ZgiMi(t) +/ Zgi(pi + qi)M;(s) ds < Cre®t,
i=1 0 i—1

for constants Ci, G, independent of t and n;
@ and also getting the a priori bound, for all € > 0, and sufficiently large
m and n,

t ¢ o[t/2 2
| > amps)ds 5 [ 3" ailpita)mis) ds < (24K e
0 i=m 2 0 i=m
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Existence

e with all the above ingredients we can prove that (x") is a Cauchy
sequence in the uniform convergence norm and that the limit function
x satisfies the equation in (iv), and this completes the proof of the
existence theorem.
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Regularity

Under some reasonably general conditions we conclude

@ the moment'’s evolution

> g - Y aMie) + [ ailei+ M) o

5

tr ty
_ / () k1 Mim_1() ds-+ / S (g1 &)x(5)kiMi(s) ds
t1 toi—m

@ from which evolution equations for X', M and U are obtained;

@ and with more restrictive conditions (e.g.: ki = O(i), gi = O(1)) we
conclude that x and M; are C1(]0, T)) functions and satisfy (1) in its

differential form, in [0, T).
"©
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Uniqueness

Theorem (uniqueness of solution)

Let (ki)ien, and (gi)ien, be as in the hypothesis of the existence theorem.

Furthermore, assume that k; = O(i) and ik; = O(g;i), and let (p;), (qi) be
nonnegative sequences such that p; = O(1) and g; = O(i).

"©
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Uniqueness

Theorem (uniqueness of solution)

Let (ki)ien, and (gi)ien, be as in the hypothesis of the existence theorem.
Furthermore, assume that k; = O(i) and ik; = O(gi), and let (p;), (qi) be
nonnegative sequences such that p; = O(1) and g; = O(i).

Then, for each yy = (X(), Moo, Mo1, - . ) > 0, satisfying 220 givoi < 00,
there is exactly one solution y = (x, My, My, ...) of (1) on [0, c0)
satisfying y(0) = yo.
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Uniqueness

Theorem (uniqueness of solution)

Let (ki)ien, and (gi)ien, be as in the hypothesis of the existence theorem.
Furthermore, assume that k; = O(i) and ik; = O(gi), and let (p;), (qi) be
nonnegative sequences such that p; = O(1) and g; = O(i).

Then, for each yy = (X()7 Moo, Moz, . . ) > 0, satisfying Z?io givoi < 00,
there is exactly one solution y = (x, My, My, ...) of (1) on [0, c0)
satisfying y(0) = yo.

Corollary

Let (pi), (qi), (ki) be nonnegative sequences satisfying p; = O(1),
gi = O(i), and ki = O(i") for some v € [0, 1].

Then, for each yg € lef7 there is a unique solution y of (1) satisfying
¥(0) = yo, and, moreover, y(t) € X2 for all t > 0.

= ™ =
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Semigroup property

Under the same assumptions of the previous corollary, one can prove a
semigroup property of the set of solutions:

Theorem ( Co-semigroup)

Let (pi), (qi), (ki) be nonnegative sequences satisfying p; = O(1),

qi = O(i), and ki = O(i") for some y € [0, 1]. Let yp € X}rﬂ. Denote by
T(:)yo the unique solution y(-; yo) of (1) satisfying the initial condition
¥(0;y0) = yo.

Then, {T(t): X;™7 — X7 | t > 0} is a Co-semigroup, i.e.:
(i) T(0) = id, the identity operator;
(i) T(t+s)=T(t)T(s), forall t,s > 0;

(iii) (t,y0) — T(t)yo is a continuous map from [0, 00) x X1 into X} 7.
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Equilibria
The equilibria of (1) are the solutions (x, Mg, My, ...) € X; of

0=r— k()XMo — (po + qO)Mo s
0 = ki_ixM;_1 — kixM; — (pi + qi)M; , i >1,

Oza—Xik;Mi—i-iiq,’M,'
i=0 i=0
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Equilibria
The equilibria of (1) are the solutions (x, Mg, My, ...) € X; of

O0=r— koXMo — (po + qO)Mo s
0= ki—1xM;_1 — kixM; — (pi + qi))M; , i >1

O:a—Xik,'M,‘-i-iiq,‘M,’
i=0 i=0

The equations for My and M;,i > 1, can be solved in terms of x to get the
following equations for the equilibria:

( rXI

k] (< + dy)
j=0

)

M i20, (where dj = (p; + g;)/kj)

(3)

\a—Xik,'M;—l-gq;iM,':O H@D
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Equilibria

To be able to solve

M= iz0,  (where d;=(p; +q))/k)

0o 0o
a—XZkiM;+Zq;iMi =0
\ i=0 i=0

we need to impose conditions on the rate coefficientes kj, p; and g;.
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Equilibria

To be able to solve

M= —————, 20, (where d; = (p; + q;)/kj)

o (o.9)
a_XZkiMi+ZqiiMi =0
\ i=0 i=0
we need to impose conditions on the rate coefficientes kj, p; and g;.
Imposing conditions compatible with the biological requirements that p; is

nonincreasing and g; is nondecreasing we can draw some conclusions
about the structure of equilibria.
el ©
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Equilibria

To be able to solve

Mi=——F"— >0, (where d; = (p; + q;)/kj)

a—Xik,'M;—i—iq;iM,’ =0
\ i=0 i=0

we need to impose conditions on the rate coefficientes kj, p; and g;.

Imposing conditions compatible with the biological requirements that p; is
nonincreasing and g; is nondecreasing we can draw some conclusions
about the structure of equilibria.

| o el ©
We consider two cases: a piecewise constant, and a power law. —

F.P. da Costa (Univ. Aberta & CAMGSD) A model for silicosis 17 /40



EqU|I|br|a (for a class of piecewise constant coefficients)

Consider piecewise constant coefficients (for a fixed positive integer N)

1 ifi<N, 0 ifi<N,
ki = k, i = and gq; = 4
P {O if i >N+1, 9 {1 ifi>N+1. (#)
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EqU|I|br|a (for a class of piecewise constant coefficients)

Consider piecewise constant coefficients (for a fixed positive integer N)

1 ifi<N, 0 ifi<N,
ki = k, i = and gq; = 4
P {O if i >N+1, 9 {1 ifi>N+1. (#)

Then, (3) becomes

r/k X i
e > 0.
’ x+1/k<x+1/k>’ 20
(5)
(6%
7—fN7k(X)—0
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EqU|I|br|a (for a class of piecewise constant coefficients)

Theorem (4)

For all N € N and k > 0, there
exists a unique u* > 0 such that
(1) has:
Q no equilibria if oo/r > p*,
@ exactly one equilibrium if
alr = p*,
© exactly two equilibria if
a/re (0, u"). 0

(Remark: p* := maxy>0 Fn k(x))

"©
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EqU|I|br|a (for a class of coefficients with power type relations)

Assume, now, z := inf; d; > 0 and q;/k; does not grow faster than a
power of i. Then (from (3)-1)

oo

oo
Z kiM; < 0 and Z iqiM; < oo,
i=0 i=0

and (3)-2 can be written as
a
= -0
-~ x)

with

X 1 .qj X
f(x)'_x+d0+x+doz(x Iki>jl;|1:X+dj

i=
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EqU|I|br|a (for a class of coefficients with power type relations)

Theorem

Let z :=inf; d; > 0 and assume q;/k; does not grow faster than a power
of i. Let pi = p;/k,'.
Q Ifdi = o(ipi) as i — oo then F(x) — 0o as x — oo and,
consequently, for all o and r there is at least one equilibrium.
@ Ifipi = O(d;) as i — oo then F(x) is bounded. Thus there exists
m > 0 such that there exists at least one equilibrium for a/r < m and
no equilibria for ac/r > m.
@ Ifip;i = o(d;) as i — oo then F(x) is bounded and F(x) — 0 as
x — 00, and there exists m > 0 such that there exists at least two
equilibria for a/r < m and no equilibria for a/r > m.

(Remark: m = sup,~q F(x))
/ O
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EqU|I|br|a (for a class of coefficients with power type relations)
Consider the case where the coefficients are given by:

pi=i", qi =i, ki=i"",
for i € N* and constants p, g, k > 0. Let pg, o and ko > 0 be given.

Defining a:= k+ g >0and b:= k — p € R, we have d; = i? + i® and
pi = i®. Then, the last theorem implies the following

Corollary

Suppose that a > 0 and b > —2.
Q /fb> a—1, then system (1) has an equilibrium for all o/r.

@ If b= a—1, there exists m > 0 such that system (1) has an
equilibrium if a«/r < m, and no equilibria if a/r > m.

@ Ifb< a—1, there is a value m > 0 such that system (1) has at least
two equilibria if a/r < m, and none if a/r > m.

v
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)
We now present a preliminary analysis of the stability of the equilibria when

1 ifig<N, 0 ifi<N,
ki = k, pi = . and g = .
0 ifi=N+1, 1 ifi>2N+1,

"©
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)
We now present a preliminary analysis of the stability of the equilibria when

1 ifi<N, 0 ifi<N,
ki = k, pi = . and qi = .
0 ifi=N+1, 1 ifi>2N+1,
Introducing new variables
U:ZZMi’ V.= Z iM,', WZ:ZM,',
i=0 i=N+1 i=N
the silicosis system (1) becomes
X=a—kxu+v
U=r—u
v =—v+ kxw + kNMy
W= —w + kxMp_1 (6)
Mozr—Mo—kXMo
- - "©
\M,‘ = —Mi—kXMi+kXMf_1, [ 1
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

Observe that considering the equations for (x, u, v, w, Mo, ..., My) in
system (6) we obtain a closed (N + 5)-dimensional ODE system. With

"©
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)
Observe that considering the equations for (x, u, v, w, Mo, ..., My) in
system (6) we obtain a closed (N + 5)-dimensional ODE system. With
Uii=x, Uy:=u, Us:=v, Us:=w, U :=M_5 5<i<<N+b5,
we can write that finite (N 4 5)-dimensional system in the form
U= F() (7)

with F : RN*5 5 RN+5 defined by
a+ Us — kUi Us
r—Us

— Uz + kU1 Us + NkU; Upnys

— Us + kU1 Un 44
r—Us — kUpUs

— Us + kU1 Us — kU1 Us

.............................. -@D

— Unys + kU1 Unys — kU1 Uy s
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

Let (x%9, Mg?,...) be an equilibrium of (1). The corresponding equilibrium
of (7) (dropping the “eq”) is

1 y
U= -—,
kl—y
U, =r,
N+1
y
Us = ryNa
Uips = r(1 — y)y', 0<i<N.
where
P— Xeq
YT ey 1k

"©
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

The jacobian matrix of F at U = (Us,..., Uyys) is the matrix

B C
4 x 4 4 N+1
(N+1)x4) | ((N+1)x (N+1))

"©
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

The jacobian matrix of F at U = (Us,..., Unys) is the matrix
B C
_. _ (4 x4) (4x (N+1))
DF(U) =: A(y) = ) 5
((N+1) x 4) ((N+1) x (N+1))

where B is the 4 x 4 matrix

_ y .
—kr ——— 1 0
l—y
0 -1 0 0
B — y 5
| kN1 y) 0 0 -1 ]

"©
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

C and D are, respectively, the 4 x (N + 1) and (N + 1) x 4 matrices

o O O o

—_
|“<o o o
<
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—kr(1—y)
kr(1—y)?

kr(1—y)?y

Lkr(1— y)?yN—1

0 0

00
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and E is the (N + 1) x (N + 1) matrix

[y
[y

-y

0

J

m
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-y
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

and E is the (N + 1) x (N + 1) matrix

_—ﬁy . 0
vy 1
1-y 1-y
E=1 o
e . 0
| 0 R T —f%_

In order to study the eigenvalues of A we compute the determinant of
A—Anys,

det(A — Aygs) = det

B-M,| C
D | E— Ny
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)
After some lengthy manipulations we arrive at (where A :=1+ A\(1 —y)):

det(A—Nly,s) = (—1)Nkr(1—|—>\)2(1—y)_N_1{(1+)\) (1 + %) AN

—yNaN+ 4 —y)((N(l AN+ D)L 4+ AN - 1)]}
(9)
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)
After some lengthy manipulations we arrive at (where A :=1+ A\(1 — y)):

det(A—Xyis) = (—1)Nkr(1—|—>\)2(1—y)_N_1{(1+)\) <1 + 2) AN+

W AN+1+(1—y)((/v(l—y)(1+A)+1)(1+~-+AN>‘1”}'

or, separating terms with kr from those without:

det(A — Myis) =(—1D)V(1 — y) V11 + 2)3aaN - (10)
— kr(=D)N(1 = y) V(1 4+ A)?x

> {(1+A)>\AN+1—yN|:AN+1+(1—y)X

x ((N(l—y)(1+)\)+1)(1+---+AN)—1)]h@§
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

From the expression for Fy « in the bifurcation equation Fp x(x*9) = o/,
the relation between y and x®9, and using (9), one can write the
characteristic equation det(A — Ayy5) = 0 in the form

(1= yPFa0) + (20 = yPFu(0) + di(1)A+ O(AR) =0 as A =0,

where Fy(y) := Fnk(x%9(y)) and dy is a known function.
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

From the expression for Fy « in the bifurcation equation Fp x(x*9) = o/,
the relation between y and x®9, and using (9), one can write the
characteristic equation det(A — Ayy5) = 0 in the form

(1= P F() + (20 = 9)2Fp(y) + () A+ O(IN?) =0 as A0,
where Fy(y) := Fnk(x%9(y)) and dy is a known function.

This is the crucial ingredient to establish the following:
Proposition
A = 0 is a simple eigenvalue of A(y*) = DF(U*) at (a/r,y) = (p*, y*). J

(where y* = y(x*) and x* is the value of the U;-component of the unique
equilibrium of (7) when «/r is equal to the bifurcation value p*.)
"©
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

We can actually prove the
stability result draw in the
following bifurcation
diagram of equilibria of the
reduced silicosis system (7)
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Sta blllty of equilibria (for a class of piecewise constant coefficients)

p 4
We can actually prove the
stability result draw in the
. . . v\
following bifurcation
diagram of equilibria of the
reduced silicosis system (7)
x* —— o
»
0 r"' o(/r
/\hIRl‘{\ @D
o = E = 9acn

F.P. da Costa (Univ. Aberta & CAMGSD) A model for silicosis



Sta blllty of equilibria (for a class of piecewise constant coefficients)

x

We can actually prove the
stability result draw in the
following bifurcation
diagram of equilibria of the
reduced silicosis system (7)

More precisely we prove. . .

r* 0(/!’
El©)
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

Proposition

Let u* be as before, and let x* be the value of the Uy component of the
unique equilibrium of (7) when a/r = p* (see previous figure.) Then, for
every a/r € (0, *) and all kr > 0, the equilibrium solution UY* with

UL* < x* is locally exponentially asymptotically stable, and the equilibrium
solution U%*, with U?* > x*, is unstable.

v
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

Proposition

Let u* be as before, and let x* be the value of the Uy component of the
unique equilibrium of (7) when a/r = p* (see previous figure.) Then, for
every a/r € (0, *) and all kr > 0, the equilibrium solution UY* with

UL* < x* is locally exponentially asymptotically stable, and the equilibrium
solution U%*, with U?* > x*, is unstable.

v

Conjecture

Y0 < a/r < p*, and kr > 0, the branch of U%* solutions has a
1-dimensional unstable manifold.
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)
Some numerical evidence supporting the conjecture

N2

)]

: 7

=N

-25 -20 —1 5 —10 -5 0

Figure: Spectra of DF(U*) with N = 25, kr from 0 (light gray) to 10 (bIM)(@D
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Sta blllty of equilibria (for a class of piecewise constant coefficients)

6,

)
)

4L

6l
cl

-15 -10 -5 0

Figure: Spectra of DF(U*) with N = 10, kr from 0 (light gray) to 10° (bﬂ)
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Stablllty Of eqU|I|br|a for a class of piecewise constant coefhaents)

3

QD

-2f

3

L L L L L L L L L L L L L
-10 -8 -6 -4 -2 0

Figure: Spectra of DF(U'*) with N = 10, o/r = 2.44, kr from 0 (light gray) to
10° (black). Eigenvalue close to the origin starts at the origin when kr = O-dC.D
moves slowly to Re(A\) < 0 as kr increases. ALERT
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Stablllty Of eqU|I|br|a for a cIass of pleceW|se constant coefhaents)

10} 1

)

]
LI e

-10+

T R SR
-25 -20 -

L | L L L L | L L L L
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Figure: Spectra of DF(U?*) with N = 10, o/r = 2.44, kr from 0 (light gray) to

10° (black). Eigenvalue close to the origin starts at the origin when kr = Oﬂd
moves slowly to Re(A\) > 0 as kr increases. poer C)
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

Independently of the truthfullness of the conjecture, the result of the last
proposition can be used to prove the following local stability result for the
full infinite-dimensional system (1)

Theorem

Let a/r < p* and let U9 = (x4, Mg, M9, . ..) be an equilibrium solution
of (1) such that the corresponding equilibrium of the (N + 5)-dimensional
system (7), U = (Uy’, ..., Uy 5), is locally exponentially asymptotically
stable.

Then, U is a locally exponentially asymptotically stable solution of (1)
in the strong topology of X.
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

The proof of the asymptotic stability in the strong topology of X is based
on:

N
o U(t)]| = x(t) + u(t) + v(t) + > iMi(t), for Ue Xy
i=0
o the locally asymptotic stability of the solution to the finite
dimensional system, which implies that ||U(t)|| — ||U%9|
o the general result valid in X guaranteeing that if U;(t) — ljj‘?q and

1U()] = [[0=9]], then [|U(t) — U%|| - o.
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Sta bl|lty of equilibria (for a class of piecewise constant coefficients)

The proof that the convergence to zero of ||U(t) — U*|| is exponential
entails:

o using [|6(t)[| = |x(t) — x| + [[6(t)[lx + [[£(t)l[2, where
a(t) = (9;(t)) = (M;(t) — M;") and £(t) = (jo;(t))

@ proving that &(t) converges locally exponentially to zero in /1

@ proving that &(t) converges locally exponentially to zero in /1

@ the last two steps are achieved because the evolutions of §(t) and
&(t) are governed by equations for which the variation of constants
formula together with appropriate estimates on the intervenient
functions can be used.
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A coagulation-fragmentation-death model for silicosis

Thank you!
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