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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

Navier-Stokes equations 3
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The pair (u, p) solves the incompressible 3-D Navier-Stokes equations if
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0
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The pair (u, p) solves the incompressible 3-D Euler equations if

Open Problem:

Does there exist smooth, finite energy initial condition        leading to a solution 
blowing up in finite time?
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0
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The pair (u, p) solves the incompressible 3-D Euler equations if
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u(0) = 1

1-D example

Open Problem:
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du

dt
= u

Does there exist smooth, finite energy initial condition        leading to a solution 
blowing up in finite time?
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0

<latexit sha1_base64="zCw05wQhZBy4YsYSKvNuJcYRS6E="></latexit>

The pair (u, p) solves the incompressible 3-D Euler equations if
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u(0) = 1

1-D example

(exponential increase)

Solution:Open Problem:

<latexit sha1_base64="LQ5gCZAwiy+y5TYDdx3hUH7Xs4s=">AAACHnicbVDLSgMxFM3UV62vqS7dBIvgqsyIqBuh6MZlBfuAdiiZTKYNTTJDHmoZ+imCK/0Td+JWf8S1aTsL23ogcDjnXu7JCVNGlfa8b6ewsrq2vlHcLG1t7+zuueX9pkqMxKSBE5bIdogUYVSQhqaakXYqCeIhI61weDPxWw9EKpqIez1KScBRX9CYYqSt1HPL3VginEVmnEV6DK+g6bkVr+pNAZeJn5MKyFHvuT/dKMGGE6ExQ0p1fC/VQYakppiRcalrFEkRHqI+6VgqECcqyKbRx/DYKhGME2mf0HCq/t3IEFdqxEM7yZEeqEVvIv7ndYyOL4OMitRoIvDsUGwY1Amc9AAjKgnWbGQJwpLarBAPkO1C27bmroR87g/Z0yx6yRblL9ayTJqnVf+8enZ3Vqld55UVwSE4AifABxegBm5BHTQABo/gGbyCN+fFeXc+nM/ZaMHJdw7AHJyvX9NroxU=</latexit>

du

dt
= u

Does there exist smooth, finite energy initial condition        
leading to a solution blowing up in finite time?
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u ! 1 only when t ! 1
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du

dt
= u2

Blow-up solutions 7
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0
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The pair (u, p) solves the incompressible 3-D Euler equations if

Open Problem:

<latexit sha1_base64="q6A0aIU5wEFeYTonm9AuQ62EZ60=">AAACE3icbVDLSgNBEOz1GeMr6tHLYBDiJexKUC9C0IvHCOYByRJmJ7PJkJnZZWZWDEt+QvCkf+JNvPoB/ohnJ8keTGJBQ1HVTXdXEHOmjet+Oyura+sbm7mt/PbO7t5+4eCwoaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwvJ34zUeqNIvkgxnF1Be4L1nICDZWaiUl9wxdI69bKLpldwq0TLyMFCFDrVv46fQikggqDeFY67bnxsZPsTKMcDrOdxJNY0yGuE/blkosqPbT6b1jdGqVHgojZUsaNFX/TqRYaD0Sge0U2Az0ojcR//PaiQmv/JTJODFUktmiMOHIRGjyPOoxRYnhI0swUczeisgAK0yMjWhuSyDmfkifZqfnbVDeYizLpHFe9i7KlftKsXqTRZaDYziBEnhwCVW4gxrUgQCHZ3iFN+fFeXc+nM9Z64qTzRzBHJyvX7jtnaM=</latexit>

u(0) = 1

1-D example

(exponential increase)

Solution:
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u ! 1 only when t ! 1

faster than exponential ?

Does there exist smooth, finite energy initial condition        
leading to a solution blowing up in finite time?
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The pair (u, p) solves the incompressible 3-D Euler equations if
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Open Problem:
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1-D example
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0
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u ! 1 when t = 1 (finite time)

(Blow-up)

(Singularity)

Does there exist smooth, finite energy initial condition        
leading to a solution blowing up in finite time?
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The pair (u, p) solves the incompressible 3-D Euler equations if
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du

dt
= u2

Open Problem:
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u(0) = 1

1-D example

<latexit sha1_base64="jcYiHPpFbyKh2erstT1AuLytjuQ="></latexit>

u ! 1 when t = 1 (finite time)

(Singularity)

(Blow-up)

Nonlinearity

Nonlinearity
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0

Does there exist smooth, finite energy initial condition        
leading to a solution blowing up in finite time?
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The pair (u, p) solves the incompressible 3-D Euler equations if

Nonlinearity
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for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0

Open Problem:

Does there exist smooth, finite energy initial condition        leading to a solution 
blowing up in finite time?
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If it does exists Local velocity goes infinity
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Numerical challenge:  how to find the blow-up solution if it exits 

<latexit sha1_base64="zCw05wQhZBy4YsYSKvNuJcYRS6E="></latexit>

The pair (u, p) solves the incompressible 3-D Euler equations if

Nonlinearity
<latexit sha1_base64="29FRco9J/OPKHDui8e3U3XcX7zY="></latexit>

for velocity u, pressure p and initial velocity u0. Here µ is fluid viscosity
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@tu+ (u ·r)u+rp = µ�u, div(u) = 0, and u(·, t) = u0

0

Open Problem:

Does there exist smooth, finite energy initial condition        leading to a solution 
blowing up in finite time?
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If it does exists Local velocity goes infinity



Physics-informed neural networks
(PINNs)

Raissi et. al. (2019),  J Comp.Phys., 378

Karniadakis et. al. (2021), Nat. Rev. Phys., 3
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1. What is Physics-informed Neural Networks (PINNs)

2. Why can PINNs find self-similar blow-up solutions

•  Basic and key components

•  Understand PINNs from the mathematics point of view

•  Comparison with classical numerical scheme

•  Advantages of PINNs over classical numerical scheme

•  Steps to set up the PINNs

•  Robustness and universality of PINNs
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Karniadakis et. al. (2021), Nat. Rev. Phys., 3
Fully-connected Neural network
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<latexit sha1_base64="WHcScUmnkgDwqUl8EzBUUE5ZRkc=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwZopZEG0tM5COBC9lb9mDD7t5ld89IkL9gq7WdsfXPWPpP3IMrBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN2mfuuRKs0i+WDGMfUFHkgWMoJNKiXlp/NeseRW3BnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/md06RWdW6aMwUrakQTP178QEC63HIrCdApuhXvZS8T+vk5jw2p8wGSeGSjJfFCYcmQilj6M+U5QYPrYEE8XsrYgMscLE2HgWtgRiajPxlhNYJc2LindZqd5XS7WbLJ08nMAplMGDK6jBHdShAQSG8AKv8OY8O+/Oh/M5b8052cwxLMD5+gU3DZR/</latexit>

u(x)Function

Output Input  



<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="EukG7Fq/okaSswshTShVZuQQMhA=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzMwuM7OSsOQLBE/6J97Eq//gj3h2kuzBJBY0FFXddHcFMWfauO63k9vY3Nreye8W9vYPDo+KxydNHSWKQoNGPFLtgGjgTELDMMOhHSsgIuDQCkb3M7/1BEqzSD6aSQy+IAPJQkaJsVJ93CuW3LI7B14nXkZKKEOtV/zp9iOaCJCGcqJ1x3Nj46dEGUY5TAvdRENM6IgMoGOpJAK0n84PneILq/RxGClb0uC5+nciJULriQhspyBmqFe9mfif10lMeOunTMaJAUkXi8KEYxPh2de4zxRQwyeWEKqYvRXTIVGEGpvN0pZALP2QjhenF2xQ3mos66R5Vfauy5V6pVS9yyLLozN0ji6Rh25QFT2gGmogigA9o1f05rw4786H87lozTnZzClagvP1C73NnDE=</latexit>x
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<latexit sha1_base64="WHcScUmnkgDwqUl8EzBUUE5ZRkc=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwZopZEG0tM5COBC9lb9mDD7t5ld89IkL9gq7WdsfXPWPpP3IMrBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN2mfuuRKs0i+WDGMfUFHkgWMoJNKiXlp/NeseRW3BnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/md06RWdW6aMwUrakQTP178QEC63HIrCdApuhXvZS8T+vk5jw2p8wGSeGSjJfFCYcmQilj6M+U5QYPrYEE8XsrYgMscLE2HgWtgRiajPxlhNYJc2LindZqd5XS7WbLJ08nMAplMGDK6jBHdShAQSG8AKv8OY8O+/Oh/M5b8052cwxLMD5+gU3DZR/</latexit>

u(x)Function

Weights 

Biases 

<latexit sha1_base64="NGZt/sImw6c15OC3xtFjf4vbCDM="></latexit>

X

j=1

w(n)
lk �

 
X

i=1

w(n�1)
kj �

 
... �

 
X

i=1

w(1)
ji �

⇣
w(0)

i x+ b(0)i

⌘
+ b(1)j

!
...

!
+ b(n�1)

k

!
+ b(n)l

Fully-connected Neural network
Neuron

(both are free parameter) 
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<latexit sha1_base64="WHcScUmnkgDwqUl8EzBUUE5ZRkc=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwZopZEG0tM5COBC9lb9mDD7t5ld89IkL9gq7WdsfXPWPpP3IMrBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN2mfuuRKs0i+WDGMfUFHkgWMoJNKiXlp/NeseRW3BnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/md06RWdW6aMwUrakQTP178QEC63HIrCdApuhXvZS8T+vk5jw2p8wGSeGSjJfFCYcmQilj6M+U5QYPrYEE8XsrYgMscLE2HgWtgRiajPxlhNYJc2LindZqd5XS7WbLJ08nMAplMGDK6jBHdShAQSG8AKv8OY8O+/Oh/M5b8052cwxLMD5+gU3DZR/</latexit>

u(x)Function

Activation function (nonlinearity)
<latexit sha1_base64="NGZt/sImw6c15OC3xtFjf4vbCDM="></latexit>

X

j=1

w(n)
lk �

 
X

i=1

w(n�1)
kj �

 
... �

 
X

i=1

w(1)
ji �

⇣
w(0)

i x+ b(0)i

⌘
+ b(1)j

!
...

!
+ b(n�1)

k

!
+ b(n)l

Output of a neuron 

Fully-connected Neural network

<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="EukG7Fq/okaSswshTShVZuQQMhA=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzMwuM7OSsOQLBE/6J97Eq//gj3h2kuzBJBY0FFXddHcFMWfauO63k9vY3Nreye8W9vYPDo+KxydNHSWKQoNGPFLtgGjgTELDMMOhHSsgIuDQCkb3M7/1BEqzSD6aSQy+IAPJQkaJsVJ93CuW3LI7B14nXkZKKEOtV/zp9iOaCJCGcqJ1x3Nj46dEGUY5TAvdRENM6IgMoGOpJAK0n84PneILq/RxGClb0uC5+nciJULriQhspyBmqFe9mfif10lMeOunTMaJAUkXi8KEYxPh2de4zxRQwyeWEKqYvRXTIVGEGpvN0pZALP2QjhenF2xQ3mos66R5Vfauy5V6pVS9yyLLozN0ji6Rh25QFT2gGmogigA9o1f05rw4786H87lozTnZzClagvP1C73NnDE=</latexit>x
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�(x) = sin(x)

<latexit sha1_base64="xnmV/G6EjNKG5HKnPlIiiKXGxWI=">AAACDHicbZC7TgJBFIbP4g3xtl46m4nEBBuya4jamBBtLDERJAFCZodZmDAzu5mZNSLhFXwGW63tjK3vYOmbOMAWAv7JSb7855yckz+IOdPG876dzNLyyupadj23sbm1vePu7tV0lChCqyTikaoHWFPOJK0aZjitx4piEXB6H/Svx/37B6o0i+SdGcS0JXBXspARbKzVdg+amnUFLjyeoEvUNFj2LLbdvFf0JkKL4KeQh1SVtvvT7EQkEVQawrHWDd+LTWuIlWGE01GumWgaY9LHXdqwKLGgujWcfD9Cx9bpoDBStqRBE/fvxhALrQcisJMCm56e743N/3qNxIQXrSGTcWKoJNNDYcKRidA4CtRhihLDBxYwUcz+ikgPK0yMDWzmSiBGNhN/PoFFqJ0W/bNi6baUL1+l6WThEI6gAD6cQxluoAJVIPAEL/AKb86z8+58OJ/T0YyT7uzDjJyvX4x4mpU=</latexit>

�(x) = tanh(x)

Common choice
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<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="EukG7Fq/okaSswshTShVZuQQMhA=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzMwuM7OSsOQLBE/6J97Eq//gj3h2kuzBJBY0FFXddHcFMWfauO63k9vY3Nreye8W9vYPDo+KxydNHSWKQoNGPFLtgGjgTELDMMOhHSsgIuDQCkb3M7/1BEqzSD6aSQy+IAPJQkaJsVJ93CuW3LI7B14nXkZKKEOtV/zp9iOaCJCGcqJ1x3Nj46dEGUY5TAvdRENM6IgMoGOpJAK0n84PneILq/RxGClb0uC5+nciJULriQhspyBmqFe9mfif10lMeOunTMaJAUkXi8KEYxPh2de4zxRQwyeWEKqYvRXTIVGEGpvN0pZALP2QjhenF2xQ3mos66R5Vfauy5V6pVS9yyLLozN0ji6Rh25QFT2gGmogigA9o1f05rw4786H87lozTnZzClagvP1C73NnDE=</latexit>x

<latexit sha1_base64="WHcScUmnkgDwqUl8EzBUUE5ZRkc=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwZopZEG0tM5COBC9lb9mDD7t5ld89IkL9gq7WdsfXPWPpP3IMrBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN2mfuuRKs0i+WDGMfUFHkgWMoJNKiXlp/NeseRW3BnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/md06RWdW6aMwUrakQTP178QEC63HIrCdApuhXvZS8T+vk5jw2p8wGSeGSjJfFCYcmQilj6M+U5QYPrYEE8XsrYgMscLE2HgWtgRiajPxlhNYJc2LindZqd5XS7WbLJ08nMAplMGDK6jBHdShAQSG8AKv8OY8O+/Oh/M5b8052cwxLMD5+gU3DZR/</latexit>

u(x)Function
<latexit sha1_base64="NGZt/sImw6c15OC3xtFjf4vbCDM="></latexit>
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Output of a neuron in the second layer 

Fully-connected Neural network

Sum of the outputs from previous layer
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u(x)Function
<latexit sha1_base64="NGZt/sImw6c15OC3xtFjf4vbCDM="></latexit>
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Fully-connected Neural network

<latexit sha1_base64="dITOhMhPMzs9Qy0KR9nEmqkd/wA=">AAACLXicbVDLSgMxFM3UV62vqks3wVaomzJTRMVV0Y3LCvYB7VAyaaYNTTJDkiktQ7d+jeBK/8SFIG79A9emnVnY1gMXDufcy733eCGjStv2h5VZW9/Y3Mpu53Z29/YP8odHDRVEEpM6DlggWx5ShFFB6ppqRlqhJIh7jDS94d3Mb46IVDQQj3oSEpejvqA+xUgbqZuHxY6ifY5K4/PiDURY09HcgX4kcNJSsMv2HHCVOCkpgBS1bv6n0wtwxInQmCGl2o4dajdGUlPMyDTXiRQJER6iPmkbKhAnyo3nn0zhmVF60A+kKaHhXP07ESOu1IR7ppMjPVDL3kz8z2tH2r92YyrCSBOBk0V+xKAO4CwW2KOSYM0mhiAsqbkV4gGSJhAT3sIWjy/8EI+T03MmKGc5llXSqJSdy/LFQ6VQvU0jy4ITcApKwAFXoAruQQ3UAQZP4Bm8gjfrxXq3Pq2vpDVjpTPHYAHW9y/EM6iu</latexit>

�(x): activation function
<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases

(free parameters to be trained) (fixed and selected by users) 
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<latexit sha1_base64="dITOhMhPMzs9Qy0KR9nEmqkd/wA=">AAACLXicbVDLSgMxFM3UV62vqks3wVaomzJTRMVV0Y3LCvYB7VAyaaYNTTJDkiktQ7d+jeBK/8SFIG79A9emnVnY1gMXDufcy733eCGjStv2h5VZW9/Y3Mpu53Z29/YP8odHDRVEEpM6DlggWx5ShFFB6ppqRlqhJIh7jDS94d3Mb46IVDQQj3oSEpejvqA+xUgbqZuHxY6ifY5K4/PiDURY09HcgX4kcNJSsMv2HHCVOCkpgBS1bv6n0wtwxInQmCGl2o4dajdGUlPMyDTXiRQJER6iPmkbKhAnyo3nn0zhmVF60A+kKaHhXP07ESOu1IR7ppMjPVDL3kz8z2tH2r92YyrCSBOBk0V+xKAO4CwW2KOSYM0mhiAsqbkV4gGSJhAT3sIWjy/8EI+T03MmKGc5llXSqJSdy/LFQ6VQvU0jy4ITcApKwAFXoAruQQ3UAQZP4Bm8gjfrxXq3Pq2vpDVjpTPHYAHW9y/EM6iu</latexit>

�(x): activation function

Karniadakis et. al. (2021), Nat. Rev. Phys., 3

Universal function approximator

Hornik et. al. (1989),  Neural Netw. 2

<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="EukG7Fq/okaSswshTShVZuQQMhA=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzMwuM7OSsOQLBE/6J97Eq//gj3h2kuzBJBY0FFXddHcFMWfauO63k9vY3Nreye8W9vYPDo+KxydNHSWKQoNGPFLtgGjgTELDMMOhHSsgIuDQCkb3M7/1BEqzSD6aSQy+IAPJQkaJsVJ93CuW3LI7B14nXkZKKEOtV/zp9iOaCJCGcqJ1x3Nj46dEGUY5TAvdRENM6IgMoGOpJAK0n84PneILq/RxGClb0uC5+nciJULriQhspyBmqFe9mfif10lMeOunTMaJAUkXi8KEYxPh2de4zxRQwyeWEKqYvRXTIVGEGpvN0pZALP2QjhenF2xQ3mos66R5Vfauy5V6pVS9yyLLozN0ji6Rh25QFT2gGmogigA9o1f05rw4786H87lozTnZzClagvP1C73NnDE=</latexit>x

<latexit sha1_base64="s2f9qKh6j1uy0/ZD2fR4THIyKaU="></latexit>
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w(0)

i x+ b(0)i

⌘
+ b(1)j

!
...

!
+ b(n)l

Fully-connected Neural network

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases



Neural network 20

Fourier series:

<latexit sha1_base64="SLEfT2W5Q+qGyw3BxQ0lxc2f2ls="></latexit>

u(x,wn, bn) =
NX

n=0

wn sin(nx+ bn)

<latexit sha1_base64="qJhPn8uISon9/M0Z1Hl7f2A43Kc=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoY5mA+YDkCHubvWTJ7t6xuyceR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO+nfvuJKs0i+WjSmPoCDyULGcHGSo3nfrniVt0Z0CrxclKBHPV++ac3iEgiqDSEY627nhsbP8PKMMLppNRLNI0xGeMh7VoqsaDaz2aHTtCZVQYojJQtadBM/TuRYaF1KgLbKbAZ6WVvKv7ndRMT3voZk3FiqCTzRWHCkYnQ9Gs0YIoSw1NLMFHM3orICCtMjM1mYUsgJjYTbzmBVdK6qHrX1cvGVaV2l6dThBM4hXPw4AZq8AB1aAIBCi/wCm9O6rw7H87nvLXg5DPHsADn6xeN5ZOa</latexit>x

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="VIdJAxzApb+M/II3DSFoF2YU1K4=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKDb9frnhVbw53nfg5qUCOer/80xvENBUoDeVE667vJSbIiDKMcpyWeqnGhNAxGWLXUkkE6iCbHzp1L6wycKNY2ZLGnat/JzIitJ6I0HYKYkZ61ZuJ/3nd1ER3QcZkkhqUdLEoSrlrYnf2tTtgCqnhE0sIVcze6tIRUYQam83SllBMbSb+agLrpHVV9W+q143rSu0+T6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLx5yk1Q=</latexit>

1
<latexit sha1_base64="m8IRDsZo6ViP8w03ecZJrKzrUEI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5CUMugjWUC5gOSI+xt5pIlu3vH7p5wHPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRFFo04hHqhcQDZxJaBtmOPRiBUQEHLrB9GHud59BaRbJJ5PG4AsylixklBgrtWrDcsWtugvgTeLlpIJyNIfln8EoookAaSgnWvc9NzZ+RpRhlMOsNEg0xIROyRj6lkoiQPvZ4tAZvrLKCIeRsiUNXqh/JzIitE5FYDsFMRO97s3F/7x+YsI7P2MyTgxIulwUJhybCM+/xiOmgBqeWkKoYvZWTCdEEWpsNitbAjGzmXjrCWySTq3q3VTrrXqlcZ+nU0QX6BJdIw/dogZ6RE3URhQBekGv6M1JnXfnw/lcthacfOYcrcD5+gUgBZNV</latexit>

2

<latexit sha1_base64="tsFWGNfdgYslu84SpOFsZYedG+k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKDdkvV7yqN4e7TvycVCBHvV/+6Q1imgqUhnKiddf3EhNkRBlGOU5LvVRjQuiYDLFrqSQCdZDND526F1YZuFGsbEnjztW/ExkRWk9EaDsFMSO96s3E/7xuaqK7IGMySQ1KulgUpdw1sTv72h0whdTwiSWEKmZvdemIKEKNzWZpSyimNhN/NYF10rqq+jfV68Z1pXafp1OEMziHS/DhFmrwCHVoAgWEF3iFN2fivDsfzueiteDkM6ewBOfrF355k5E=</latexit>n

<latexit sha1_base64="TU2u/JFnpmhlyvQzeb6WmFTJTPU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjbRfrnhVbw53nfg5qUCOer/80xvENBUoDeVE667vJSbIiDKMcpyWeqnGhNAxGWLXUkkE6iCbHzp1L6wycKNY2ZLGnat/JzIitJ6I0HYKYkZ61ZuJ/3nd1ER3QcZkkhqUdLEoSrlrYnf2tTtgCqnhE0sIVcze6tIRUYQam83SllBMbSb+agLrpHVV9W+q143rSu0+T6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XL4l+k5g=</latexit>u

<latexit sha1_base64="vZD5owKcs6CJGS7ijzK5srw58l0=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqFgFbCwjmg9IjrC32UuW7O4du3tKOPITbLW2E1t/jaX/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWOnhue/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zU6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia89lMm48RQSeaLwoQjE6HZ32jAFCWGTyzBRDF7KyIjrDAxNp2FLYGY2ky85QRWSeui6l1Wa/e1Sv0mT6cIJ3AK5+DBFdThDhrQBAJDeIFXeHNS5935cD7nrQUnnzmGBThfv7gwlDY=</latexit>w1

<latexit sha1_base64="jR+TmuTSuuEaKu41iH39I5tr/jI=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiGIVsLGMaD4gOcLeZi9Zsrt37O4p4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/UaVZJB/NJKa+wEPJQkawsdLDc7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzUKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSE137KZJwYKsliUZhwZCI0+xsNmKLE8IklmChmb0VkhBUmxqaztCUQU5uJt5rAOmlVyl6tXL2vluo3WTp5OINzuAQPrqAOd9CAJhAYwgu8wpuTOu/Oh/O5aM052cwpLMH5+gW5w5Q3</latexit>w2

<latexit sha1_base64="VhK6qWCyvkUR+NRr1R29ge6yNoc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqFgFbCwjmg9IjrC32UuW7O4du3tKOPITbLW2E1t/jaX/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWOnhuS/75YpbdTOgVeLlpAI5Gv3yT28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfZqdO0ZlVBiiMlC1pUKb+nUix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJPNFYcKRidDsbzRgihLDJ5Zgopi9FZERVpgYm87ClkBMbSbecgKrpHVR9S6rtftapX6Tp1OEEziFc/DgCupwBw1oAoEhvMArvDmp8+58OJ/z1oKTzxzDApyvXxhGlHM=</latexit>wn

<latexit sha1_base64="ex0+nWpzR/9vOnQY76zcM2DDJqw=">AAACC3icbZC7SgNBFIbPxluMt9WUNoNBiE3YlaA2QtDGMoK5QBLC7GQ2GTIzu8zMiiHkEXwGW63txNaHsPRNnCRbmMQfDnz85xzO4Q9izrTxvG8ns7a+sbmV3c7t7O7tH7iHR3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2guHttN94pEqzSD6YUUw7AvclCxnBxlpdN9/WrC9w8ekMXSPL0lLXLXglbya0Cn4KBUhV7bo/7V5EEkGlIRxr3fK92HTGWBlGOJ3k2ommMSZD3KctixILqjvj2fMTdGqdHgojZUsaNHP/boyx0HokAjspsBno5d7U/K/XSkx41RkzGSeGSjI/FCYcmQhNk0A9pigxfGQBE8Xsr4gMsMLE2LwWrgRiYjPxlxNYhfp5yb8ole/LhcpNmk4WjuEEiuDDJVTgDqpQAwIjeIFXeHOenXfnw/mcj2acdCcPC3K+fgHIEZoq</latexit>

�(x) = sin(x)

Hornik et. al. (1989),  Neural Netw. 2

<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�
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�(x): activation function
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Fully-connected Neural network

Universal function approximator
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w: weights
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b : biases
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<latexit sha1_base64="s2f9qKh6j1uy0/ZD2fR4THIyKaU="></latexit>
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Fully-connected Neural network

Cost function: mean squared error
<latexit sha1_base64="lnTs3qfN53y3Qa/QunxfeEA3Vmk="></latexit>

J(x,w,b) = lossd =
1

Nd

NdX

i=1

[u(xi,w,b)� u(d)
i ]2

<latexit sha1_base64="H8bJkglL2kY2r5oYC7leAiWItbQ=">AAACG3icbVC7SgNBFJ31bXxFLW0Gs4I2YTeIiiAEbSwVjAaSGO7OziZDZh/M3JWEJR/gR/gNtlrbia2FpX/iJG5h1AMDh3PO5d45XiKFRsf5sKamZ2bn5hcWC0vLK6trxfWNax2nivEai2Ws6h5oLkXEayhQ8nqiOISe5Dde72zk39xxpUUcXeEg4a0QOpEIBAM0UrtYstPbbNffG7aFfUx9QKBxQO3UpoDU7p/0jW5STtkZg/4lbk5KJMdFu/jZ9GOWhjxCJkHrhusk2MpAoWCSDwvNVPMEWA86vGFoBCHXrWz8mSHdMYpPg1iZFyEdqz8nMgi1HoSeSYaAXf3bG4n/eY0Ug6NWJqIkRR6x70VBKinGdNQM9YXiDOXAEGBKmFsp64IChqa/iS1eODSduL8b+EuuK2X3oLx/WSlVT/N2FsgW2Sa7xCWHpErOyQWpEUbuySN5Is/Wg/VivVpv39EpK5/ZJBOw3r8AuTGfTg==</latexit>

u(d)
i : data of u at x = xi

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases

Gradient descent

Optimization

Updating variables:

<latexit sha1_base64="1w1b+aQmLm4abKxcxHjluRn1k0I="></latexit>

w(i+1) = w(i) � ⌘ rwJ(x,w(i),b(i))
<latexit sha1_base64="v6etCCGRgZ1vAM7CBBz8xu4wbhE="></latexit>

b(i+1) = b(i) � ⌘ rbJ(x,w
(i),b(i))

<latexit sha1_base64="+kRyi1NbezBckrs4HaJDVly0hoY="></latexit>

w(i),b(i) : value at the i-th iteration
<latexit sha1_base64="HJCXbLg6pm2jf8rAnTcXeHDJxEU=">AAACEnicbVDLSgNBEJz1GeNr1ZteBoPgKeyKqHgSvXiMYB6QhNA76cTB2dllplcMS8CP8Bu86tmbePUHPPonbpI9GLWgoajqprsriJW05Hmfzszs3PzCYmGpuLyyurbubmzWbJQYgVURqcg0ArCopMYqSVLYiA1CGCisB7cXI79+h8bKSF/TIMZ2CH0te1IAZVLH3W4hwSlvEd5TqhCMlrrPDRAOO27JK3tj8L/Ez0mJ5ah03K9WNxJJiJqEAmubvhdTOwVDUigcFluJxRjELfSxmVENIdp2Ov5hyPcypct7kclKEx+rPydSCK0dhEHWGQLd2N/eSPzPaybUO2mnUscJoRaTRb1EcYr4KBDelQYFqUFGQBiZ3crFDRgQlMU2tSUIR5n4vxP4S2oHZf+ofHh1WDo7z9MpsB22y/aZz47ZGbtkFVZlgj2wJ/bMXpxH59V5c94nrTNOPrPFpuB8fANfGJ5z</latexit>

⌘ : learning rate

<latexit sha1_base64="4BBsinopPqgWo5aB2nMt/VbYroo=">AAACCXicbVDLTsJAFJ3iC/FVdOmmkZjgwqZFomxMiG5cYiKPpFQyHaYwYWbazExVQvgCv8Gtrt0Zt36FS//EAboQ8CQ3OTnn3pybE8SUSOU430ZmZXVtfSO7mdva3tndM/P7DRklAuE6imgkWgGUmBKO64ooiluxwJAFFDeDwfXEbz5gIUnE79Qwxj6DPU5CgqDSUsfMe0nx6dKx3ZNTxz6r+PeljllwbGcKa5m4KSmAFLWO+dPuRihhmCtEoZSe68TKH0GhCKJ4nGsnEscQDWAPe5pyyLD0R9PXx9axVrpWGAk9XFlT9e/FCDIphyzQmwyqvlz0JuJ/npeosOKPCI8ThTmaBYUJtVRkTXqwukRgpOhQE4gE0b9aqA8FREq3NZcSsLHuxF1sYJk0SrZ7bpdvy4XqVdpOFhyCI1AELrgAVXADaqAOEHgEL+AVvBnPxrvxYXzOVjNGenMA5mB8/QJ9a5g8</latexit>

[u(x = 0.1)� 0.38]2



Physics-informed neural networks 22

Cost function: data + equation loss

Optimization

Physical laws 
(governing equation)

Data loss:

Equation loss

Karniadakis et. al. (2021), Nat. Rev. Phys., 3

<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�
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@

@x

<latexit sha1_base64="u597piQfmxCIsSq4K0jyW0TM4DU=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL3pLwDwgWcLsZDYZMjO7zMyKYckXCJ70T7yJV//BH/HsJNmDSSxoKKq66e4KYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWj26nfeqRKs0g+mHFMfYEHkoWMYGOl+n2vWHLL7gxolXgZKUGGWq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns0Mn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+ymTcWKoJPNFYcKRidD0a9RnihLDx5Zgopi9FZEhVpgYm83ClkAs/JA+zU8v2KC85VhWSfOi7F2WK/VKqXqTRZaHEziFc/DgCqpwBzVoAAEKz/AKb86L8+58OJ/z1pyTzRzDApyvX2/1nAI=</latexit>

I

<latexit sha1_base64="JZapo9hkvJZcwxdHLTF/h7ipjTQ=">AAACLHicbVBNS8MwGE7n15xfVY8eDA7B02jHUI9DLx4nuA9Y50izdAtL0pKkslF29NcInvSfeBHx6k/wbLoVcZsPBJ487/fjR4wq7TjvVm5ldW19I79Z2Nre2d2z9w8aKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrD6zTefCBS0VDc6XFEOhz1BQ0oRtpIXfvYCyTCiRchqSli9+XJL4cj8+vaRafkTAGXiZuRIshQ69rfXi/EMSdCY4aUartOpDtJ2hIzMil4sSIRwkPUJ21DBeJEdZLpIRN4apQeDEJpntBwqv6tSBBXasx9k8mRHqjFWCr+F2vHOrjsJFREsSYCzwYFMYM6hKkrsEclwZqNDUFYUrMrxANknNHGu7kpPp+7IRnNVi8Yo9xFW5ZJo1xyz0uV20qxepVZlgdH4AScARdcgCq4ATVQBxg8gifwAl6tZ+vN+rA+Z6k5K6s5BHOwvn4AvoSpSA==</latexit>

@2

@x2

<latexit sha1_base64="Wpxq9gI79dZvk+JtDFCD9Y1FYbI="></latexit>

f =
@2u

@x2
+ 2

@u

@x
� u

Fully-connected Neural network

<latexit sha1_base64="s2f9qKh6j1uy0/ZD2fR4THIyKaU="></latexit>

u(x) =
X

j=1

w(n)
lk �

 
... �

 
X

i=1

w(1)
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⇣
w(0)

i x+ b(0)i

⌘
+ b(1)j

!
...

!
+ b(n)l

<latexit sha1_base64="a/ZUQ9OwvB1jHC3Cx9w5CkN/Ap4="></latexit>

lossd =
1

Nd

NdX

i=1

[u(xi,w,b)� u(d)
i ]2

<latexit sha1_base64="FB8PGMg5yUl+NVb30H/yV15cazM="></latexit>

lossf =
1

Nf

NfX

i=1

f2(xj , u(xj ,w,b))

<latexit sha1_base64="vsyABouSgEhca9s5yheBUmJKuxc=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAVKpaSSFE3QtGNuKpgL9CGMJlM2qGTCzMTtYS8gA/hM7jVtTtxK7j0TZy2WdjWHwY+/nMO58zvRIwKaRjfWm5hcWl5Jb9aWFvf2NzSt3eaIow5Jg0cspC3HSQIowFpSCoZaUecIN9hpOUMrkb11j3hgobBnRxGxPJRL6AexUgqy9YPbkqPZZh0HQ8+lKGTHsELyEIhbBceQzhBz9aLRsUYC86DmUERZKrb+k/XDXHsk0BihoTomEYkrQRxSTEjaaEbCxIhPEA90lEYIJ8IKxn/JoWHynGhF3L1AgnH7t+JBPlCDH1HdfpI9sVsbWT+V+vE0ju3EhpEsSQBnizyYgZlCEfRQJdygiUbKkCYU3UrxH3EEZYqwKktjp+qTMzZBOaheVIxTyvV22qxdpmlkwd7YB+UgAnOQA1cgzpoAAyewAt4BW/as/aufWifk9acls3sgilpX79UqZ+k</latexit>

J(x,w,b) = lossd + lossf

Updating variables:
<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases

Gradient descent

<latexit sha1_base64="1w1b+aQmLm4abKxcxHjluRn1k0I="></latexit>

w(i+1) = w(i) � ⌘ rwJ(x,w(i),b(i))
<latexit sha1_base64="v6etCCGRgZ1vAM7CBBz8xu4wbhE="></latexit>

b(i+1) = b(i) � ⌘ rbJ(x,w
(i),b(i))

<latexit sha1_base64="+kRyi1NbezBckrs4HaJDVly0hoY="></latexit>

w(i),b(i) : value at the i-th iteration
<latexit sha1_base64="HJCXbLg6pm2jf8rAnTcXeHDJxEU=">AAACEnicbVDLSgNBEJz1GeNr1ZteBoPgKeyKqHgSvXiMYB6QhNA76cTB2dllplcMS8CP8Bu86tmbePUHPPonbpI9GLWgoajqprsriJW05Hmfzszs3PzCYmGpuLyyurbubmzWbJQYgVURqcg0ArCopMYqSVLYiA1CGCisB7cXI79+h8bKSF/TIMZ2CH0te1IAZVLH3W4hwSlvEd5TqhCMlrrPDRAOO27JK3tj8L/Ez0mJ5ah03K9WNxJJiJqEAmubvhdTOwVDUigcFluJxRjELfSxmVENIdp2Ov5hyPcypct7kclKEx+rPydSCK0dhEHWGQLd2N/eSPzPaybUO2mnUscJoRaTRb1EcYr4KBDelQYFqUFGQBiZ3crFDRgQlMU2tSUIR5n4vxP4S2oHZf+ofHh1WDo7z9MpsB22y/aZz47ZGbtkFVZlgj2wJ/bMXpxH59V5c94nrTNOPrPFpuB8fANfGJ5z</latexit>

⌘ : learning rate
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Neural network for regression ( with data only)

Finite data points (evaluate difference between NN and data)

<latexit sha1_base64="Toz/a0fLuTLvdoJC28mlh9XoL1k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY5mA+YDkCHubuWTJ3t6xuyceIb/AVms7sfXnWPpP3CRXmOiDgcd7M8zMCxLBtXHdL6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389iMqzWP5YLIE/YgOJQ85o8ZKjad+ueJW3TnIX+LlpAI56v3yd28QszRCaZigWnc9NzH+hCrDmcBpqZdqTCgb0yF2LZU0Qu1P5odOyZlVBiSMlS1pyFz9PTGhkdZZFNjOiJqRXvVm4n9eNzXhjT/hMkkNSrZYFKaCmJjMviYDrpAZkVlCmeL2VsJGVFFmbDZLW4JoajPxVhP4S1oXVe+q6jYuK7XbPJ0inMApnIMH11CDe6hDExggPMMLvDqZ8+a8Ox+L1oKTzxzDEpzPH4zvk5c=</latexit>x

Differential equation solver

Only one data point (boundary condition i. e.                )
<latexit sha1_base64="6QVJwbLkXWxdoqC4lsXetjdZk2s=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnQW2EoI1lBPMByRH2NnvJkt29Y3dPCEfA32CrtZ3Y+lcs/SdukitM4oOBx3szzMwLYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWju6nfeqJKs0g+mnFMfYEHkoWMYGOldlJ2z9EN8nrFkltxZ0CrxMtICTLUe8Wfbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+d3TtBZ1bpozBStqRBM/XvRIqF1mMR2E6BzVAve1PxP6+TmPDaT5mME0MlmS8KE45MhKbPoz5TlBg+tgQTxeytiAyxwsTYiBa2BGJiM/GWE1glzYuKd1mpPlRLtdssnTycwCmUwYMrqME91KEBBDi8wCu8Oc/Ou/PhfM5bc042cwwLcL5+AXAolQ0=</latexit>

u(0) = 1

<latexit sha1_base64="zhiQFEs+APhe7eUrVezOptY9dXE=">AAACHXicbZDLSsNAFIYn9VbrLerSzWApuLEkUtSNUHTjsoJthSaUyXTSDp1MwlzEEvIEPoTP4FbX7sStuPRNnLYBbeuBgY//P2fOzB8kjErlOF9WYWl5ZXWtuF7a2Nza3rF391oy1gKTJo5ZLO4CJAmjnDQVVYzcJYKgKGCkHQyvxn77nghJY36rRgnxI9TnNKQYKSN17UoIL6AXCoRTL0FCUcSgzn75IYPHUHftslN1JgUXwc2hDPJqdO1vrxdjHRGuMENSdlwnUX46vhQzkpU8LUmC8BD1SccgRxGRfjr5TgYrRunBMBbmcAUn6t+JFEVSjqLAdEZIDeS8Nxb/8zpahed+SnmiFeF4uijUDKoYjrOBPSoIVmxkAGFBzVshHiCTjTIJzmwJosxk4s4nsAitk6p7Wq3d1Mr1yzydIjgAh+AIuOAM1ME1aIAmwOARPIMX8Go9WW/Wu/UxbS1Y+cw+mCnr8weZPKIo</latexit>

f =
@u

@x
� u

<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ Infinite collocation points (evaluate equation balance)

Physics-informed Neural network

<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="Toz/a0fLuTLvdoJC28mlh9XoL1k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY5mA+YDkCHubuWTJ3t6xuyceIb/AVms7sfXnWPpP3CRXmOiDgcd7M8zMCxLBtXHdL6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389iMqzWP5YLIE/YgOJQ85o8ZKjad+ueJW3TnIX+LlpAI56v3yd28QszRCaZigWnc9NzH+hCrDmcBpqZdqTCgb0yF2LZU0Qu1P5odOyZlVBiSMlS1pyFz9PTGhkdZZFNjOiJqRXvVm4n9eNzXhjT/hMkkNSrZYFKaCmJjMviYDrpAZkVlCmeL2VsJGVFFmbDZLW4JoajPxVhP4S1oXVe+q6jYuK7XbPJ0inMApnIMH11CDe6hDExggPMMLvDqZ8+a8Ox+L1oKTzxzDEpzPH4zvk5c=</latexit>x
<latexit sha1_base64="anoaSJzlaJofRXLp0Hl7kVf0Yqs=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QtLGMYD4gOcLeZi9Zs7t37O6J4Yi/wVZrO7H1v1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3E7/5SJVmkbw3o5j6AvclCxnBxkqNJ3SF3EK3WHLL7hRomXgZKUGGWrf40+lFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n02vH6MQqPRRGypY0aKr+nUix0HokAtspsBnoRW8i/ue1ExNe+imTcWKoJLNFYcKRidDkddRjihLDR5Zgopi9FZEBVpgYG9DclkCMbSbeYgLLpHFW9s7LlbtKqXqdpZOHIziGU/DgAqpwCzWoA4EHeIFXeHOenXfnw/mcteacbOYQ5uB8/QJrPJSE</latexit>

x = 0

<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥
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<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ Infinite collocation points (evaluate equation balance)

Physics-informed Neural network

<latexit sha1_base64="zhiQFEs+APhe7eUrVezOptY9dXE=">AAACHXicbZDLSsNAFIYn9VbrLerSzWApuLEkUtSNUHTjsoJthSaUyXTSDp1MwlzEEvIEPoTP4FbX7sStuPRNnLYBbeuBgY//P2fOzB8kjErlOF9WYWl5ZXWtuF7a2Nza3rF391oy1gKTJo5ZLO4CJAmjnDQVVYzcJYKgKGCkHQyvxn77nghJY36rRgnxI9TnNKQYKSN17UoIL6AXCoRTL0FCUcSgzn75IYPHUHftslN1JgUXwc2hDPJqdO1vrxdjHRGuMENSdlwnUX46vhQzkpU8LUmC8BD1SccgRxGRfjr5TgYrRunBMBbmcAUn6t+JFEVSjqLAdEZIDeS8Nxb/8zpahed+SnmiFeF4uijUDKoYjrOBPSoIVmxkAGFBzVshHiCTjTIJzmwJosxk4s4nsAitk6p7Wq3d1Mr1yzydIjgAh+AIuOAM1ME1aIAmwOARPIMX8Go9WW/Wu/UxbS1Y+cw+mCnr8weZPKIo</latexit>

f =
@u

@x
� u Differential equation solver

Only one data point (boundary condition i. e.                )
<latexit sha1_base64="6QVJwbLkXWxdoqC4lsXetjdZk2s=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnQW2EoI1lBPMByRH2NnvJkt29Y3dPCEfA32CrtZ3Y+lcs/SdukitM4oOBx3szzMwLYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWju6nfeqJKs0g+mnFMfYEHkoWMYGOldlJ2z9EN8nrFkltxZ0CrxMtICTLUe8Wfbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+d3TtBZ1bpozBStqRBM/XvRIqF1mMR2E6BzVAve1PxP6+TmPDaT5mME0MlmS8KE45MhKbPoz5TlBg+tgQTxeytiAyxwsTYiBa2BGJiM/GWE1glzYuKd1mpPlRLtdssnTycwCmUwYMrqME91KEBBDi8wCu8Oc/Ou/PhfM5bc042cwwLcL5+AXAolQ0=</latexit>

u(0) = 1

How does PINN evaluate the differential equation?

How does it different from classical numerical method? 

<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥ <latexit sha1_base64="Toz/a0fLuTLvdoJC28mlh9XoL1k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY5mA+YDkCHubuWTJ3t6xuyceIb/AVms7sfXnWPpP3CRXmOiDgcd7M8zMCxLBtXHdL6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389iMqzWP5YLIE/YgOJQ85o8ZKjad+ueJW3TnIX+LlpAI56v3yd28QszRCaZigWnc9NzH+hCrDmcBpqZdqTCgb0yF2LZU0Qu1P5odOyZlVBiSMlS1pyFz9PTGhkdZZFNjOiJqRXvVm4n9eNzXhjT/hMkkNSrZYFKaCmJjMviYDrpAZkVlCmeL2VsJGVFFmbDZLW4JoajPxVhP4S1oXVe+q6jYuK7XbPJ0inMApnIMH11CDe6hDExggPMMLvDqZ8+a8Ox+L1oKTzxzDEpzPH4zvk5c=</latexit>x
<latexit sha1_base64="anoaSJzlaJofRXLp0Hl7kVf0Yqs=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QtLGMYD4gOcLeZi9Zs7t37O6J4Yi/wVZrO7H1v1j6T9wkV5jEBwOP92aYmRfEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3E7/5SJVmkbw3o5j6AvclCxnBxkqNJ3SF3EK3WHLL7hRomXgZKUGGWrf40+lFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n02vH6MQqPRRGypY0aKr+nUix0HokAtspsBnoRW8i/ue1ExNe+imTcWKoJLNFYcKRidDkddRjihLDR5Zgopi9FZEBVpgYG9DclkCMbSbeYgLLpHFW9s7LlbtKqXqdpZOHIziGU/DgAqpwCzWoA4EHeIFXeHOenXfnw/mcteacbOYQ5uB8/QJrPJSE</latexit>

x = 0

<latexit sha1_base64="XZXeJsUsN/Qb/sVcJt9zV6RSmT8=">AAAB/HicbVC7SgNBFL3rM8ZX1NJmMQhWYVdELYM2lhHMA5IlzE5mkzEzs8vMXSEs8RtstbYTW//F0j9xkmxhEg8MHM65l3PnhIngBj3v21lZXVvf2CxsFbd3dvf2SweHDROnmrI6jUWsWyExTHDF6shRsFaiGZGhYM1weDvxm09MGx6rBxwlLJCkr3jEKUErNTrIJTPdUtmreFO4y8TPSRly1Lqln04vpqlkCqkgxrR9L8EgIxo5FWxc7KSGJYQOSZ+1LVXEhgTZ9Nqxe2qVnhvF2j6F7lT9u5ERacxIhnZSEhyYRW8i/ue1U4yug4yrJEWm6CwoSoWLsTv5utvjmlEUI0sI1dze6tIB0YSiLWguJZRj24m/2MAyaZxX/MuKd39Rrt7k7RTgGE7gDHy4gircQQ3qQOERXuAV3pxn5935cD5noytOvnMEc3C+fgF7hpXP</latexit>⇥
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Differential equations

Algebraic equations 

Numeric PINNs

Difficulty

(derivatives) 
<latexit sha1_base64="EvH0aifGLTmsz9F6w5C2g2dWgE0=">AAACDHicbZDLSsNAFIYn9VbrLV52bgaL4KokUlQEoejGZQV7gaaUyWTSDp1JwlzEGvIKPoNbXbsTt76DS9/EaZuFbf3hwM9/zuEcPj9hVCrH+bYKS8srq2vF9dLG5tb2jr2715SxFpg0cMxi0faRJIxGpKGoYqSdCIK4z0jLH96M+60HIiSNo3s1SkiXo35EQ4qRMlHPPvBCgXAa6CwNHjPoXcIrqHt22ak4E8FF4+amDHLVe/aPF8RYcxIpzJCUHddJVDdFQlHMSFbytCQJwkPUJx1jI8SJ7KaT7zN4bJIAhrEwFSk4Sf9upIhLOeK+meRIDeR8bxz+1+toFV50UxolWpEITw+FmkEVwzEKGFBBsGIjYxAW1PwK8QAZHMoAm7ni88wwcecJLJrmacU9q1TvquXadU6nCA7BETgBLjgHNXAL6qABMHgCL+AVvFnP1rv1YX1ORwtWvrMPZmR9/QLJQ5tX</latexit>

du

dx
= u
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<latexit sha1_base64="f+99IgaWGMK/NxElMN/2KmJ58bY=">AAACCXicbZC7SgNBFIZnvcZ422hpMxgEq7CrojZC0MYygrlAEsLs7GwyZGZ2mYsaln0Cn8FWazux9SksfRMnyRYm8YcDP/85h3P4goRRpT3v21laXlldWy9sFDe3tnd23dJeQ8VGYlLHMYtlK0CKMCpIXVPNSCuRBPGAkWYwvBn3mw9EKhqLez1KSJejvqARxUjbqOeWOpFEOA1NloZPGbyCpueWvYo3EVw0fm7KIFet5/50whgbToTGDCnV9r1Ed1MkNcWMZMWOUSRBeIj6pG2tQJyobjp5PYNHNglhFEtbQsNJ+ncjRVypEQ/sJEd6oOZ74/C/Xtvo6LKbUpEYTQSeHooMgzqGYw4wpJJgzUbWICyp/RXiAbIstKU1cyXgmWXizxNYNI2Tin9eOb07K1evczoFcAAOwTHwwQWogltQA3WAwSN4Aa/gzXl23p0P53M6uuTkO/tgRs7XLyZ5moI=</latexit>

du

dx
= u

<latexit sha1_base64="KTZIezJ4Lqd5+XtepSg6PtIqKW4=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CnojZC0MYygvmA5Ah7m71kye7esbsnhCPgb7DV2k5s/SuW/hM3yRUm8cHA470ZZuYFMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh3cRvPlGlWSQfzSimvsB9yUJGsLFSKym7p+gGed1iya24U6Bl4mWkBBlq3eJPpxeRRFBpCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VGJBtZ9O7x2jE6v0UBgpW9Kgqfp3IsVC65EIbKfAZqAXvYn4n9dOTHjtp0zGiaGSzBaFCUcmQpPnUY8pSgwfWYKJYvZWRAZYYWJsRHNbAjG2mXiLCSyTxlnFu6ycP1yUqrdZOnk4gmMogwdXUIV7qEEdCHB4gVd4c56dd+fD+Zy15pxs5hDm4Hz9Am/WlQw=</latexit>

u(0) = 1Boundary condition

Differential equation Algebraic equation

 Finite difference

<latexit sha1_base64="f+99IgaWGMK/NxElMN/2KmJ58bY=">AAACCXicbZC7SgNBFIZnvcZ422hpMxgEq7CrojZC0MYygrlAEsLs7GwyZGZ2mYsaln0Cn8FWazux9SksfRMnyRYm8YcDP/85h3P4goRRpT3v21laXlldWy9sFDe3tnd23dJeQ8VGYlLHMYtlK0CKMCpIXVPNSCuRBPGAkWYwvBn3mw9EKhqLez1KSJejvqARxUjbqOeWOpFEOA1NloZPGbyCpueWvYo3EVw0fm7KIFet5/50whgbToTGDCnV9r1Ed1MkNcWMZMWOUSRBeIj6pG2tQJyobjp5PYNHNglhFEtbQsNJ+ncjRVypEQ/sJEd6oOZ74/C/Xtvo6LKbUpEYTQSeHooMgzqGYw4wpJJgzUbWICyp/RXiAbIstKU1cyXgmWXizxNYNI2Tin9eOb07K1evczoFcAAOwTHwwQWogltQA3WAwSN4Aa/gzXl23p0P53M6uuTkO/tgRs7XLyZ5moI=</latexit>

du

dx
= u <latexit sha1_base64="4RJxVVtF5iNH8gMNfjz8aDVVPvU=">AAACCHicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrsS1DJoY2ERwTwgWcLsZHYzZB7LzGwkLPkBv8FWazux9S8s/RMnyRYm8cCFwzn3ci4nTBjVxvO+ncLa+sbmVnG7tLO7t3/gHh41tUwVJg0smVTtEGnCqCANQw0j7UQRxENGWuHwduq3RkRpKsWjGSck4CgWNKIYGSv1XLd7L0WsaDwwSCn5VOq5Za/izQBXiZ+TMshR77k/3b7EKSfCYIa07vheYoIMKUMxI5NSN9UkQXiIYtKxVCBOdJDNPp/AM6v0YSSVHWHgTP17kSGu9ZiHdpMjM9DL3lT8z+ukJroOMiqS1BCB50FRyqCRcFoD7FNFsGFjSxBW1P4K8QAphI0tayEl5BPbib/cwCppXlT8y0r1oVqu3eTtFMEJOAXnwAdXoAbuQB00AAYj8AJewZvz7Lw7H87nfLXg5DfHYAHO1y977Zop</latexit>

=)
<latexit sha1_base64="5saqwOvUNqOd34SSTZi2CW79SUA=">AAACG3icbVDLSgMxFL1TX7W+qi7dBIvgpmVGiroRim5cVrAPaEvJpJk2NJMZkoxQhvkAP8JvcKtrd+LWhUv/xEw7gm09EHJy7rncm+OGnClt219WbmV1bX0jv1nY2t7Z3SvuHzRVEElCGyTggWy7WFHOBG1opjlth5Ji3+W05Y5v0nrrgUrFAnGvJyHt+XgomMcI1kbqF0tdT2ISR/1YJKiM0rvsJEk8StDV78u47Io9BVomTkZKkKHeL353BwGJfCo04VipjmOHuhdjqRnhNCl0I0VDTMZ4SDuGCuxT1Yunn0nQiVEGyAukOUKjqfq3I8a+UhPfNU4f65FarKXif7VOpL3LXsxEGGkqyGyQF3GkA5QmgwZMUqL5xBBMJDO7IjLCJh1t8pub4vppJs5iAsukeVZxzivVu2qpdp2lk4cjOIZTcOACanALdWgAgUd4hhd4tZ6sN+vd+phZc1bWcwhzsD5/AAAHoUw=</latexit>un � un�1

h
= un�1

algebraic equations

Discretized points

<latexit sha1_base64="NHnJyEUxpMW8HYq7U39GWFtXRLE=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjVG/XPGq3hzuOvFzUoEc9X75pzeIaSpQGsqJ1l3fS0yQEWUY5Tgt9VKNCaFjMsSupZII1EE2P3TqXlhl4EaxsiWNO1f/TmREaD0Roe0UxIz0qjcT//O6qYnugozJJDUo6WJRlHLXxO7sa3fAFFLDJ5YQqpi91aUjogg1NpulLaGY2kz81QTWSeuq6t9UrxvXldp9nk4RzuAcLsGHW6jBI9ShCRQQXuAV3pyJ8+58OJ+L1oKTz5zCEpyvX3UHk4s=</latexit>

h

<latexit sha1_base64="mcGYOkxNBvV3grqtP9Z2AicweHY=">AAACC3icbVDLSsNAFJ3UV62vaJduBovgpiWRom6EohuXFewD2hAm00k7dDIJMxMxhHyC3+BW1+7ErR/h0j9x0mZhWw9c7uGce7mX40WMSmVZ30ZpbX1jc6u8XdnZ3ds/MA+PujKMBSYdHLJQ9D0kCaOcdBRVjPQjQVDgMdLzpre533skQtKQP6gkIk6Axpz6FCOlJdesPrkpz+A1zHvdzmAdTlyzZjWsGeAqsQtSAwXarvkzHIU4DghXmCEpB7YVKSdFQlHMSFYZxpJECE/RmAw05Sgg0klnz2fwVCsj6IdCF1dwpv7dSFEgZRJ4ejJAaiKXvVz8zxvEyr9yUsqjWBGO54f8mEEVwjwJOKKCYMUSTRAWVP8K8QQJhJXOa+GKF2Q6E3s5gVXSPW/YF43mfbPWuinSKYNjcALOgA0uQQvcgTboAAwS8AJewZvxbLwbH8bnfLRkFDtVsADj6xfXsJoy</latexit>

xn = xn�1 � h
<latexit sha1_base64="N3hH4BR0SnF5xD2fcvdbam9neS4=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSDEJuxKUBshaGMZwTwgWZfZySQZMjO7zEMMy7Z+g63WdmLrf1j6J06SLUzigQuHc+7lXE4YM6q06347uZXVtfWN/GZha3tnd6+4f9BUkZGYNHDEItkOkSKMCtLQVDPSjiVBPGSkFY5uJn7rkUhFI3GvxzHxORoI2qcYaSs9mCARKbyCpvwUiNOgWHIr7hRwmXgZKYEM9aD40+1F2HAiNGZIqY7nxtpPkNQUM5IWukaRGOERGpCOpQJxovxk+nUKT6zSg/1I2hEaTtW/FwniSo15aDc50kO16E3E/7yO0f1LP6EiNpoIPAvqGwZ1BCcVwB6VBGs2tgRhSe2vEA+RRFjbouZSQp7aTrzFBpZJ86zinVeqd9VS7TprJw+OwDEoAw9cgBq4BXXQABhI8AJewZvz7Lw7H87nbDXnZDeHYA7O1y9Rdphn</latexit>

un = u(xn)

Finite difference

<latexit sha1_base64="aeW6DEpSLUZEljHJzauF9S40paU=">AAACMHicbVDLSsNAFJ34rPUVdelmsAh10ZJI0S6LblxWsA9oSplMJu3QySTMQ1pCfsWP8Bvc6lpX0q1f4fSxsK0HBg7nnMu9c/yEUakc58va2Nza3tnN7eX3Dw6Pju2T06aMtcCkgWMWi7aPJGGUk4aiipF2IgiKfEZa/vB+6reeiZA05k9qnJBuhPqchhQjZaSeXfVCgXAa6OKol/KSm11laTDKoIeSRMQjOLe18TJYgnqeydJB1rMLTtmZAa4Td0EKYIF6z554QYx1RLjCDEnZcZ1EdVMkFMWMZHlPS5IgPER90jGUo4jIbjr7YQYvjRLAMBbmcQVn6t+JFEVSjiPfJCOkBnLVm4r/eR2twmo3pTzRinA8XxRqBlUMp3XBgAqCFRsbgrCg5laIB8h0okypS1v8aNqJu9rAOmlel92bcuWxUqjdLdrJgXNwAYrABbegBh5AHTQABi/gDbyDD+vV+rS+rck8umEtZs7AEqyfXyJEqsg=</latexit>

du(xn�1)

dx
⇡ un � un�1

h

: step size

Output:  value at each discretized points
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Differential equations

Algebraic equations 

Numeric PINNs
(Finite difference)

Difficulty

(derivatives) 
<latexit sha1_base64="EvH0aifGLTmsz9F6w5C2g2dWgE0=">AAACDHicbZDLSsNAFIYn9VbrLV52bgaL4KokUlQEoejGZQV7gaaUyWTSDp1JwlzEGvIKPoNbXbsTt76DS9/EaZuFbf3hwM9/zuEcPj9hVCrH+bYKS8srq2vF9dLG5tb2jr2715SxFpg0cMxi0faRJIxGpKGoYqSdCIK4z0jLH96M+60HIiSNo3s1SkiXo35EQ4qRMlHPPvBCgXAa6CwNHjPoXcIrqHt22ak4E8FF4+amDHLVe/aPF8RYcxIpzJCUHddJVDdFQlHMSFbytCQJwkPUJx1jI8SJ7KaT7zN4bJIAhrEwFSk4Sf9upIhLOeK+meRIDeR8bxz+1+toFV50UxolWpEITw+FmkEVwzEKGFBBsGIjYxAW1PwK8QAZHMoAm7ni88wwcecJLJrmacU9q1TvquXadU6nCA7BETgBLjgHNXAL6qABMHgCL+AVvFnP1rv1YX1ORwtWvrMPZmR9/QLJQ5tX</latexit>

du

dx
= u



<latexit sha1_base64="qJhPn8uISon9/M0Z1Hl7f2A43Kc=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoY5mA+YDkCHubvWTJ7t6xuyceR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO+nfvuJKs0i+WjSmPoCDyULGcHGSo3nfrniVt0Z0CrxclKBHPV++ac3iEgiqDSEY627nhsbP8PKMMLppNRLNI0xGeMh7VoqsaDaz2aHTtCZVQYojJQtadBM/TuRYaF1KgLbKbAZ6WVvKv7ndRMT3voZk3FiqCTzRWHCkYnQ9Gs0YIoSw1NLMFHM3orICCtMjM1mYUsgJjYTbzmBVdK6qHrX1cvGVaV2l6dThBM4hXPw4AZq8AB1aAIBCi/wCm9O6rw7H87nvLXg5DPHsADn6xeN5ZOa</latexit>x

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="VIdJAxzApb+M/II3DSFoF2YU1K4=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKDb9frnhVbw53nfg5qUCOer/80xvENBUoDeVE667vJSbIiDKMcpyWeqnGhNAxGWLXUkkE6iCbHzp1L6wycKNY2ZLGnat/JzIitJ6I0HYKYkZ61ZuJ/3nd1ER3QcZkkhqUdLEoSrlrYnf2tTtgCqnhE0sIVcze6tIRUYQam83SllBMbSb+agLrpHVV9W+q143rSu0+T6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLx5yk1Q=</latexit>

1
<latexit sha1_base64="m8IRDsZo6ViP8w03ecZJrKzrUEI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5CUMugjWUC5gOSI+xt5pIlu3vH7p5wHPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRFFo04hHqhcQDZxJaBtmOPRiBUQEHLrB9GHud59BaRbJJ5PG4AsylixklBgrtWrDcsWtugvgTeLlpIJyNIfln8EoookAaSgnWvc9NzZ+RpRhlMOsNEg0xIROyRj6lkoiQPvZ4tAZvrLKCIeRsiUNXqh/JzIitE5FYDsFMRO97s3F/7x+YsI7P2MyTgxIulwUJhybCM+/xiOmgBqeWkKoYvZWTCdEEWpsNitbAjGzmXjrCWySTq3q3VTrrXqlcZ+nU0QX6BJdIw/dogZ6RE3URhQBekGv6M1JnXfnw/lcthacfOYcrcD5+gUgBZNV</latexit>

2

<latexit sha1_base64="tsFWGNfdgYslu84SpOFsZYedG+k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKDdkvV7yqN4e7TvycVCBHvV/+6Q1imgqUhnKiddf3EhNkRBlGOU5LvVRjQuiYDLFrqSQCdZDND526F1YZuFGsbEnjztW/ExkRWk9EaDsFMSO96s3E/7xuaqK7IGMySQ1KulgUpdw1sTv72h0whdTwiSWEKmZvdemIKEKNzWZpSyimNhN/NYF10rqq+jfV68Z1pXafp1OEMziHS/DhFmrwCHVoAgWEF3iFN2fivDsfzueiteDkM6ewBOfrF355k5E=</latexit>n

<latexit sha1_base64="TU2u/JFnpmhlyvQzeb6WmFTJTPU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjbRfrnhVbw53nfg5qUCOer/80xvENBUoDeVE667vJSbIiDKMcpyWeqnGhNAxGWLXUkkE6iCbHzp1L6wycKNY2ZLGnat/JzIitJ6I0HYKYkZ61ZuJ/3nd1ER3QcZkkhqUdLEoSrlrYnf2tTtgCqnhE0sIVcze6tIRUYQam83SllBMbSb+agLrpHVV9W+q143rSu0+T6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XL4l+k5g=</latexit>u

<latexit sha1_base64="vZD5owKcs6CJGS7ijzK5srw58l0=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqFgFbCwjmg9IjrC32UuW7O4du3tKOPITbLW2E1t/jaX/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWOnhue/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zU6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia89lMm48RQSeaLwoQjE6HZ32jAFCWGTyzBRDF7KyIjrDAxNp2FLYGY2ky85QRWSeui6l1Wa/e1Sv0mT6cIJ3AK5+DBFdThDhrQBAJDeIFXeHNS5935cD7nrQUnnzmGBThfv7gwlDY=</latexit>w1
<latexit sha1_base64="jR+TmuTSuuEaKu41iH39I5tr/jI=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiGIVsLGMaD4gOcLeZi9Zsrt37O4p4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/UaVZJB/NJKa+wEPJQkawsdLDc7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzUKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSE137KZJwYKsliUZhwZCI0+xsNmKLE8IklmChmb0VkhBUmxqaztCUQU5uJt5rAOmlVyl6tXL2vluo3WTp5OINzuAQPrqAOd9CAJhAYwgu8wpuTOu/Oh/O5aM052cwpLMH5+gW5w5Q3</latexit>w2

<latexit sha1_base64="VhK6qWCyvkUR+NRr1R29ge6yNoc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqFgFbCwjmg9IjrC32UuW7O4du3tKOPITbLW2E1t/jaX/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWOnhuS/75YpbdTOgVeLlpAI5Gv3yT28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfZqdO0ZlVBiiMlC1pUKb+nUix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJPNFYcKRidDsbzRgihLDJ5Zgopi9FZERVpgYm87ClkBMbSbecgKrpHVR9S6rtftapX6Tp1OEEziFc/DgCupwBw1oAoEhvMArvDmp8+58OJ/z1oKTzxzDApyvXxhGlHM=</latexit>wn

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>� <latexit sha1_base64="ex0+nWpzR/9vOnQY76zcM2DDJqw=">AAACC3icbZC7SgNBFIbPxluMt9WUNoNBiE3YlaA2QtDGMoK5QBLC7GQ2GTIzu8zMiiHkEXwGW63txNaHsPRNnCRbmMQfDnz85xzO4Q9izrTxvG8ns7a+sbmV3c7t7O7tH7iHR3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2guHttN94pEqzSD6YUUw7AvclCxnBxlpdN9/WrC9w8ekMXSPL0lLXLXglbya0Cn4KBUhV7bo/7V5EEkGlIRxr3fK92HTGWBlGOJ3k2ommMSZD3KctixILqjvj2fMTdGqdHgojZUsaNHP/boyx0HokAjspsBno5d7U/K/XSkx41RkzGSeGSjI/FCYcmQhNk0A9pigxfGQBE8Xsr4gMsMLE2LwWrgRiYjPxlxNYhfp5yb8ole/LhcpNmk4WjuEEiuDDJVTgDqpQAwIjeIFXeHOenXfnw/mcj2acdCcPC3K+fgHIEZoq</latexit>

�(x) = sin(x)

Fourier series: 1-hidden layer network

Physics-informed neural networks 28

Elementary base function:  sin(x)

<latexit sha1_base64="/byt3cUI7XY5JQAj0HoTTN/tnoQ="></latexit>

u(x) =
NX

n=0

wn sin

✓
2⇡

L
nx+ bn

◆

<latexit sha1_base64="mt4C9OGazGuyDIej1hSYxT94t+M="></latexit>

du

dx
(x) =

NX

n=0

2⇡

L
nwn cos

✓
2⇡

L
nx+ bn

◆

Explicit expression for its exact derivative 

Evaluate the derivative 
(no truncation error)

<latexit sha1_base64="aeW6DEpSLUZEljHJzauF9S40paU=">AAACMHicbVDLSsNAFJ34rPUVdelmsAh10ZJI0S6LblxWsA9oSplMJu3QySTMQ1pCfsWP8Bvc6lpX0q1f4fSxsK0HBg7nnMu9c/yEUakc58va2Nza3tnN7eX3Dw6Pju2T06aMtcCkgWMWi7aPJGGUk4aiipF2IgiKfEZa/vB+6reeiZA05k9qnJBuhPqchhQjZaSeXfVCgXAa6OKol/KSm11laTDKoIeSRMQjOLe18TJYgnqeydJB1rMLTtmZAa4Td0EKYIF6z554QYx1RLjCDEnZcZ1EdVMkFMWMZHlPS5IgPER90jGUo4jIbjr7YQYvjRLAMBbmcQVn6t+JFEVSjiPfJCOkBnLVm4r/eR2twmo3pTzRinA8XxRqBlUMp3XBgAqCFRsbgrCg5laIB8h0okypS1v8aNqJu9rAOmlel92bcuWxUqjdLdrJgXNwAYrABbegBh5AHTQABi/gDbyDD+vV+rS+rck8umEtZs7AEqyfXyJEqsg=</latexit>

du(xn�1)

dx
⇡ un � un�1

h

Truncation error
Output:  a continuous function



Fourier series:

<latexit sha1_base64="qJhPn8uISon9/M0Z1Hl7f2A43Kc=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoY5mA+YDkCHubvWTJ7t6xuyceR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO+nfvuJKs0i+WjSmPoCDyULGcHGSo3nfrniVt0Z0CrxclKBHPV++ac3iEgiqDSEY627nhsbP8PKMMLppNRLNI0xGeMh7VoqsaDaz2aHTtCZVQYojJQtadBM/TuRYaF1KgLbKbAZ6WVvKv7ndRMT3voZk3FiqCTzRWHCkYnQ9Gs0YIoSw1NLMFHM3orICCtMjM1mYUsgJjYTbzmBVdK6qHrX1cvGVaV2l6dThBM4hXPw4AZq8AB1aAIBCi/wCm9O6rw7H87nvLXg5DPHsADn6xeN5ZOa</latexit>x

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="VIdJAxzApb+M/II3DSFoF2YU1K4=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKDb9frnhVbw53nfg5qUCOer/80xvENBUoDeVE667vJSbIiDKMcpyWeqnGhNAxGWLXUkkE6iCbHzp1L6wycKNY2ZLGnat/JzIitJ6I0HYKYkZ61ZuJ/3nd1ER3QcZkkhqUdLEoSrlrYnf2tTtgCqnhE0sIVcze6tIRUYQam83SllBMbSb+agLrpHVV9W+q143rSu0+T6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XLx5yk1Q=</latexit>

1
<latexit sha1_base64="m8IRDsZo6ViP8w03ecZJrKzrUEI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5CUMugjWUC5gOSI+xt5pIlu3vH7p5wHPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRFFo04hHqhcQDZxJaBtmOPRiBUQEHLrB9GHud59BaRbJJ5PG4AsylixklBgrtWrDcsWtugvgTeLlpIJyNIfln8EoookAaSgnWvc9NzZ+RpRhlMOsNEg0xIROyRj6lkoiQPvZ4tAZvrLKCIeRsiUNXqh/JzIitE5FYDsFMRO97s3F/7x+YsI7P2MyTgxIulwUJhybCM+/xiOmgBqeWkKoYvZWTCdEEWpsNitbAjGzmXjrCWySTq3q3VTrrXqlcZ+nU0QX6BJdIw/dogZ6RE3URhQBekGv6M1JnXfnw/lcthacfOYcrcD5+gUgBZNV</latexit>

2

<latexit sha1_base64="tsFWGNfdgYslu84SpOFsZYedG+k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKDdkvV7yqN4e7TvycVCBHvV/+6Q1imgqUhnKiddf3EhNkRBlGOU5LvVRjQuiYDLFrqSQCdZDND526F1YZuFGsbEnjztW/ExkRWk9EaDsFMSO96s3E/7xuaqK7IGMySQ1KulgUpdw1sTv72h0whdTwiSWEKmZvdemIKEKNzWZpSyimNhN/NYF10rqq+jfV68Z1pXafp1OEMziHS/DhFmrwCHVoAgWEF3iFN2fivDsfzueiteDkM6ewBOfrF355k5E=</latexit>n

<latexit sha1_base64="TU2u/JFnpmhlyvQzeb6WmFTJTPU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubuWTJ7t6xuyeEI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftHScKopNGvNYdUKikTOJTcMMx06ikIiQYzscP8z89jMqzWL5ZCYJBoIMJYsYJcZKjbRfrnhVbw53nfg5qUCOer/80xvENBUoDeVE667vJSbIiDKMcpyWeqnGhNAxGWLXUkkE6iCbHzp1L6wycKNY2ZLGnat/JzIitJ6I0HYKYkZ61ZuJ/3nd1ER3QcZkkhqUdLEoSrlrYnf2tTtgCqnhE0sIVcze6tIRUYQam83SllBMbSb+agLrpHVV9W+q143rSu0+T6cIZ3AOl+DDLdTgEerQBAoIL/AKb87EeXc+nM9Fa8HJZ05hCc7XL4l+k5g=</latexit>u

<latexit sha1_base64="vZD5owKcs6CJGS7ijzK5srw58l0=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqFgFbCwjmg9IjrC32UuW7O4du3tKOPITbLW2E1t/jaX/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWOnhue/1yxW36mZAq8TLSQVyNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zU6dojOrDFAYKVvSoEz9O5FiofVEBLZTYDPSy95M/M/rJia89lMm48RQSeaLwoQjE6HZ32jAFCWGTyzBRDF7KyIjrDAxNp2FLYGY2ky85QRWSeui6l1Wa/e1Sv0mT6cIJ3AK5+DBFdThDhrQBAJDeIFXeHNS5935cD7nrQUnnzmGBThfv7gwlDY=</latexit>w1
<latexit sha1_base64="jR+TmuTSuuEaKu41iH39I5tr/jI=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiGIVsLGMaD4gOcLeZi9Zsrt37O4p4chPsNXaTmz9NZb+EzfJFSbxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HtzG8/UaVZJB/NJKa+wEPJQkawsdLDc7/SL5bcsjsHWideRkqQodEv/vQGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzUKbqwygCFkbIlDZqrfydSLLSeiMB2CmxGetWbif953cSE137KZJwYKsliUZhwZCI0+xsNmKLE8IklmChmb0VkhBUmxqaztCUQU5uJt5rAOmlVyl6tXL2vluo3WTp5OINzuAQPrqAOd9CAJhAYwgu8wpuTOu/Oh/O5aM052cwpLMH5+gW5w5Q3</latexit>w2

<latexit sha1_base64="VhK6qWCyvkUR+NRr1R29ge6yNoc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqFgFbCwjmg9IjrC32UuW7O4du3tKOPITbLW2E1t/jaX/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWOnhuS/75YpbdTOgVeLlpAI5Gv3yT28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfZqdO0ZlVBiiMlC1pUKb+nUix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJPNFYcKRidDsbzRgihLDJ5Zgopi9FZERVpgYm87ClkBMbSbecgKrpHVR9S6rtftapX6Tp1OEEziFc/DgCupwBw1oAoEhvMArvDmp8+58OJ/z1oKTzxzDApyvXxhGlHM=</latexit>wn

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>� <latexit sha1_base64="ex0+nWpzR/9vOnQY76zcM2DDJqw=">AAACC3icbZC7SgNBFIbPxluMt9WUNoNBiE3YlaA2QtDGMoK5QBLC7GQ2GTIzu8zMiiHkEXwGW63txNaHsPRNnCRbmMQfDnz85xzO4Q9izrTxvG8ns7a+sbmV3c7t7O7tH7iHR3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2guHttN94pEqzSD6YUUw7AvclCxnBxlpdN9/WrC9w8ekMXSPL0lLXLXglbya0Cn4KBUhV7bo/7V5EEkGlIRxr3fK92HTGWBlGOJ3k2ommMSZD3KctixILqjvj2fMTdGqdHgojZUsaNHP/boyx0HokAjspsBno5d7U/K/XSkx41RkzGSeGSjI/FCYcmQhNk0A9pigxfGQBE8Xsr4gMsMLE2LwWrgRiYjPxlxNYhfp5yb8ole/LhcpNmk4WjuEEiuDDJVTgDqpQAwIjeIFXeHOenXfnw/mcj2acdCcPC3K+fgHIEZoq</latexit>

�(x) = sin(x)

Multi-layer Neural network

<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u
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<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�
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<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="EukG7Fq/okaSswshTShVZuQQMhA=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzMwuM7OSsOQLBE/6J97Eq//gj3h2kuzBJBY0FFXddHcFMWfauO63k9vY3Nreye8W9vYPDo+KxydNHSWKQoNGPFLtgGjgTELDMMOhHSsgIuDQCkb3M7/1BEqzSD6aSQy+IAPJQkaJsVJ93CuW3LI7B14nXkZKKEOtV/zp9iOaCJCGcqJ1x3Nj46dEGUY5TAvdRENM6IgMoGOpJAK0n84PneILq/RxGClb0uC5+nciJULriQhspyBmqFe9mfif10lMeOunTMaJAUkXi8KEYxPh2de4zxRQwyeWEKqYvRXTIVGEGpvN0pZALP2QjhenF2xQ3mos66R5Vfauy5V6pVS9yyLLozN0ji6Rh25QFT2gGmogigA9o1f05rw4786H87lozTnZzClagvP1C73NnDE=</latexit>x

1-hidden layer network

<latexit sha1_base64="bfW//YbV7Eha0Iytwe3H7OcH1aI=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY5mA+YDkCHubuWTJ3t6xuyccIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwfpj57WdUmsfyyWQJ+hEdSh5yRo2VGlm/XHGr7hxknXg5qUCOer/80xvELI1QGiao1l3PTYw/ocpwJnBa6qUaE8rGdIhdSyWNUPuT+aFTcmGVAQljZUsaMlf/TkxopHUWBbYzomakV72Z+J/XTU1450+4TFKDki0WhakgJiazr8mAK2RGZJZQpri9lbARVZQZm83SliCa2ky81QTWSeuq6t1U3cZ1pXafp1OEMziHS/DgFmrwCHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C46Ck5g=</latexit>y<latexit sha1_base64="qJhPn8uISon9/M0Z1Hl7f2A43Kc=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoY5mA+YDkCHubvWTJ7t6xuyceR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO+nfvuJKs0i+WjSmPoCDyULGcHGSo3nfrniVt0Z0CrxclKBHPV++ac3iEgiqDSEY627nhsbP8PKMMLppNRLNI0xGeMh7VoqsaDaz2aHTtCZVQYojJQtadBM/TuRYaF1KgLbKbAZ6WVvKv7ndRMT3voZk3FiqCTzRWHCkYnQ9Gs0YIoSw1NLMFHM3orICCtMjM1mYUsgJjYTbzmBVdK6qHrX1cvGVaV2l6dThBM4hXPw4AZq8AB1aAIBCi/wCm9O6rw7H87nvLXg5DPHsADn6xeN5ZOa</latexit>x
<latexit sha1_base64="4WGFPKQ4rKjZEktf7nxFTLpIgO8=">AAAB+XicbVA9TwJBEJ3DL8Qv1NJmIzGxIndq1JJoY4nRAxK4kL1lDzbs7l129zTkwk+w1drO2PprLP0nLnCFgC+Z5OW9mczMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPGjpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8HbiN5+o0iyWj2aU0EDgvmQRI9hY6eG563XLFbfqToGWiZeTCuSod8s/nV5MUkGlIRxr3fbcxAQZVoYRTselTqppgskQ92nbUokF1UE2PXWMTqzSQ1GsbEmDpurfiQwLrUcitJ0Cm4Fe9Cbif147NdF1kDGZpIZKMlsUpRyZGE3+Rj2mKDF8ZAkmitlbERlghYmx6cxtCcXYZuItJrBMGmdV77J6fn9Rqd3k6RThCI7hFDy4ghrcQR18INCHF3iFNydz3p0P53PWWnDymUOYg/P1C7pGlD0=</latexit>w1

<latexit sha1_base64="XlbHZlexvPK4RqYBZdqIW4MgAjc=">AAAB+XicbVA9TwJBEJ3DL8Qv1NJmIzGxIndI1JJoY4lRPhK4kL1lDzbs7l129zTkwk+w1drO2PprLP0nLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9up33qiSrNIPppxTH2BB5KFjGBjpYfnXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/ZTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmNhNvOYFV0qyUvcvyxX21VLvJ0snDCZzCOXhwBTW4gzo0gMAAXuAV3pzUeXc+nM95a87JZo5hAc7XL7vZlD4=</latexit>w2
<latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>� <latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>� <latexit sha1_base64="pxfxDHyFH9dhqJWvU0DTJAAOxQg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKC+YDkCHubvWTN7t6xuyeEI/4GW63txNb/Yuk/cXO5wiQ+GHi8N8PMvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML6d+e0nqjSL5IOZxNQXeChZyAg2Vmr1NBsK3C9X3KqbAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q6lEguq/TS7dorOrDJAYaRsSYMy9e9EioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyWZLwoTjkyEZq+jAVOUGD6xBBPF7K2IjLDCxNiAFrYEYmoz8ZYTWCWti6p3Wa3d1yr1mzydIpzAKZyDB1dQhztoQBMIPMILvMKb8+y8Ox/O57y14OQzx7AA5+sXYgOVwg==</latexit>�

<latexit sha1_base64="SI+XOGNkquEzdUMQDix0QJ6pOuo=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKi+YDkCHubvWTJ7t6xu6eEIz/BVms7sfXXWPpP3FyuMIkPBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9nfvuJKs0i+WgmMfUFHkoWMoKNlR6e+7JfrrhVNwNaJV5OKpCj0S//9AYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpduoUnVllgMJI2ZIGZerfiRQLrScisJ0Cm5Fe9mbif143MeG1nzIZJ4ZKMl8UJhyZCM3+RgOmKDF8YgkmitlbERlhhYmx6SxsCcTUZuItJ7BKWhdV77Jau69V6jd5OkU4gVM4Bw+uoA530IAmEBjCC7zCm5M6786H8zlvLTj5zDEswPn6BRqulHs=</latexit>wn

<latexit sha1_base64="Zzrh02RU03IFW+70nJZBtSFV6Kw=">AAACB3icbVDLSsNAFJ34rPXRqEs3g0VwY0mkqBuh6MZlBfuANoTJdNIOnZmEmYkSQj/Ab3Cra3fi1s9w6Z84abOwrQcuHM65l3M5Qcyo0o7zba2srq1vbJa2yts7u3sVe/+graJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvs39ziORikbiQacx8TgaChpSjLSRfLuSwmv45AuI/EycuRPfrjo1Zwq4TNyCVEGBpm//9AcRTjgRGjOkVM91Yu1lSGqKGZmU+4kiMcJjNCQ9QwXiRHnZ9PEJPDHKAIaRNCM0nKp/LzLElUp5YDY50iO16OXif14v0eGVl1ERJ5oIPAsKEwZ1BPMW4IBKgjVLDUFYUvMrxCMkEdamq7mUgOeduIsNLJP2ec29qNXv69XGTdFOCRyBY3AKXHAJGuAONEELYJCAF/AK3qxn6936sD5nqytWcXMI5mB9/QIbjpi+</latexit>y = wnan�1
<latexit sha1_base64="b2Gh2wT0YvYVZYdkAP5CDkye8y8=">AAACFHicbVC7SgNBFJ2NrxhfUUstBoMQm7AbgtoIQRvLCOYB2WW5O5kkQ2Z2l5lZJSxp/Ai/wVZrO7G1t/RPnDwKk3jgwuGce7n3niDmTGnb/rYyK6tr6xvZzdzW9s7uXn7/oKGiRBJaJxGPZCsARTkLaV0zzWkrlhREwGkzGNyM/eYDlYpF4b0extQT0AtZlxHQRvLzx+CX8RV2FesJKD76ZZd0Io3BT53RmZ8v2CV7ArxMnBkpoBlqfv7H7UQkETTUhINSbceOtZeC1IxwOsq5iaIxkAH0aNvQEARVXjr5YoRPjdLB3UiaCjWeqH8nUhBKDUVgOgXovlr0xuJ/XjvR3UsvZWGcaBqS6aJuwrGO8DgS3GGSEs2HhgCRzNyKSR8kEG2Cm9sSiJHJxFlMYJk0yiXnvFS5qxSq17N0sugInaAictAFqqJbVEN1RNATekGv6M16tt6tD+tz2pqxZjOHaA7W1y9FPJ2m</latexit>

a2 = �(w2 · a1)
<latexit sha1_base64="2/x0QoF4GzVJ6TvBMTGp/j+qy9A=">AAACEHicbVDLSsNAFJ3UV62vqBvBzWAR6qYkUtSNUHTjsoJ9QBPCZDJph84kYWaillA/wm9wq2t34tY/cOmfOG2zsK0HLhzOuZd77/ETRqWyrG+jsLS8srpWXC9tbG5t75i7ey0ZpwKTJo5ZLDo+koTRiDQVVYx0EkEQ9xlp+4Prsd++J0LSOLpTw4S4HPUiGlKMlJY88wB5NryEjqQ9jioPnu3gIFbw8cQzy1bVmgAuEjsnZZCj4Zk/ThDjlJNIYYak7NpWotwMCUUxI6OSk0qSIDxAPdLVNEKcSDebfDCCx1oJYBgLXZGCE/XvRIa4lEPu606OVF/Oe2PxP6+bqvDCzWiUpIpEeLooTBlUMRzHAQMqCFZsqAnCgupbIe4jgbDSoc1s8flIZ2LPJ7BIWqdV+6xau62V61d5OkVwCI5ABdjgHNTBDWiAJsDgCbyAV/BmPBvvxofxOW0tGPnMPpiB8fULRdycCw==</latexit>

a1 = �(w1 · x)
<latexit sha1_base64="ub7FOgUEjnMA8m/eZlt8XHPdVR4=">AAACHnicbVDLSgMxFM3UV62vUZdugkWpC8tMKepGKLpxWcE+oB2GTJq2oUlmSDJKGeYP/Ai/wa2u3YlbXfonpu0sbPXAhcM593LvPUHEqNKO82XllpZXVtfy64WNza3tHXt3r6nCWGLSwCELZTtAijAqSENTzUg7kgTxgJFWMLqe+K17IhUNxZ0eR8TjaCBon2KkjeTbx8hPxKmbwkvYVXTAUelhJnRxL9Rw6lbSE98uOmVnCviXuBkpggx13/7u9kIccyI0ZkipjutE2kuQ1BQzkha6sSIRwiM0IB1DBeJEecn0nxQeGaUH+6E0JTScqr8nEsSVGvPAdHKkh2rRm4j/eZ1Y9y+8hIoo1kTg2aJ+zKAO4SQc2KOSYM3GhiAsqbkV4iGSCGsT4dyWgKcmE3cxgb+kWSm7Z+XqbbVYu8rSyYMDcAhKwAXnoAZuQB00AAaP4Bm8gFfryXqz3q2PWWvOymb2wRyszx8ZzaHK</latexit>

an�1 = �(wn�1 · an�2)

<latexit sha1_base64="PWBV8ZczEU8DUBn60Gj4FCiseC4="></latexit>

dy

dx
=

dy

dan�1
· dan�1

dan�2
...

da2
da1

· da1
dx

Chain rule
each derivative is known exactly

Automatic differentiation
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<latexit sha1_base64="dITOhMhPMzs9Qy0KR9nEmqkd/wA=">AAACLXicbVDLSgMxFM3UV62vqks3wVaomzJTRMVV0Y3LCvYB7VAyaaYNTTJDkiktQ7d+jeBK/8SFIG79A9emnVnY1gMXDufcy733eCGjStv2h5VZW9/Y3Mpu53Z29/YP8odHDRVEEpM6DlggWx5ShFFB6ppqRlqhJIh7jDS94d3Mb46IVDQQj3oSEpejvqA+xUgbqZuHxY6ifY5K4/PiDURY09HcgX4kcNJSsMv2HHCVOCkpgBS1bv6n0wtwxInQmCGl2o4dajdGUlPMyDTXiRQJER6iPmkbKhAnyo3nn0zhmVF60A+kKaHhXP07ESOu1IR7ppMjPVDL3kz8z2tH2r92YyrCSBOBk0V+xKAO4CwW2KOSYM0mhiAsqbkV4gGSJhAT3sIWjy/8EI+T03MmKGc5llXSqJSdy/LFQ6VQvU0jy4ITcApKwAFXoAruQQ3UAQZP4Bm8gjfrxXq3Pq2vpDVjpTPHYAHW9y/EM6iu</latexit>

�(x): activation function

<latexit sha1_base64="s2f9qKh6j1uy0/ZD2fR4THIyKaU="></latexit>

u(x) =
X

j=1

w(n)
lk �

 
... �

 
X

i=1

w(1)
ji �

⇣
w(0)

i x+ b(0)i

⌘
+ b(1)j

!
...

!
+ b(n)l

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases

<latexit sha1_base64="/byt3cUI7XY5JQAj0HoTTN/tnoQ="></latexit>

u(x) =
NX

n=0

wn sin

✓
2⇡

L
nx+ bn

◆
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<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�
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h

Truncation error
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PINNs Numerical

Automatic differentiation Finite difference

No truncation error Has truncation error

Continuous function Discretized points

Trapped in local minimal Fast convergence rate

Higher computational cost Computational efficient

Classical numerical scheme

<latexit sha1_base64="aeW6DEpSLUZEljHJzauF9S40paU=">AAACMHicbVDLSsNAFJ34rPUVdelmsAh10ZJI0S6LblxWsA9oSplMJu3QySTMQ1pCfsWP8Bvc6lpX0q1f4fSxsK0HBg7nnMu9c/yEUakc58va2Nza3tnN7eX3Dw6Pju2T06aMtcCkgWMWi7aPJGGUk4aiipF2IgiKfEZa/vB+6reeiZA05k9qnJBuhPqchhQjZaSeXfVCgXAa6OKol/KSm11laTDKoIeSRMQjOLe18TJYgnqeydJB1rMLTtmZAa4Td0EKYIF6z554QYx1RLjCDEnZcZ1EdVMkFMWMZHlPS5IgPER90jGUo4jIbjr7YQYvjRLAMBbmcQVn6t+JFEVSjiPfJCOkBnLVm4r/eR2twmo3pTzRinA8XxRqBlUMp3XBgAqCFRsbgrCg5laIB8h0okypS1v8aNqJu9rAOmlel92bcuWxUqjdLdrJgXNwAYrABbegBh5AHTQABi/gDbyDD+vV+rS+rck8umEtZs7AEqyfXyJEqsg=</latexit>

du(xn�1)

dx
⇡ un � un�1

h

Truncation error

Comparison between two methods 31

<latexit sha1_base64="fooC5ylxkBrJ3TSJCjNSYPk+L/8=">AAACCXicbVC7TsMwFHXKq5RXCiOLRYVUlipBFTBWsLBRJPqQ2qhyXKe1ajuR7YCqKF/AN7DCzIZY+QpG/gSnzUBbjmTp6Jx7fY+OHzGqtON8W4W19Y3NreJ2aWd3b//ALh+2VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEnN5nfeSRS0VA86GlEPI5GggYUI22kgV2+q/Y50mPJk7H5Mz2DA7vi1JwZ4Cpxc1IBOZoD+6c/DHHMidCYIaV6rhNpL0FSU8xIWurHikQIT9CI9AwViBPlJbPoKTw1yhAGoTRPaDhT/24kiCs15b6ZzGKqZS8T//N6sQ6uvISKKNZE4PmhIGZQhzDrAQ6pJFizqSEIS2qyQjxGEmFt2lq44vPUdOIuN7BK2uc196JWv69XGtd5O0VwDE5AFbjgEjTALWiCFsDgCbyAV/BmPVvv1of1OR8tWPnOEViA9fUL0EiaTw==</latexit>

O(hour)
<latexit sha1_base64="BtUrDVhiRMlV2oGXHUV72CEUOfY=">AAACCnicbVDLTgJBEJzFF+IL8ehlIjHBC9k1RD0SvXgTE0ES2JDZoRcmzD4y02sgG/7Ab/CqZ2/Gqz/h0T9xeBwErKSTSlV3qlNeLIVG2/62MmvrG5tb2e3czu7e/kH+sNDQUaI41HkkI9X0mAYpQqijQAnNWAELPAmP3uBm4j8+gdIiCh9wFIMbsF4ofMEZGqmTL9yVHPuMthGGmFINfEw7+aJdtqegq8SZkyKZo9bJ/7S7EU8CCJFLpnXLsWN0U6ZQcAnjXDvREDM+YD1oGRqyALSbTn8f01OjdKkfKTMh0qn69yJlgdajwDObAcO+XvYm4n9eK0H/yk1FGCcIIZ8F+YmkGNFJEbQrFHCUI0MYV8L8SnmfKcbR1LWQ4gVj04mz3MAqaZyXnYty5b5SrF7P28mSY3JCSsQhl6RKbkmN1AknQ/JCXsmb9Wy9Wx/W52w1Y81vjsgCrK9f6IGZsw==</latexit>

O(10) secFor a linear PDE

<latexit sha1_base64="3kmUMqdxMMfUdTo1b54T/ASXOhE=">AAACB3icbVDLSsNAFL3xWeujUZdugkWom5JIUZdFN+6sYB/QhjKZTtqhM5MwMxFK6Af4DW517U7c+hku/RMnbRa29cCFwzn3cg8niBlV2nW/rbX1jc2t7cJOcXdv/6BkHx61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g7Gt5nffiJS0Ug86klMfI6GgoYUI22kvl26r/Q40iPJU07F9Lxvl92qO4OzSryclCFHo2//9AYRTjgRGjOkVNdzY+2nSGqKGZkWe4kiMcJjNCRdQwXiRPnpLPjUOTPKwAkjaUZoZ6b+vUgRV2rCA7OZhVTLXib+53UTHV77KRVxoonA80dhwhwdOVkLzoBKgjWbGIKwpCarg0dIIqxNVwtfAj41nXjLDayS1kXVu6zWHmrl+k3eTgFO4BQq4MEV1OEOGtAEDAm8wCu8Wc/Wu/Vhfc5X16z85hgWYH39AocfmaE=</latexit>

O(min)
<latexit sha1_base64="haMYU0ZHvt4/rdHHPftbhpyBiNo=">AAACC3icbVDLSgNBEJyNrxhf0Ry9DAYhXsKuBPUY9OLNCOYByRJmJ51kyOyDmV5xWfIJfoNXPXsTr36ER//EyeNgEgsaiqpuqikvkkKjbX9bmbX1jc2t7HZuZ3dv/yB/eNTQYaw41HkoQ9XymAYpAqijQAmtSAHzPQlNb3Qz8ZuPoLQIgwdMInB9NghEX3CGRurmC3clu+yc0Q7CE6ZUAx/Tbr5ol+0p6Cpx5qRI5qh18z+dXshjHwLkkmndduwI3ZQpFFzCONeJNUSMj9gA2oYGzAftptPnx/TUKD3aD5WZAOlU/XuRMl/rxPfMps9wqJe9ifif146xf+WmIohihIDPgvqxpBjSSRO0JxRwlIkhjCthfqV8yBTjaPpaSPH8senEWW5glTTOy85FuXJfKVav5+1kyTE5ISXikEtSJbekRuqEk4S8kFfyZj1b79aH9TlbzVjzmwJZgPX1C1mGmes=</latexit>

O(0.1) secFor a linear ODE



<latexit sha1_base64="0vk/QrFOHD7ztAcoSt/9qxeF+VE=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5iddJIhs7PLzKwYlnyB4En/xJt49R/8Ec9Okj2YxIKGoqqb7q4gFlwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g9Hd1G8+otI8kg9mHKMf0oHkfc6osVIt6RZLbtmdgawSLyMlyFDtFn86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n84OnZAzq/RIP1K2pCEz9e9ESkOtx2FgO0NqhnrZm4r/ee3E9G/8lMs4MSjZfFE/EcREZPo16XGFzIixJZQpbm8lbEgVZcZms7AlCBd+SJ/mpxdsUN5yLKukcVH2rsqXtctS5TaLLA8ncArn4ME1VOAeqlAHBgjP8Apvzovz7nw4n/PWnJPNHMMCnK9fuNWcLg==</latexit>u

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�
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PINNs Numerical

Automatic differentiation Finite difference

No truncation error Has truncation error
Continuous function Discretized points

Trapped in local minimal Fast convergence rate

Higher computational cost Computational efficient

Newly-developed method Well-developed and documented

Classical numerical scheme
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du(xn�1)

dx
⇡ un � un�1

h

Truncation error

Comparison between two methods 32



Why is PINN able to find   
self-similar blow-up solutions?



Incompressible Euler equation 34

<latexit sha1_base64="W07RP8j3U2uGgUxFHTbdomFd5ak="></latexit>

The pair (u, p) solves the incompressible 3-D Euler equations if

<latexit sha1_base64="9nFyj3m8QHW0hn/i7TzrwVkEPMw="></latexit>

@tu+ (u ·r)u+rp = 0, div(u) = 0, and u(·, t) = u0
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for velocity u, pressure p and initial velocity u0.

Open Problem:

Does there exist smooth, finite energy initial data        leading to a singularity in finite time?<latexit sha1_base64="BWmrDh8+MG1jKFgAyutoYnjeKtw=">AAAB+XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Qe0S8mm2TY0yS5JVihLf4JXPXsTr/4aj/4T03YPtvXBwOO9GWbmhYngxnreNyqsrW9sbhW3Szu7e/sH5cOjpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6G7qt56ZNjxWT3acsECSgeIRp8Q66THteb1yxat6M+BV4uekAjnqvfJPtx/TVDJlqSDGdHwvsUFGtOVUsEmpmxqWEDoiA9ZxVBHJTJDNTp3gM6f0cRRrV8rimfp3IiPSmLEMXackdmiWvan4n9dJbXQTZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOgtbQjlxmfjLCayS5kXVv6pePlxWard5OkU4gVM4Bx+uoQb3UIcGUBjAC7zCG8rQO/pAn/PWAspnjmEB6OsXtduUOw==</latexit>u0
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Under axi-symmetry, the equations become

<latexit sha1_base64="XUvrSNLHdE1ZcQppUoeiRG23Cws="></latexit>

@rur +
ur

r
+ @x3u3 = 0 !✓ = @x3ur � @ru3

<latexit sha1_base64="ATMdtibYhYMMqQAMJjz0oZW6Smc="></latexit>

where (ur, u✓, u3) is the velocity in cylindrical coordinates and !✓ is the angular
component of the vorticity (curl of the velocity).

<latexit sha1_base64="sZQ1th8d/A34uP86nsMsnSkMyDA="></latexit>

(@t + ur@r + u3@x3)
⇣!✓

r

⌘
=

1

r4
@x3 (ru✓)

2

(@t + ur@r + u3@x3) (ru✓) = 0

X3

X3

X1

X2

Radial

Azimuthal

Axial

 

X
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<latexit sha1_base64="X6EhxRZ/bvRqhWWFgBY3/EcH+kw="></latexit>

Luo-Huo ’14 provided compelling numerical evidence for singularity formation in

this setting (growth by a factor of 3⇥10
8
). The numerics suggest an asymptotic

self-similar scaling at the time of singularity.
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<latexit sha1_base64="7rPtQXx7u9UahIgL/x/udyaDimI="></latexit>

y = (y1, y2) =
(x3, r � 1)

(1� t)1+�
, s = � log(1� t)

For self-similar coordinates

<latexit sha1_base64="z8zEDv8+dUcYwPzrEQmFp8UPDMM="></latexit>

(ur, u3) = (1� t)�U(y, s) = (1� t)�(U1(y, s), U2(y, s)),

!✓ = (1� t)�1⌦(y, s), @r (ru✓)
2 = (1� t)�2 (y, s),

@x3 (ru✓)
2 = (1� t)�2�(y, s)

Considering the Euler exterior to the cylindrical boundary
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<latexit sha1_base64="1stwjYObkyoCcAnGDR8lW+FrMQ4="></latexit>

(@s + 1)⌦+ ((1 + �)y +U) ·r⌦ = �+ E1
(@s + 2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(@s + 2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = E2

We obtain the self-similar equations

<latexit sha1_base64="7rPtQXx7u9UahIgL/x/udyaDimI="></latexit>

y = (y1, y2) =
(x3, r � 1)

(1� t)1+�
, s = � log(1� t)

For self-similar coordinates

<latexit sha1_base64="z8zEDv8+dUcYwPzrEQmFp8UPDMM="></latexit>

(ur, u3) = (1� t)�U(y, s) = (1� t)�(U1(y, s), U2(y, s)),

!✓ = (1� t)�1⌦(y, s), @r (ru✓)
2 = (1� t)�2 (y, s),

@x3 (ru✓)
2 = (1� t)�2�(y, s)

Considering the Euler exterior to the cylindrical boundary

<latexit sha1_base64="xxe6cw7RWq2ky6/BUgl0WODHmKg="></latexit>

Exist at least one �, equations have smooth and finite energy solutions
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<latexit sha1_base64="1stwjYObkyoCcAnGDR8lW+FrMQ4="></latexit>

(@s + 1)⌦+ ((1 + �)y +U) ·r⌦ = �+ E1
(@s + 2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(@s + 2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = E2
<latexit sha1_base64="CLemY7XjL59kk46T6Oc8NAlwK5Q=">AAACCHicbVC7SgNBFJ2NrxgfWbW0GQyCVdiVoJZBGwuLCOYByRJmJ7ObIfNYZmaVsOQH/AVb7e3E1r+w9UucJFuYxAMXDufcy7mcMGFUG8/7dgpr6xubW8Xt0s7u3n7ZPThsaZkqTJpYMqk6IdKEUUGahhpGOokiiIeMtMPRzdRvPxKlqRQPZpyQgKNY0IhiZKzUd8u9OyliReOhQUrJp75b8areDHCV+DmpgByNvvvTG0icciIMZkjrru8lJsiQMhQzMin1Uk0ShEcoJl1LBeJEB9ns8Qk8tcoARlLZEQbO1L8XGeJaj3loNzkyQ73sTcX/vG5qoqsgoyJJDRF4HhSlDBoJpy3AAVUEGza2BGFF7a8QD5FC2NiuFlJCPinZUvzlClZJ67zqX1Rr97VK/TqvpwiOwQk4Az64BHVwCxqgCTBIwQt4BW/Os/PufDif89WCk98cgQU4X7/P8pol</latexit>

=)

<latexit sha1_base64="13Cix8vANwqCi+ukd6bnHNxxNhE="></latexit>

E1 = �y2e
�(1+�)s (y2e

�(1+�)s + 2)(y22e
�2(1+�)s + 2y2e�(1+�)s + 2)

(1 + y2e�(1+�)s)4
�

E2 = �e�(1+�)s U2

1 + y2e�(1+�)s

<latexit sha1_base64="MTtajgRSjCP8SjQ1aSr/CphAyTk="></latexit>

So long as � > �1 then these errors act like decaying forcing.

<latexit sha1_base64="7rPtQXx7u9UahIgL/x/udyaDimI="></latexit>

y = (y1, y2) =
(x3, r � 1)

(1� t)1+�
, s = � log(1� t)where <latexit sha1_base64="m38rYPvZU+Xz0bVQIqea6hm4IWo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx4rWFtoQ9lsN+3SzSbsToQQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O6WV1bX1jfJmZWt7Z3evun/waOJUM95isYx1J6CGS6F4CwVK3kk0p1EgeTsY30799hPXRsTqAbOE+xEdKhEKRtFK7bOeUCFm/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2fnTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvu5UEmKXLH5ojCVBGMy/Z0MhOYMZWYJZVrYWwkbUU0Z2oQqNgRv8eVl8nhe9y7r3v1FrXFTxFGGIziGU/DgChpwB01oAYMxPMMrvDmJ8+K8Ox/z1pJTzBzCHzifPy5mj3k=</latexit>�1
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<latexit sha1_base64="1stwjYObkyoCcAnGDR8lW+FrMQ4="></latexit>

(@s + 1)⌦+ ((1 + �)y +U) ·r⌦ = �+ E1
(@s + 2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(@s + 2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = E2
<latexit sha1_base64="MaU+yylp9983TRIe+kT+PyPapII=">AAAB+HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGEJNb0IvHBMwDkiXMTmaTITO7y8ysEJd8gVe9exOv/o1Xv8TJQzCiBQ1FVTfdXX4suDYYfziZjc2t7Z3sbm5v/+DwKH980tZRoihr0UhEqusTzQQPWctwI1g3VoxIX7COP7mZ+517pjSPwjszjZknySjkAafEWKmJB/kCLmKLSgXNiVvFriW1WrVUqiF3YWFcgBUag/xnfxjRRLLQUEG07rk4Nl5KlOFUsFmun2gWEzohI9azNCSSaS9dHDpDF1YZoiBStkKDFurPiZRIrafSt52SmLH+7c3Fv7xeYoKql/IwTgwL6XJRkAhkIjT/Gg25YtSIqSWEKm5vRXRMFKHGZrO2xZeznA3l+3P0P2mXim6lWG6WC/XrVTxZOINzuAQXrqAOt9CAFlBg8AhP8Ow8OC/Oq/O2bM04q5lTWIPz/gUA95Og</latexit>

0
<latexit sha1_base64="CLemY7XjL59kk46T6Oc8NAlwK5Q=">AAACCHicbVC7SgNBFJ2NrxgfWbW0GQyCVdiVoJZBGwuLCOYByRJmJ7ObIfNYZmaVsOQH/AVb7e3E1r+w9UucJFuYxAMXDufcy7mcMGFUG8/7dgpr6xubW8Xt0s7u3n7ZPThsaZkqTJpYMqk6IdKEUUGahhpGOokiiIeMtMPRzdRvPxKlqRQPZpyQgKNY0IhiZKzUd8u9OyliReOhQUrJp75b8areDHCV+DmpgByNvvvTG0icciIMZkjrru8lJsiQMhQzMin1Uk0ShEcoJl1LBeJEB9ns8Qk8tcoARlLZEQbO1L8XGeJaj3loNzkyQ73sTcX/vG5qoqsgoyJJDRF4HhSlDBoJpy3AAVUEGza2BGFF7a8QD5FC2NiuFlJCPinZUvzlClZJ67zqX1Rr97VK/TqvpwiOwQk4Az64BHVwCxqgCTBIwQt4BW/Os/PufDif89WCk98cgQU4X7/P8pol</latexit>

=)

<latexit sha1_base64="13Cix8vANwqCi+ukd6bnHNxxNhE="></latexit>

E1 = �y2e
�(1+�)s (y2e

�(1+�)s + 2)(y22e
�2(1+�)s + 2y2e�(1+�)s + 2)

(1 + y2e�(1+�)s)4
�

E2 = �e�(1+�)s U2

1 + y2e�(1+�)s

<latexit sha1_base64="MTtajgRSjCP8SjQ1aSr/CphAyTk="></latexit>

So long as � > �1 then these errors act like decaying forcing.

<latexit sha1_base64="CLemY7XjL59kk46T6Oc8NAlwK5Q=">AAACCHicbVC7SgNBFJ2NrxgfWbW0GQyCVdiVoJZBGwuLCOYByRJmJ7ObIfNYZmaVsOQH/AVb7e3E1r+w9UucJFuYxAMXDufcy7mcMGFUG8/7dgpr6xubW8Xt0s7u3n7ZPThsaZkqTJpYMqk6IdKEUUGahhpGOokiiIeMtMPRzdRvPxKlqRQPZpyQgKNY0IhiZKzUd8u9OyliReOhQUrJp75b8areDHCV+DmpgByNvvvTG0icciIMZkjrru8lJsiQMhQzMin1Uk0ShEcoJl1LBeJEB9ns8Qk8tcoARlLZEQbO1L8XGeJaj3loNzkyQ73sTcX/vG5qoqsgoyJJDRF4HhSlDBoJpy3AAVUEGza2BGFF7a8QD5FC2NiuFlJCPinZUvzlClZJ67zqX1Rr97VK/TqvpwiOwQk4Az64BHVwCxqgCTBIwQt4BW/Os/PufDif89WCk98cgQU4X7/P8pol</latexit> =
)

Equal to the self-similar equations for the 2-D Bousinessq equations
<latexit sha1_base64="ug4AVIxHp5avZVA07KbfjOPo2jg="></latexit>

@tu+ u ·ru+rp = (0, ✓), div(u) = 0 and @t✓ + u ·r✓ = 0

<latexit sha1_base64="7rPtQXx7u9UahIgL/x/udyaDimI="></latexit>

y = (y1, y2) =
(x3, r � 1)

(1� t)1+�
, s = � log(1� t)where
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Symmetry of the solutions 

No-penetration condition 

Rescaling constraint

Finite energy

Steady self-similar equations for axisymmetric Euler with boundary (Bousinessq)

<latexit sha1_b ase64="GxKOk++5Cvow2hUiAty/7MMnKgw="></latexit>

⌦+ ((1 + �)y +U) ·r⌦ = �

(2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = 0

In addition, we impose
<latexit sha1_base64="AJ0WVXEt5F5XE+l/d+l/As6fRt0="></latexit>

1. U1,�,⌦ are odd in y1
<latexit sha1_base64="Z/bQ+TM1du2KGABR3wFtOwXmflc="></latexit>

2. U2, are even in y1.
<latexit sha1_base64="p4WePz+8j5RdMjVhSFKA1U1O6ho=">AAACHXicbVC7SgNBFJ2Nr/iOWtoMJoEIEnajqI0QtLFUMCaQhGV2cpMMmX0wc1cMy36BH+E32GptJ7Zi6Z84iSk08cCFwzn3xfEiKTTa9qeVmZtfWFzKLq+srq1vbOa2tm91GCsONR7KUDU8pkGKAGooUEIjUsB8T0LdG1yM/PodKC3C4AaHEbR91gtEV3CGRnJzxRbCPY73JJ6MIU0O0zKltFBzK6Wh6xzY+2d2wc3l7bI9Bp0lzoTkyQRXbu6r1Ql57EOAXDKtm44dYTthCgWXkK60Yg0R4wPWg6ahAfNBt5PxGyktGqVDu6EyFSAdq78nEuZrPfQ90+kz7OtpbyT+5zVj7J62ExFEMULAfw51Y0kxpKNsaEco4CiHhjCuhPmV8j5TjKNJ8M8Vz09NJs50ArPktlJ2jstH15V89XySTpbskj1SIg45IVVySa5IjXDyQJ7IM3mxHq1X6816/2nNWJOZHfIH1sc3QGegpA==</latexit>

3. U2(y1, 0) = 0
<latexit sha1_base64="nMeOaIVoq5ir6NCd7DlVZqvXBlY="></latexit>

4. @y1⌦(0) = �1.
<latexit sha1_base64="Sr1Lh2Jb9yYKGWtoj8m1WwzbeYc="></latexit>

5. rU, � and  all vanish at infinity

6. Solution smooth everywhere



Challenges to numerical method 41

Two big challenges: 

1. Governing equation involves unknown parameter 
<latexit sha1_base64="oyqH1VSBuS1hbBwgSvDpHKSiFIg=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9oh5LJZNrQJDMkGaEMBX/Bre7diVt/xa1fYtrOwrYeCBzOOZd7c4KEM21c99spbGxube8Ud0t7+weHR+Xjk7aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfhu5neeqNIslo9mklBf4KFkESPYWKnT5zYa4kG54lbdOdA68XJSgRzNQfmnH8YkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzc6fowiohimJlnzRorv6dyLDQeiICmxTYjPSqNxP/83qpiW78jMkkNVSSxaIo5cjEaPZ3FDJFieETSzBRzN6KyAgrTIxtaGlLIKYlW4q3WsE6aV9VvXq19lCrNG7zeopwBudwCR5cQwPuoQktIDCGF3iFN+fZeXc+nM9FtODkM6ewBOfrF5Kvliw=</latexit>

�

2. Solution should be smooth everywhere

(Numerical method is only efficient at solving fully-known equations)

(Numerical method is hard to deal with the smoothness condition due to discretization)

to be determined by the constraint of solution

<latexit sha1_b ase64="GxKOk++5Cvow2hUiAty/7MMnKgw="></latexit>

⌦+ ((1 + �)y +U) ·r⌦ = �

(2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = 0

Steady self-similar equations for axisymmetric Euler with boundary (Bousinessq)



<latexit sha1_base64="56cK4vNldJrdb4htomUL/CB/n/s="></latexit>

loss(k)f =
1

N (k)
f

N(k)
fX

i=1

f2
k (yi, q(yi,w,b))

Advantages of PINNs 42

Physics-informed Neural network for self-similar Euler equation with boundary

<latexit sha1_base64="u597piQfmxCIsSq4K0jyW0TM4DU=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL3pLwDwgWcLsZDYZMjO7zMyKYckXCJ70T7yJV//BH/HsJNmDSSxoKKq66e4KYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOkoUoQ0S8Ui1A6wpZ5I2DDOctmNFsQg4bQWj26nfeqRKs0g+mHFMfYEHkoWMYGOl+n2vWHLL7gxolXgZKUGGWq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns0Mn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+ymTcWKoJPNFYcKRidD0a9RnihLDx5Zgopi9FZEhVpgYm83ClkAs/JA+zU8v2KC85VhWSfOi7F2WK/VKqXqTRZaHEziFc/DgCqpwBzVoAAEKz/AKb86L8+58OJ/z1pyTzRzDApyvX2/1nAI=</latexit>

I

<latexit sha1_base64="4G7+uIWJx4xun3BiqzLCDftPkP8=">AAACKnicbVDLSsNAFJ3UV62vqEsRBovgqiSlqMuiG5cV7AOaECbTSTt0MgkzEzGErvwawZX+ibvi1m9w7aQNYlsPDBzOuXfuvcePGZXKsqZGaW19Y3OrvF3Z2d3bPzAPjzoySgQmbRyxSPR8JAmjnLQVVYz0YkFQ6DPS9ce3ud99JELSiD+oNCZuiIacBhQjpSXPPHUCgXDmxEgoitjkl8HUq088s2rVrBngKrELUgUFWp757QwinISEK8yQlH3bipWb5V9iRiYVJ5EkRniMhqSvKUchkW42O2MCz7UygEEk9OMKztS/HRkKpUxDX1eGSI3kspeL/3n9RAXXbkZ5nCjC8XxQkDCoIphnAgdUEKxYqgnCgupdIR4hnYvSyS1M8cOFG7Kn+eoVHZS9HMsq6dRr9mWtcd+oNm+KyMrgBJyBC2CDK9AEd6AF2gCDZ/AC3sC78Wp8GFPjc15aMoqeY7AA4+sHdESopg==</latexit>

@

@y2

<latexit sha1_base64="v9iGJL8FQribbaBXLhfgPGWCzEo=">AAACKnicbVDLSsNAFJ34rPUVdSnCYBFclUSKuiy6cVnBPqAJYTKdtENnkjAzEUPIyq8RXOmfuCtu/QbXTtogtvXAwOGce+fee/yYUaksa2KsrK6tb2xWtqrbO7t7++bBYUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vi28LuPREgahQ8qjYnL0TCkAcVIackzT5xAIJw5MRKKIpb/Mph6du6ZNatuTQGXiV2SGijR8sxvZxDhhJNQYYak7NtWrNys+BIzkledRJIY4TEakr6mIeJEutn0jByeaWUAg0joFyo4Vf92ZIhLmXJfV3KkRnLRK8T/vH6igms3o2GcKBLi2aAgYVBFsMgEDqggWLFUE4QF1btCPEI6F6WTm5vi87kbsqfZ6lUdlL0YyzLpXNTty3rjvlFr3pSRVcAxOAXnwAZXoAnuQAu0AQbP4AW8gXfj1fgwJsbnrHTFKHuOwByMrx9ym6il</latexit>

@

@y1

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6 DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6 DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6 DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6 DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6 OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6 OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6 OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6 OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�
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<latexit sha1_base64="EINQHP4KXFVgxWmPrGTucv7vIQQ=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXQxjKi+YDkCHubvWTJ7t6xuyccZ36CrfZ2YuufsfWXuEmuMIkPBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG+nfvuJKs0i+WjSmPoCDyULGcHGSg9p3+uXK27VnQGtEi8nFcjR6Jd/eoOIJIJKQzjWuuu5sfEzrAwjnE5KvUTTGJMxHtKupRILqv1sduoEnVllgMJI2ZIGzdS/ExkWWqcisJ0Cm5Fe9qbif143MeG1nzEZJ4ZKMl8UJhyZCE3/RgOmKDE8tQQTxeytiIywwsTYdBa2BGJSsqF4yxGsktZF1bus1u5rlfpNHk8RTuAUzsGDK6jDHTSgCQSG8AKv8OY8O+/Oh/M5by04+cwxLMD5+gVHoJRQ</latexit>y1

<latexit sha1_base64="4nzAnmSLRhaBIlcOBJQgaX4Jl5Q=">AAAB+nicbVA9SwNBEJ3zM8avqKXNYhCswl0Iahm0sYxoPiA5wt5mL1myu3fs7gnHmZ9gq72d2PpnbP0lbpIrTOKDgcd7M8zMC2LOtHHdb2dtfWNza7uwU9zd2z84LB0dt3SUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrdTv/1ElWaRfDRpTH2Bh5KFjGBjpYe0X+2Xym7FnQGtEi8nZcjR6Jd+eoOIJIJKQzjWuuu5sfEzrAwjnE6KvUTTGJMxHtKupRILqv1sduoEnVtlgMJI2ZIGzdS/ExkWWqcisJ0Cm5Fe9qbif143MeG1nzEZJ4ZKMl8UJhyZCE3/RgOmKDE8tQQTxeytiIywwsTYdBa2BGJStKF4yxGskla14l1Wave1cv0mj6cAp3AGF+DBFdThDhrQBAJDeIFXeHOenXfnw/mct645+cwJLMD5+gVJNJRR</latexit>y2

<latexit sha1_base64="LXUnRCGRw9j9nb/uxot7SxNWoFg=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2cE8wHJEfY2k2TN7t2xuyeEI/gXbLW3E1t/i62/xE1yhUl8MPB4b4aZeUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QV1HiWJYY5GIVDOgGgUPsWa4EdiMFVIZCGwEw5uJ33hCpXkUPphRjL6k/ZD3OKPGSvX2ncQ+7RRLbtmdgiwTLyMlyFDtFH/a3YglEkPDBNW65bmx8VOqDGcCx4V2ojGmbEj72LI0pBK1n06vHZMTq3RJL1K2QkOm6t+JlEqtRzKwnZKagV70JuJ/XisxvSs/5WGcGAzZbFEvEcREZPI66XKFzIiRJZQpbm8lbEAVZcYGNLclkOOCDcVbjGCZ1M/K3kX5/P68VLnO4snDERzDKXhwCRW4hSrUgMEjvMArvDnPzrvz4XzOWnNONnMIc3C+fgGti5Wq</latexit>

⌦

<latexit sha1_base64="JqNHJae9zejoIEEp4IB0chrIQTo=">AAACD3icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZDZmaXmVkxLPkFwZP+iTfx6if4I56dTfZgEgsaiqpuuruCmDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjhJFaJNEPFKdAGvKmaRNwwynnVhRLAJO28H4NvPbj1RpFskHM4mpL/BQspARbDKp1xixfrniVt0Z0CrxclKBHI1++ac3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT2e3TtGZVQYojJQtadBM/TuRYqH1RAS2U2Az0steJv7ndRMTXvspk3FiqCTzRWHCkYlQ9jgaMEWJ4RNLMFHM3orICCtMjI1nYUsgFn5In+anl2xQ3nIsq6R1UfUuq7X7WqV+k0dWhBM4hXPw4ArqcAcNaAKBETzDK7w5L8678+F8zlsLTj5zDAtwvn4B322dVA==</latexit>

�

<latexit sha1_base64="n1fexZI76g40RPEV5g6tudnojXg=">AAACD3icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZDZmaXmVkxLPkFwZP+iTfx6if4I56dTfZgEgsaiqpuuruCmDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjhJFaJNEPFKdAGvKmaRNwwynnVhRLAJO28H4NvPbj1RpFskHM4mpL/BQspARbDKp19CsX664VXcGtEq8nFQgR6Nf/ukNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RmlQEKI2VLGjRT/06kWGg9EYHtFNiM9LKXif953cSE137KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+NZ2BKIhR/Sp/npJRuUtxzLKmldVL3Lau2+Vqnf5JEV4QRO4Rw8uII63EEDmkBgBM/wCm/Oi/PufDif89aCk88cwwKcr1/xsJ1f</latexit>

 

<latexit sha1_base64="Wuz7hIQrdYo8eAtn7VOv4dGCh9g=">AAAB/HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGoCXRxhITD0jgQvaWPdiwu3fZ3TMhF/wLttrbGVv/i62/xAWuEPAlk7y8N5OZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSUvHqSLUJzGPVSfEmnImqW+Y4bSTKIpFyGk7HN/N/PYTVZrF8tFMEhoIPJQsYgQbK/m9MEJ+v1xxq+4caJ14OalAjma//NMbxCQVVBrCsdZdz01MkGFlGOF0WuqlmiaYjPGQdi2VWFAdZPNjp+jCKgMUxcqWNGiu/p3IsNB6IkLbKbAZ6VVvJv7ndVMT3QQZk0lqqCSLRVHKkYnR7HM0YIoSwyeWYKKYvRWREVaYGJvP0pZQTEs2FG81gnXSuqp69WrtoVZp3ObxFOEMzuESPLiGBtxDE3wgwOAFXuHNeXbenQ/nc9FacPKZU1iC8/ULdxKU9A==</latexit>

U

Optimization

Boundary condition constraints:

Equation constraintsUpdating variables:

<latexit sha1_base64="4kFdxFPHGhrPT8WWM1SjL84mrQA=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0UQhJKUom6EohuXFUxbaEOYTCft0MmDmYkYQr/DrxFc6Tf4A+7Enbh0kmZhWi/McDjnPo8bMSqkYbxrlZXVtfWN6mZta3tnd0/fP+iKMOaYWDhkIe+7SBBGA2JJKhnpR5wg32Wk505vMr33QLigYXAvk4jYPhoH1KMYSUU5uuk5LXgFhxHikiLmpIljzqDlpOo/K9HNnG7OHL1uNIw84DIwC1AHRXQc/Xs4CnHsk0BihoQYmEYk7TTrjBmZ1YaxIBHCUzQmAwUD5BNhp/lpM3iimBH0Qq5eIGHO/q1IkS9E4rsq00dyIha1jPxPG8TSu7RTGkSxJAGeD/JiBmUIM5/giHKCJUsUQJhTtSvEE8QRlsrN0hTXL92QPs5XrymjzEVblkG32TDPG627Vr19XVhWBUfgGJwCE1yANrgFHWABDJ7AM3gFb9qL9qF9al/z1IpW1ByCUmg/v3x3rvk=</latexit>

f4 = @y1U1 + @y2U2

<latexit sha1_base64="N4fdBQhF3+/eicFOaexAgPLEdyI="></latexit>

f5 = ⌦� (@y1U2 � @y2U1)

<latexit sha1_base64="vwht2N0o+XtAAykqe3h33GmMTsc="></latexit>

f1 = ⌦+ ((1 + �)y +U) ·r⌦� �

<latexit sha1_base64="rbj3G5wWizpNzcV3SmM2EyfII3c="></latexit>

f2 = (2 + @y1U1)�+ ((1 + �)y +U) ·r�+ @y1U2 

<latexit sha1_base64="3F+sZlioWpTXsjKjS07m7jxEylM="></latexit>

f3 = (2 + @y2U2) + ((1 + �)y +U) ·r + @y2U1�

PINN solves the first challenges inherently

Fully-connected neural network Automatic 
differentiation Self-similar Euler equations

<latexit sha1_base64="mbrqtsqc8EH0fapoey81LfjmLhg="></latexit>

q(y) =
X

j=1

w(n)
lk �

 
X

i=1

w(n�1)
kj

 
...

 
X

i=1

w(1)
ji yi + b(1)j

!
...

!
+ b(n�1)

k

!
+ b(n)l

<latexit sha1_base64="xtGhVnxql/nAKZg6W1C/txk/4RA=">AAACB3icbVDLSgMxFM3UV62Pjrp0EyxChTLMlPrYCEU3LivYB7RDyaRpG5tkhiQjlKEf4De41bU7cetnuPRPTNtZ2NYDFw7n3Mu5nCBiVGnX/bYya+sbm1vZ7dzO7t5+3j44bKgwlpjUcchC2QqQIowKUtdUM9KKJEE8YKQZjG6nfvOJSEVD8aDHEfE5GgjapxhpI3XtfPERXkOvVC45jlM6P+vaBddxZ4CrxEtJAaSode2fTi/EMSdCY4aUantupP0ESU0xI5NcJ1YkQniEBqRtqECcKD+ZPT6Bp0bpwX4ozQgNZ+rfiwRxpcY8MJsc6aFa9qbif1471v0rP6EiijUReB7UjxnUIZy2AHtUEqzZ2BCEJTW/QjxEEmFtulpICfjEdOItN7BKGmXHu3Aq95VC9SZtJwuOwQkoAg9cgiq4AzVQBxjE4AW8gjfr2Xq3PqzP+WrGSm+OwAKsr1/pzpa+</latexit>

(j = 1, 2, ..., 5)

<latexit sha1_base64="deSDQNmlxENdfVYKGwbU+xcVEs0=">AAACB3icbVDLSgMxFM34rPXRUZdugkWoUIaZUh8boejGZQX7gHYomTTThiaZIckIZegH+A1ude1O3PoZLv0T03YWtvXAhcM593IuJ4gZVdp1v6219Y3Nre3cTn53b/+gYB8eNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKRndTv/VEpKKReNTjmPgcDQQNKUbaSD27UBrBG+iVK2XHccoX5z276DruDHCVeBkpggz1nv3T7Uc44URozJBSHc+NtZ8iqSlmZJLvJorECI/QgHQMFYgT5aezxyfwzCh9GEbSjNBwpv69SBFXaswDs8mRHqplbyr+53USHV77KRVxoonA86AwYVBHcNoC7FNJsGZjQxCW1PwK8RBJhLXpaiEl4BPTibfcwCppVhzv0qk+VIu126ydHDgBp6AEPHAFauAe1EEDYJCAF/AK3qxn6936sD7nq2tWdnMMFmB9/QLrbpa/</latexit>

(k = 1, 2, ..., 5)

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights

<latexit sha1_base64="qAxXcERQlZu9SIBe/hb1brqwj0k=">AAACGXicbVC7TgJBFJ3FF+ILtbQZZU2wkOwSo8aKaGOJiTwSWMnsMMDA7MOZuyRkQ+1H+A22WtsZWytL/8ThUQh4kklOzrmPuccNBVdgWd9GYml5ZXUtuZ7a2Nza3knv7pVVEEnKSjQQgay6RDHBfVYCDoJVQ8mI5wpWcXs3I7/SZ1LxwL+HQcgcj7R93uKUgJYa6UPz8SHOdk+G5hU2u+YpdHAQQRgB7hPJiR7TSGesnDUGXiT2lGTQFMVG+qfeDGjkMR+oIErVbCsEJyYSOBVsmKpHioWE9kib1TT1iceUE49PGeJjrTRxK5D6+YDH6t+OmHhKDTxXV3oEOmreG4n/ebUIWpdOzH19GvPpZFErEhgCPMoFN7lkFMRAE0Il13/FtEMkoaDTm9niekOdiT2fwCIp53P2ee7sLp8pXE/TSaIDdISyyEYXqIBuURGVEEVP6AW9ojfj2Xg3PozPSWnCmPbsoxkYX78Gw5+o</latexit>

q(j): j-th output variable
<latexit sha1_base64="aBDL5CMPp2lMrAbcXBW9kfWzO0I=">AAACJ3icbVDLSgNBEJz1/Tbq0ctgVtBL3A2iIgiiF48KRoUkLr2T2WTM7MOZXmFZ9jP8CL/Bq569iR79EydxD74KGoqqbrq7/EQKjY7zbo2Mjo1PTE5Nz8zOzS8sVpaWL3ScKsYbLJaxuvJBcyki3kCBkl8likPoS37p948H/uUdV1rE0TlmCW+H0I1EIBigkbzKln3riet842azsPdpBxBoHFD7tpQoILXzlh/Q7CArPGF7lapTc4agf4lbkiopcepVPlqdmKUhj5BJ0LrpOgm2c1AomOTFTCvVPAHWhy5vGhpByHU7Hz5W0HWjdGgQK1MR0qH6fSKHUOss9E1nCNjTv72B+J/XTDHYa+ciSlLkEftaFKSSYkwHKdGOUJyhzAwBpoS5lbIeKGBosvyxxQ8Lk4n7O4G/5KJec3dq22f16uFRmc4UWSVrZIO4ZJcckhNyShqEkXvySJ7Is/VgvViv1ttX64hVzqyQH7A+PgHb66QT</latexit>

q(j)i : data of q(j) at y = yi

<latexit sha1_base64="YB/WyiG5sKzqQgsJ41T1q85FpZ4=">AAACHnicbVBLSwMxGMz6rPW11aOXYCt4KrtFVDwVvXisYB/QLiVJs21okl2SrFqW/hTBk/4Tb+JV/4hn03YPtnUgMMz3mgyOOdPG876dldW19Y3N3FZ+e2d3b98tHDR0lChC6yTikWphpClnktYNM5y2YkWRwJw28fBmUm8+UKVZJO/NKKaBQH3JQkaQsVLXLZTSDg4hHpeuIGZ2ke66Ra/sTQGXiZ+RIshQ67o/nV5EEkGlIRxp3fa92AQpUoYRTsf5TqJpjMgQ9WnbUokE1UE6tT6GJ1bpwTBS9kkDp+rfiRQJrUcC206BzEAv1ibif7V2YsLLIGUyTgyVZHYoTDg0EZzkAHtMUWL4yBJEFLNeIRkghYixac1dwWLuD+nTzHreBuUvxrJMGpWyf14+u6sUq9dZZDlwBI7BKfDBBaiCW1ADdUDAI3gGr+DNeXHenQ/nc9a64mQzh2AOztcvZ0KiPw==</latexit>

b: biases

<latexit sha1_base64="oUn3hYZPP2JprEX/U0heLBJzIOU="></latexit>

loss(j)c =
1

N (j)
c

N(j)
cX

i=1

[q(j)(yi,w,b)� q(j)i ]2

+
<latexit sha1_base64="lJ0lR+wbSp073pISf70fdphn3oQ=">AAACE3icdVDLSgMxFM3UV62vUXe6CbaCq2Gm1lpdFd24rGAf0A4lk6ZtaCYZk4xSSsGf8Bfc6t6duPUD3Polpg+hFT0QOJxzLvfmBBGjSrvup5VYWFxaXkmuptbWNza37O2dihKxxKSMBROyFiBFGOWkrKlmpBZJgsKAkWrQuxz51TsiFRX8Rvcj4oeow2mbYqSN1LT3Mg1m0i2UOYcx73FxzyHlkNxy1bTTnuOOAV3HzRaO3cKI5E68/Bn8sdJgilLT/mq0BI5DwjVmSKm650baHyCpKWZkmGrEikQI91CH1A3lKCTKH4z/MISHRmnBtpDmcQ3H6uzEAIVK9cPAJEOku+q3NxL/8uqxbhf8AeVRrAnHk0XtmEEt4KgQ2KKSYM36hiAsqbkV4i6SCGtT29yWIBymZkv5n1Syjpd3ctfZdPFiWk8S7IMDcAQ8cAqK4AqUQBlg8ACewDN4sR6tV+vNep9EE9Z0ZhfMwfr4Br0Jncg=</latexit>

�: unknown in eqns



Challenges to numerical method 43

Two big challenges: 

1. Governing equation involves unknown parameter 
<latexit sha1_base64="oyqH1VSBuS1hbBwgSvDpHKSiFIg=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9oh5LJZNrQJDMkGaEMBX/Bre7diVt/xa1fYtrOwrYeCBzOOZd7c4KEM21c99spbGxube8Ud0t7+weHR+Xjk7aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfhu5neeqNIslo9mklBf4KFkESPYWKnT5zYa4kG54lbdOdA68XJSgRzNQfmnH8YkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzc6fowiohimJlnzRorv6dyLDQeiICmxTYjPSqNxP/83qpiW78jMkkNVSSxaIo5cjEaPZ3FDJFieETSzBRzN6KyAgrTIxtaGlLIKYlW4q3WsE6aV9VvXq19lCrNG7zeopwBudwCR5cQwPuoQktIDCGF3iFN+fZeXc+nM9FtODkM6ewBOfrF5Kvliw=</latexit>

�
(Numerical method is only efficient at solving fully-known equations)

(Numerical method is hard to deal with the smoothness condition due to discretization)

to be determined by the constraint of solution

<latexit sha1_b ase64="GxKOk++5Cvow2hUiAty/7MMnKgw="></latexit>

⌦+ ((1 + �)y +U) ·r⌦ = �

(2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = 0

Steady self-similar equations for axisymmetric Euler with boundary (Bousinessq)

2. Solution should be smooth everywhere



1-D example - Burgers 44

<latexit sha1_base64="+NU+2PYjGAT3Kc91Iqm0JxFYQLo=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIexKUC9C0IvHCOaBybLMTmaTIbOzyzzEEHLxG7zq2Zt49U88+idOkj2YxIKGoqqb7q4w5Uxp1/12lpZXVtfWcxv5za3tnd3C3n5dJUYSWiMJT2QzxIpyJmhNM81pM5UUxyGnjbB/M/Ybj1Qqloh7PUipH+OuYBEjWFvpwQT61Jjg6coNCkW35E6AFomXkSJkqAaFn3YnISamQhOOlWp5bqr9IZaaEU5H+bZRNMWkj7u0ZanAMVX+cHLxCB1bpYOiRNoSGk3UvxNDHCs1iEPbGWPdU/PeWPzPaxkdXfpDJlKjqSDTRZHhSCdo/D7qMEmJ5gNLMJHM3opID0tMtA1pZksYj2wm3nwCi6R+VvLOS+W7crFynaWTg0M4ghPw4AIqcAtVqAEBAS/wCm/Os/PufDif09YlJ5s5gBk4X7/mmZce</latexit>

ut + uux = 0
Burgers’ equation

<latexit sha1_base64="nscjA+9Vdn25iLmOZGemDdENHm4="></latexit>

u = (1� t)�U

✓
x

(1� t)1+�

◆
Assuming the self-similar ansatz

we obtain the self-similar Burgers' equation
<latexit sha1_base64="9DHCppQ1JDtJIZATMM9+QsXiDTI=">AAACInicbVDLSgMxFM3UV62vUZdugkVoLZYZKepGKLpxWcFpC51SMplMG5p5kGSEYeg/+BF+g1tduxNXghv/xEw7C9t6IXByzrn3JseJGBXSML60wsrq2vpGcbO0tb2zu6fvH7RFGHNMLByykHcdJAijAbEklYx0I06Q7zDScca3md55JFzQMHiQSUT6PhoG1KMYSUUN9NMzmym3i6BVq1TMWn6rJjVoVe0IcUkRGyTQujYGetmoG9OCy8DMQRnk1RroP7Yb4tgngcQMCdEzjUj202wmZmRSsmNBIoTHaEh6CgbIJ6KfTv80gSeKcaEXcnUCCafs344U+UIkvqOcPpIjsahl5H9aL5beVT+lQRRLEuDZIi9mUIYwCwi6lBMsWaIAwpyqt0I8QhxhqWKc2+L4E5WJuZjAMmif182LeuO+UW7e5OkUwRE4BhVggkvQBHegBSyAwRN4Aa/gTXvW3rUP7XNmLWh5zyGYK+37F18Uok8=</latexit>

��U + ((1 + �)y + U)@yU = 0

Using a nice trick, the self-similar Burgers' equation can be implicitly solved:
<latexit sha1_base64="Q3b3DybkwNnaoT7YD6bwwZmk8PU=">AAACEnicbVDLSsNAFJ34rPUVdaebwSII0pJIUTdCsRuXFUxbaGKZTCbt0MmDmYkQQsGP8Bvc6tqduPUHXPonTtosbOuBgcM593DvHDdmVEjD+NaWlldW19ZLG+XNre2dXX1vvy2ihGNi4YhFvOsiQRgNiSWpZKQbc4ICl5GOO2rmfueRcEGj8F6mMXECNAipTzGSSurrh+l11ao2rYfMPLN9jjA0babiHhr39YpRMyaAi8QsSAUUaPX1H9uLcBKQUGKGhOiZRiydDHFJMSPjsp0IEiM8QgPSUzREARFONvnDGJ4oxYN+xNULJZyofxMZCoRIA1dNBkgOxbyXi/95vUT6V05GwziRJMTTRX7CoIxgXgj0KCdYslQRhDlVt0I8RKoJqWqb2eIGeSfmfAOLpH1eMy9q9bt6pXFTtFMCR+AYnAITXIIGuAUtYAEMnsALeAVv2rP2rn1on9PRJa3IHIAZaF+/BeedAw==</latexit>

y = �U � CU1+ 1
�

for some constant     . In order to obtain a smooth symmetric self-similar solution,
<latexit sha1_base64="rxrsAIJ3VD4n90+dZj/9WSxu83E=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe4kqGUwjWUC5gOSI+xt5pIlu3vH7p5wHPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRFFo04hHqhcQDZxJaBtmOPRiBUQEHLrBtDH3u8+gNIvkk0lj8AUZSxYySoyVWo1hueJW3QXwJvFyUkE5msPyz2AU0USANJQTrfueGxs/I8owymFWGiQaYkKnZAx9SyURoP1scegMX1llhMNI2ZIGL9S/ExkRWqcisJ2CmIle9+bif14/MeG9nzEZJwYkXS4KE45NhOdf4xFTQA1PLSFUMXsrphOiCDU2m5UtgZjZTLz1BDZJ56bq3VZrrVql/pCnU0QX6BJdIw/doTp6RE3URhQBekGv6M1JnXfnw/lcthacfOYcrcD5+gU6yJNm</latexit>

C

<latexit sha1_base64="YMF1LPHuc175pgWAtzDuJ2119pA="></latexit>

� =
1

2i+ 2
for i = 0, 1, 2, . . .

then      must be chosen such that
<latexit sha1_base64="WY4Ti6SLjOJZ8LQPNM8gusxPHRY=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9oh5LJZNrQJDMkGaEMxW9wq2t34tZvcemfmLazsK0HAodzzuXenCDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK3jVBHaIjGPVTfAmnImacsww2k3URSLgNNOML6b+Z0nqjSL5aOZJNQXeChZxAg2Vur0uY2GeFCuuFV3DrROvJxUIEdzUP7phzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LJRZU+9n83Cm6sEqIoljZJw2aq38nMiy0nojAJgU2I73qzcT/vF5qohs/YzJJDZVksShKOTIxmv0dhUxRYvjEEkwUs7ciMsIKE2MbWtoSiKntxFttYJ20r6pevVp7qFUat3k7RTiDc7gED66hAffQhBYQGMMLvMKb8+y8Ox/O5yJacPKZU1iC8/ULByiWHA==</latexit>

�



Non-smooth solution 45

<latexit sha1_base64="0m1KzJXY6USOn5h4mu18yc85FhM=">AAACJHicbVDLSgMxFM3UV62vUZdugkVoqZYZKepGKLpxWcFpC52hZNJMG5rMDElGGEp/wo/wG9zq2p24cCP4J6btLGzrhcDJOffcmxw/ZlQqy/oyciura+sb+c3C1vbO7p65f9CUUSIwcXDEItH2kSSMhsRRVDHSjgVB3Gek5Q9vJ3rrkQhJo/BBpTHxOOqHNKAYKU11zdMAXsMzl2lHD0GnUirZlexWTivQKbsxEooi1k2h0zWLVtWaFlwGdgaKIKtG1/xxexFOOAkVZkjKjm3FyhtNJmJGxgU3kSRGeIj6pKNhiDiR3mj6qzE80UwPBpHQJ1Rwyv51jBCXMuW+7uRIDeSiNiH/0zqJCq68EQ3jRJEQzxYFCYMqgpOIYI8KghVLNUBYUP1WiAdIIKx0kHNbfD7WmdiLCSyD5nnVvqjW7mvF+k2WTh4cgWNQAja4BHVwBxrAARg8gRfwCt6MZ+Pd+DA+Z605I/Mcgrkyvn8BbrGi2Q==</latexit>

f = ��U + ((1 + �)y + U)@yUSelf-similar equation for Burgers:
<latexit sha1_base64="J2flb07W3yZXQOHkGrpi4wCVfD4=">AAACMHicbZDLSgMxFIYz3q23qks3wSIoYpmRom6EohuXCk5b6Iwlk2ZqaCYzJGfEYdpX8SF8Bre61pW49SlMLwtbPRD4+f9zcpIvSATXYNsf1szs3PzC4tJyYWV1bX2juLlV03GqKHNpLGLVCIhmgkvmAgfBGoliJAoEqwfdy0Fef2BK81jeQpYwPyIdyUNOCRirVTzLzo88YI+Q647s72cHPbd3hKedu9w59EJFKHY8YS5vk36rWLLL9rDwX+GMRQmN67pV/PLaMU0jJoEKonXTsRPwc6KAU8H6BS/VLCG0SzqsaaQkEdN+PvxhH+8Zp43DWJkjAQ/d3xM5ibTOosB0RgTu9XQ2MP/LmimEZ37OZZICk3S0KEwFhhgPcOE2V4yCyIwgVHHzVkzviSEBBurEliAaMHGmCfwVteOyc1Ku3FRK1YsxnSW0g3bRPnLQKaqiK3SNXETRE3pBr+jNerberU/ra9Q6Y41nttFEWd8/YLWqUg==</latexit>

y = �sgn(y)|U |� sgn(y)|U |1+ 1
�Impose symmetry:

<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4
<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4

<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4
<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4

Large equation residues around the origin

Cusps
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<latexit sha1_base64="0m1KzJXY6USOn5h4mu18yc85FhM=">AAACJHicbVDLSgMxFM3UV62vUZdugkVoqZYZKepGKLpxWcFpC52hZNJMG5rMDElGGEp/wo/wG9zq2p24cCP4J6btLGzrhcDJOffcmxw/ZlQqy/oyciura+sb+c3C1vbO7p65f9CUUSIwcXDEItH2kSSMhsRRVDHSjgVB3Gek5Q9vJ3rrkQhJo/BBpTHxOOqHNKAYKU11zdMAXsMzl2lHD0GnUirZlexWTivQKbsxEooi1k2h0zWLVtWaFlwGdgaKIKtG1/xxexFOOAkVZkjKjm3FyhtNJmJGxgU3kSRGeIj6pKNhiDiR3mj6qzE80UwPBpHQJ1Rwyv51jBCXMuW+7uRIDeSiNiH/0zqJCq68EQ3jRJEQzxYFCYMqgpOIYI8KghVLNUBYUP1WiAdIIKx0kHNbfD7WmdiLCSyD5nnVvqjW7mvF+k2WTh4cgWNQAja4BHVwBxrAARg8gRfwCt6MZ+Pd+DA+Z605I/Mcgrkyvn8BbrGi2Q==</latexit>

f = ��U + ((1 + �)y + U)@yUSelf-similar equation for Burgers:
<latexit sha1_base64="J2flb07W3yZXQOHkGrpi4wCVfD4=">AAACMHicbZDLSgMxFIYz3q23qks3wSIoYpmRom6EohuXCk5b6Iwlk2ZqaCYzJGfEYdpX8SF8Bre61pW49SlMLwtbPRD4+f9zcpIvSATXYNsf1szs3PzC4tJyYWV1bX2juLlV03GqKHNpLGLVCIhmgkvmAgfBGoliJAoEqwfdy0Fef2BK81jeQpYwPyIdyUNOCRirVTzLzo88YI+Q647s72cHPbd3hKedu9w59EJFKHY8YS5vk36rWLLL9rDwX+GMRQmN67pV/PLaMU0jJoEKonXTsRPwc6KAU8H6BS/VLCG0SzqsaaQkEdN+PvxhH+8Zp43DWJkjAQ/d3xM5ibTOosB0RgTu9XQ2MP/LmimEZ37OZZICk3S0KEwFhhgPcOE2V4yCyIwgVHHzVkzviSEBBurEliAaMHGmCfwVteOyc1Ku3FRK1YsxnSW0g3bRPnLQKaqiK3SNXETRE3pBr+jNerberU/ra9Q6Y41nttFEWd8/YLWqUg==</latexit>

y = �sgn(y)|U |� sgn(y)|U |1+ 1
�Impose symmetry:

<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4

<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4
<latexit sha1_base64="XtoxOohGMubQXuvXpsh7j3gF/dY=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWy64EtRGCNpYRzAOSJczOziZDZmbXmVkhhJR+g63WdmLrh1j6J06SLUzigQuHc87lXk6YcqaN5307K6tr6xubha3i9s7u3n7p4LChk0wRWicJT1QrxJpyJmndMMNpK1UUi5DTZji4nfjNJ6o0S+SDGaY0ELgnWcwINlYKOtxGI4yukedWuqWy53pToGXi56QMOWrd0k8nSkgmqDSEY63bvpeaYISVYYTTcbGTaZpiMsA92rZUYkF1MJo+PUanVolQnCg70qCp+ndjhIXWQxHapMCmrxe9ifif185MfBWMmEwzQyWZHYozjkyCJg2giClKDB9agoli9ldE+lhhYmxPc1dCMbad+IsNLJPGuetfuJX7Srl6k7dTgGM4gTPw4RKqcAc1qAOBR3iBV3hznp1358P5nEVXnHznCObgfP0CouuXZw==</latexit>

� = 0.4

Additional constraint for smooth solution
around the origin

<latexit sha1_base64="25IHuJQNQoLmlwTLM/l7GSJtmpc=">AAACHXicbVDLSsNAFJ3UV62vqEs3g6VQNyUpRd0IRTcuK9gHNDFMppN26EwSZibSEvIFfoTf4FbX7sStuPRPnD4WtvXAwOGcezlzjx8zKpVlfRu5tfWNza38dmFnd2//wDw8askoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH95M/PYjEZJG4b0ax8TlqB/SgGKktOSZJRZJ6Ul4BbtOjISiiHnpaDTKgvLozH2oQkdF0PLMolWxpoCrxJ6TIpij4Zk/Ti/CCSehwgxJ2bWtWLnpJAAzkhWcRJIY4SHqk66mIeJEuun0nAyWtNKDQST0CxWcqn83UsSlHHNfT3KkBnLZm4j/ed1EBZduSsM4USTEs6AgYVCfOOkG9qggWLGxJggLqv8K8QAJhJVucCHF55nuxF5uYJW0qhX7vFK7qxXr1/N28uAEnIIysMEFqINb0ABNgMETeAGv4M14Nt6ND+NzNpoz5jvHYAHG1y9YkaH6</latexit>

losss = [@xxxf(x)]
2 ! 0
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<latexit sha1_base64="0m1KzJXY6USOn5h4mu18yc85FhM=">AAACJHicbVDLSgMxFM3UV62vUZdugkVoqZYZKepGKLpxWcFpC52hZNJMG5rMDElGGEp/wo/wG9zq2p24cCP4J6btLGzrhcDJOffcmxw/ZlQqy/oyciura+sb+c3C1vbO7p65f9CUUSIwcXDEItH2kSSMhsRRVDHSjgVB3Gek5Q9vJ3rrkQhJo/BBpTHxOOqHNKAYKU11zdMAXsMzl2lHD0GnUirZlexWTivQKbsxEooi1k2h0zWLVtWaFlwGdgaKIKtG1/xxexFOOAkVZkjKjm3FyhtNJmJGxgU3kSRGeIj6pKNhiDiR3mj6qzE80UwPBpHQJ1Rwyv51jBCXMuW+7uRIDeSiNiH/0zqJCq68EQ3jRJEQzxYFCYMqgpOIYI8KghVLNUBYUP1WiAdIIKx0kHNbfD7WmdiLCSyD5nnVvqjW7mvF+k2WTh4cgWNQAja4BHVwBxrAARg8gRfwCt6MZ+Pd+DA+Z605I/Mcgrkyvn8BbrGi2Q==</latexit>

f = ��U + ((1 + �)y + U)@yUSelf-similar equation for Burgers:
<latexit sha1_base64="J2flb07W3yZXQOHkGrpi4wCVfD4=">AAACMHicbZDLSgMxFIYz3q23qks3wSIoYpmRom6EohuXCk5b6Iwlk2ZqaCYzJGfEYdpX8SF8Bre61pW49SlMLwtbPRD4+f9zcpIvSATXYNsf1szs3PzC4tJyYWV1bX2juLlV03GqKHNpLGLVCIhmgkvmAgfBGoliJAoEqwfdy0Fef2BK81jeQpYwPyIdyUNOCRirVTzLzo88YI+Q647s72cHPbd3hKedu9w59EJFKHY8YS5vk36rWLLL9rDwX+GMRQmN67pV/PLaMU0jJoEKonXTsRPwc6KAU8H6BS/VLCG0SzqsaaQkEdN+PvxhH+8Zp43DWJkjAQ/d3xM5ibTOosB0RgTu9XQ2MP/LmimEZ37OZZICk3S0KEwFhhgPcOE2V4yCyIwgVHHzVkzviSEBBurEliAaMHGmCfwVteOyc1Ku3FRK1YsxnSW0g3bRPnLQKaqiK3SNXETRE3pBr+jNerberU/ra9Q6Y41nttFEWd8/YLWqUg==</latexit>

y = �sgn(y)|U |� sgn(y)|U |1+ 1
�Impose symmetry:

Additional constraint for smooth solution

<latexit sha1_base64="w9VbnWidCAFPD6XIjUl9DR3b3uA=">AAACKXicbVDJSgNBEO1xjXGLetRDYyJ4CjMhLjkIQS8eI5gFkhB6emqSJj09Q3ePGIZc/BrBk/6JN/XqP3i2sxxM4oOCx3tVVNVzI86Utu1Pa2l5ZXVtPbWR3tza3tnN7O3XVBhLClUa8lA2XKKAMwFVzTSHRiSBBC6Hutu/Gfn1B5CKheJeDyJoB6QrmM8o0UbqZI6Y8EFK8HCuxc2YR/AVtvPFUql0lutksnbeHgMvEmdKsmiKSifz0/JCGgcgNOVEqaZjR7qdEKkZ5TBMt2IFEaF90oWmoYIEoNrJ+IshPjGKh/1QmhIaj9W/EwkJlBoErukMiO6peW8k/uc1Y+1fthMmoliDoJNFfsyxDvEoEuwxCVTzgSGESmZuxbRHJKHaBDezxQ1mfkgeJ6enTVDOfCyLpFbIO+f54l0hW76eRpZCh+gYnSIHXaAyukUVVEUUPaFn9IrerBfr3fqwviatS9Z05gDNwPr+Bca+pVk=</latexit>

inferred � = 0.49995

<latexit sha1_base64="aiDSTHz7XTzNuusKoBFtuO3LQM4=">AAACKHicbVC7SgNBFJ2Nrxhfq5ZpBhPBatkNvhohaGMZwTwgWcLs7E0yZPbBzKwYlhR+jWClf2Inaf0IayfJFibxwMDhnHvn3nu8mDOpbHti5NbWNza38tuFnd29/QPz8Kgho0RQqNOIR6LlEQmchVBXTHFoxQJI4HFoesO7qd98AiFZFD6qUQxuQPoh6zFKlJa6ZlENIBKgtMBxucN1p0/wDbati3LXLNmWPQNeJU5GSihDrWv+dPyIJgGEinIiZduxY+WmROjvOYwLnURCTOiQ9KGtaUgCkG46O2KMT7Xi414k9AsVnql/O1ISSDkKPF0ZEDWQy95U/M9rJ6p37aYsjBMFIZ0P6iUcqwhPE8E+E0AVH2lCqGB6V0wHRBCqdG4LU7xg4Yb0eb56QQflLMeyShoVy7m0zh8qpeptFlkeFdEJOkMOukJVdI9qqI4oekGv6B19GG/Gp/FlTOalOSPrOUYLML5/AUqVpbU=</latexit>

theoretical � = 0.5

Very precise

around the origin

Uniform higher-order derivatives everywhere

<latexit sha1_base64="25IHuJQNQoLmlwTLM/l7GSJtmpc=">AAACHXicbVDLSsNAFJ3UV62vqEs3g6VQNyUpRd0IRTcuK9gHNDFMppN26EwSZibSEvIFfoTf4FbX7sStuPRPnD4WtvXAwOGcezlzjx8zKpVlfRu5tfWNza38dmFnd2//wDw8askoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH95M/PYjEZJG4b0ax8TlqB/SgGKktOSZJRZJ6Ul4BbtOjISiiHnpaDTKgvLozH2oQkdF0PLMolWxpoCrxJ6TIpij4Zk/Ti/CCSehwgxJ2bWtWLnpJAAzkhWcRJIY4SHqk66mIeJEuun0nAyWtNKDQST0CxWcqn83UsSlHHNfT3KkBnLZm4j/ed1EBZduSsM4USTEs6AgYVCfOOkG9qggWLGxJggLqv8K8QAJhJVucCHF55nuxF5uYJW0qhX7vFK7qxXr1/N28uAEnIIysMEFqINb0ABNgMETeAGv4M14Nt6ND+NzNpoz5jvHYAHG1y9YkaH6</latexit>

losss = [@xxxf(x)]
2 ! 0
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Two big challenges: 

1. Governing equation involves unknown parameter 
<latexit sha1_base64="oyqH1VSBuS1hbBwgSvDpHKSiFIg=">AAAB/nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9oh5LJZNrQJDMkGaEMBX/Bre7diVt/xa1fYtrOwrYeCBzOOZd7c4KEM21c99spbGxube8Ud0t7+weHR+Xjk7aOU0Voi8Q8Vt0Aa8qZpC3DDKfdRFEsAk47wfhu5neeqNIslo9mklBf4KFkESPYWKnT5zYa4kG54lbdOdA68XJSgRzNQfmnH8YkFVQawrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYslVhQ7Wfzc6fowiohimJlnzRorv6dyLDQeiICmxTYjPSqNxP/83qpiW78jMkkNVSSxaIo5cjEaPZ3FDJFieETSzBRzN6KyAgrTIxtaGlLIKYlW4q3WsE6aV9VvXq19lCrNG7zeopwBudwCR5cQwPuoQktIDCGF3iFN+fZeXc+nM9FtODkM6ewBOfrF5Kvliw=</latexit>

�

2. Derived solution should be smooth everywhere

(Numerical method is only efficient at solving fully-known equations)

(Numerical method is hard to deal with the smoothness condition due to discretization)

to be determined by the constraint of solution

<latexit sha1_b ase64="GxKOk++5Cvow2hUiAty/7MMnKgw="></latexit>

⌦+ ((1 + �)y +U) ·r⌦ = �

(2 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(2 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

⌦ = @y1U2 � @y2U1 divU = 0

Steady self-similar equations for axisymmetric Euler with boundary (Bousinessq)
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Self-similar equations for axisymmetric 
Euler with boundary (Bousinessq)

<latexit sha1_base64="4kFdxFPHGhrPT8WWM1SjL84mrQA=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0UQhJKUom6EohuXFUxbaEOYTCft0MmDmYkYQr/DrxFc6Tf4A+7Enbh0kmZhWi/McDjnPo8bMSqkYbxrlZXVtfWN6mZta3tnd0/fP+iKMOaYWDhkIe+7SBBGA2JJKhnpR5wg32Wk505vMr33QLigYXAvk4jYPhoH1KMYSUU5uuk5LXgFhxHikiLmpIljzqDlpOo/K9HNnG7OHL1uNIw84DIwC1AHRXQc/Xs4CnHsk0BihoQYmEYk7TTrjBmZ1YaxIBHCUzQmAwUD5BNhp/lpM3iimBH0Qq5eIGHO/q1IkS9E4rsq00dyIha1jPxPG8TSu7RTGkSxJAGeD/JiBmUIM5/giHKCJUsUQJhTtSvEE8QRlsrN0hTXL92QPs5XrymjzEVblkG32TDPG627Vr19XVhWBUfgGJwCE1yANrgFHWABDJ7AM3gFb9qL9qF9al/z1IpW1ByCUmg/v3x3rvk=</latexit>

f4 = @y1U1 + @y2U2

<latexit sha1_base64="N4fdBQhF3+/eicFOaexAgPLEdyI="></latexit>

f5 = ⌦� (@y1U2 � @y2U1)

Fixing 

<latexit sha1_base64="vwht2N0o+XtAAykqe3h33GmMTsc="></latexit>

f1 = ⌦+ ((1 + �)y +U) ·r⌦� �

<latexit sha1_base64="rbj3G5wWizpNzcV3SmM2EyfII3c="></latexit>

f2 = (2 + @y1U1)�+ ((1 + �)y +U) ·r�+ @y1U2 

<latexit sha1_base64="3F+sZlioWpTXsjKjS07m7jxEylM="></latexit>

f3 = (2 + @y2U2) + ((1 + �)y +U) ·r + @y2U1�

Non-smooth self-similar solution at 

<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5

<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5
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<latexit sha1_base64="ppMWNme37wsnx+WTSVsuQaFouNQ="></latexit>

R =
�
y21 + y22

�↵
2 and � = arctan

✓
y2
y1

◆
Define

<latexit sha1_base64="PuwpbMhdrenNzhEz+71FHGwatcw="></latexit>

for � 2 [0, ⇡
2 ] (or equivalently y1 � 0) and c = 2

⇡

R ⇡
2

0 (cos(✓))↵ sin(2✓) d✓

<latexit sha1_base64="ud7wffFVoPvD87Mf4tvX6IVGWoA="></latexit>

Chen-Hou ’21 constructed an approximate self-similar solution for ↵ ⌧ 1

<latexit sha1_base64="IxuLxATkCTd/T0GvfEh48JjHdio="></latexit>

⌦ = �↵

c
(cos(�))↵

3R

(1 +R)2
, � = �↵

c
(cos(�))↵

6R

(1 +R)3
,  ⌘ 0

<latexit sha1_base64="ymJ7ktt9FUwKriCXHuYfXyMN6O8="></latexit>

with ↵ =
1

1 + �

PINN predictionApprox. sol. (4.1) Approx. sol. (4.1) PINN prediction

<latexit sha1_base64="JsWwIdOKy3lgfU08QIEWd934Gik=">AAACFnicbVDLSgMxFM3UV62vqks3wVZwVWaKqBuh4MZlBfuAdiiZNG1Dk8yQ3BGHob8h7vRL3Ilbt36Ie9N2Frb1QOBwzr3ckxNEghtw3W8nt7a+sbmV3y7s7O7tHxQPj5omjDVlDRqKULcDYpjgijWAg2DtSDMiA8Fawfh26rcemTY8VA+QRMyXZKj4gFMCVuoSwOWkV8U32C33iiW34s6AV4mXkRLKUO8Vf7r9kMaSKaCCGNPx3Aj8lGjgVLBJoRsbFhE6JkPWsVQRyYyfzjJP8JlV+ngQavsU4Jn6dyMl0phEBnZSEhiZZW8q/ud1Yhhc+ylXUQxM0fmhQSwwhHhaAO5zzSiIxBJCNbdZMR0RTSjYmhauBHLhD+nTPLrtyVtuZZU0qxXvsnJxXy3ValljeXSCTtE58tAVqqE7VEcNRFGEntErenNenHfnw/mcj+acbOcYLcD5+gXxKJ8H</latexit>

at y2 = 0
<latexit sha1_base64="JsWwIdOKy3lgfU08QIEWd934Gik=">AAACFnicbVDLSgMxFM3UV62vqks3wVZwVWaKqBuh4MZlBfuAdiiZNG1Dk8yQ3BGHob8h7vRL3Ilbt36Ie9N2Frb1QOBwzr3ckxNEghtw3W8nt7a+sbmV3y7s7O7tHxQPj5omjDVlDRqKULcDYpjgijWAg2DtSDMiA8Fawfh26rcemTY8VA+QRMyXZKj4gFMCVuoSwOWkV8U32C33iiW34s6AV4mXkRLKUO8Vf7r9kMaSKaCCGNPx3Aj8lGjgVLBJoRsbFhE6JkPWsVQRyYyfzjJP8JlV+ngQavsU4Jn6dyMl0phEBnZSEhiZZW8q/ud1Yhhc+ylXUQxM0fmhQSwwhHhaAO5zzSiIxBJCNbdZMR0RTSjYmhauBHLhD+nTPLrtyVtuZZU0qxXvsnJxXy3ValljeXSCTtE58tAVqqE7VEcNRFGEntErenNenHfnw/mcj+acbOcYLcD5+gXxKJ8H</latexit>

at y2 = 0

<latexit sha1_base64="lrfNJwFduKZCKe+gpwA641anDNw=">AAACFXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxgnlAsoTZ2dlkyMzOMjMrhiWfId70S7yJV89+iHcnyR5MYkFDUd1NV1eQcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUMlWENojkUrUDrClnMW0YZjhtJ4piEXDaCoa3k37rkSrNZPxgRgn1Be7HLGIEGyt1utyOhhjdoIteueJW3SnQMvFyUoEc9V75pxtKkgoaG8Kx1h3PTYyfYWUY4XRc6qaaJpgMcZ92LI2xoNrPppbH6MQqIYqkshUbNFX/bmRYaD0SgZ0U2Az0Ym8i/tfrpCa69jMWJ6mhMZkdilKOjEST/1HIFCWGjyzBRDHrFZEBVpgYm9LclUDM/ZA9zazbnLzFVJZJ86zqXVbP788rtVqeWBGO4BhOwYMrqMEd1KEBBCQ8wyu8OS/Ou/PhfM5GC06+cwhzcL5+AZkBn3o=</latexit>

� = 5
<latexit sha1_base64="lrfNJwFduKZCKe+gpwA641anDNw=">AAACFXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxgnlAsoTZ2dlkyMzOMjMrhiWfId70S7yJV89+iHcnyR5MYkFDUd1NV1eQcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUMlWENojkUrUDrClnMW0YZjhtJ4piEXDaCoa3k37rkSrNZPxgRgn1Be7HLGIEGyt1utyOhhjdoIteueJW3SnQMvFyUoEc9V75pxtKkgoaG8Kx1h3PTYyfYWUY4XRc6qaaJpgMcZ92LI2xoNrPppbH6MQqIYqkshUbNFX/bmRYaD0SgZ0U2Az0Ym8i/tfrpCa69jMWJ6mhMZkdilKOjEST/1HIFCWGjyzBRDHrFZEBVpgYm9LclUDM/ZA9zazbnLzFVJZJ86zqXVbP788rtVqeWBGO4BhOwYMrqMEd1KEBBCQ8wyu8OS/Ou/PhfM5GC06+cwhzcL5+AZkBn3o=</latexit>

� = 5

Chen-Hou PINN

<latexit sha1_base64="btfDcl6xxBsptXmP9o7H+3bg9As=">AAACAnicbVC7SgNBFL0bXzG+opY2g4lgFXaDqI0QtLGMYB6QLGF2MpsMmZldZmaFJaTzG2y1thNbf8TSP3GSbGESD1w4nHMv53KCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8Hobuq3nqjSLJKPJo2pL/BAspARbKzUxQaV014V3SC33CuW3Io7A1olXkZKkKHeK/50+xFJBJWGcKx1x3Nj44+xMoxwOil0E01jTEZ4QDuWSiyo9seznyfozCp9FEbKjjRopv69GGOhdSoCuymwGeplbyr+53USE177YybjxFBJ5kFhwpGJ0LQA1GeKEsNTSzBRzP6KyBArTIytaSElEBPbibfcwCppViveZeXioVqq3Wbt5OEETuEcPLiCGtxDHRpAIIYXeIU359l5dz6cz/lqzslujmEBztcvISGWgw==</latexit>

at y2 = 0

<latexit sha1_base64="qlhkz6x++ek6+Z3NkXGsy+Tml1Q=">AAACCHicbZDLSsNAFIYn9VbrLerSzWAR6qYkUqwboejGZQV7gTaUk+mkHTqZhJlJoYS+gM/gVtfuxK1v4dI3cdpmYVt/OPDzn3M4h8+POVPacb6t3Mbm1vZOfrewt39weGQfnzRVlEhCGyTikWz7oChngjY005y2Y0kh9Dlt+aP7Wb81plKxSDzpSUy9EAaCBYyANlHPtktd4PEQ8C12yu519bJnF52yMxdeN25miihTvWf/dPsRSUIqNOGgVMd1Yu2lIDUjnE4L3UTRGMgIBrRjrICQKi+dfz7FFybp4yCSpoTG8/TvRgqhUpPQN5Mh6KFa7c3C/3qdRAc3XspEnGgqyOJQkHCsIzzDgPtMUqL5xBggkplfMRmCBKINrKUrfjg1TNxVAuumeWUAliuPlWLtLqOTR2foHJWQi6qohh5QHTUQQWP0gl7Rm/VsvVsf1udiNGdlO6doSdbXLyu9mBY=</latexit>

(↵ = 0.167)
<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5

PINN predictionApprox. sol. (4.1) Approx. sol. (4.1) PINN prediction

<latexit sha1_base64="JsWwIdOKy3lgfU08QIEWd934Gik=">AAACFnicbVDLSgMxFM3UV62vqks3wVZwVWaKqBuh4MZlBfuAdiiZNG1Dk8yQ3BGHob8h7vRL3Ilbt36Ie9N2Frb1QOBwzr3ckxNEghtw3W8nt7a+sbmV3y7s7O7tHxQPj5omjDVlDRqKULcDYpjgijWAg2DtSDMiA8Fawfh26rcemTY8VA+QRMyXZKj4gFMCVuoSwOWkV8U32C33iiW34s6AV4mXkRLKUO8Vf7r9kMaSKaCCGNPx3Aj8lGjgVLBJoRsbFhE6JkPWsVQRyYyfzjJP8JlV+ngQavsU4Jn6dyMl0phEBnZSEhiZZW8q/ud1Yhhc+ylXUQxM0fmhQSwwhHhaAO5zzSiIxBJCNbdZMR0RTSjYmhauBHLhD+nTPLrtyVtuZZU0qxXvsnJxXy3ValljeXSCTtE58tAVqqE7VEcNRFGEntErenNenHfnw/mcj+acbOcYLcD5+gXxKJ8H</latexit>

at y2 = 0
<latexit sha1_base64="JsWwIdOKy3lgfU08QIEWd934Gik=">AAACFnicbVDLSgMxFM3UV62vqks3wVZwVWaKqBuh4MZlBfuAdiiZNG1Dk8yQ3BGHob8h7vRL3Ilbt36Ie9N2Frb1QOBwzr3ckxNEghtw3W8nt7a+sbmV3y7s7O7tHxQPj5omjDVlDRqKULcDYpjgijWAg2DtSDMiA8Fawfh26rcemTY8VA+QRMyXZKj4gFMCVuoSwOWkV8U32C33iiW34s6AV4mXkRLKUO8Vf7r9kMaSKaCCGNPx3Aj8lGjgVLBJoRsbFhE6JkPWsVQRyYyfzjJP8JlV+ngQavsU4Jn6dyMl0phEBnZSEhiZZW8q/ud1Yhhc+ylXUQxM0fmhQSwwhHhaAO5zzSiIxBJCNbdZMR0RTSjYmhauBHLhD+nTPLrtyVtuZZU0qxXvsnJxXy3ValljeXSCTtE58tAVqqE7VEcNRFGEntErenNenHfnw/mcj+acbOcYLcD5+gXxKJ8H</latexit>

at y2 = 0

<latexit sha1_base64="lrfNJwFduKZCKe+gpwA641anDNw=">AAACFXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxgnlAsoTZ2dlkyMzOMjMrhiWfId70S7yJV89+iHcnyR5MYkFDUd1NV1eQcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUMlWENojkUrUDrClnMW0YZjhtJ4piEXDaCoa3k37rkSrNZPxgRgn1Be7HLGIEGyt1utyOhhjdoIteueJW3SnQMvFyUoEc9V75pxtKkgoaG8Kx1h3PTYyfYWUY4XRc6qaaJpgMcZ92LI2xoNrPppbH6MQqIYqkshUbNFX/bmRYaD0SgZ0U2Az0Ym8i/tfrpCa69jMWJ6mhMZkdilKOjEST/1HIFCWGjyzBRDHrFZEBVpgYm9LclUDM/ZA9zazbnLzFVJZJ86zqXVbP788rtVqeWBGO4BhOwYMrqMEd1KEBBCQ8wyu8OS/Ou/PhfM5GC06+cwhzcL5+AZkBn3o=</latexit>

� = 5
<latexit sha1_base64="lrfNJwFduKZCKe+gpwA641anDNw=">AAACFXicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxgnlAsoTZ2dlkyMzOMjMrhiWfId70S7yJV89+iHcnyR5MYkFDUd1NV1eQcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUMlWENojkUrUDrClnMW0YZjhtJ4piEXDaCoa3k37rkSrNZPxgRgn1Be7HLGIEGyt1utyOhhjdoIteueJW3SnQMvFyUoEc9V75pxtKkgoaG8Kx1h3PTYyfYWUY4XRc6qaaJpgMcZ92LI2xoNrPppbH6MQqIYqkshUbNFX/bmRYaD0SgZ0U2Az0Ym8i/tfrpCa69jMWJ6mhMZkdilKOjEST/1HIFCWGjyzBRDHrFZEBVpgYm9LclUDM/ZA9zazbnLzFVJZJ86zqXVbP788rtVqeWBGO4BhOwYMrqMEd1KEBBCQ8wyu8OS/Ou/PhfM5GC06+cwhzcL5+AZkBn3o=</latexit>

� = 5

Chen-Hou PINN

<latexit sha1_base64="btfDcl6xxBsptXmP9o7H+3bg9As=">AAACAnicbVC7SgNBFL0bXzG+opY2g4lgFXaDqI0QtLGMYB6QLGF2MpsMmZldZmaFJaTzG2y1thNbf8TSP3GSbGESD1w4nHMv53KCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8Hobuq3nqjSLJKPJo2pL/BAspARbKzUxQaV014V3SC33CuW3Io7A1olXkZKkKHeK/50+xFJBJWGcKx1x3Nj44+xMoxwOil0E01jTEZ4QDuWSiyo9seznyfozCp9FEbKjjRopv69GGOhdSoCuymwGeplbyr+53USE177YybjxFBJ5kFhwpGJ0LQA1GeKEsNTSzBRzP6KyBArTIytaSElEBPbibfcwCppViveZeXioVqq3Wbt5OEETuEcPLiCGtxDHRpAIIYXeIU359l5dz6cz/lqzslujmEBztcvISGWgw==</latexit>

at y2 = 0

<latexit sha1_base64="qlhkz6x++ek6+Z3NkXGsy+Tml1Q=">AAACCHicbZDLSsNAFIYn9VbrLerSzWAR6qYkUqwboejGZQV7gTaUk+mkHTqZhJlJoYS+gM/gVtfuxK1v4dI3cdpmYVt/OPDzn3M4h8+POVPacb6t3Mbm1vZOfrewt39weGQfnzRVlEhCGyTikWz7oChngjY005y2Y0kh9Dlt+aP7Wb81plKxSDzpSUy9EAaCBYyANlHPtktd4PEQ8C12yu519bJnF52yMxdeN25miihTvWf/dPsRSUIqNOGgVMd1Yu2lIDUjnE4L3UTRGMgIBrRjrICQKi+dfz7FFybp4yCSpoTG8/TvRgqhUpPQN5Mh6KFa7c3C/3qdRAc3XspEnGgqyOJQkHCsIzzDgPtMUqL5xBggkplfMRmCBKINrKUrfjg1TNxVAuumeWUAliuPlWLtLqOTR2foHJWQi6qohh5QHTUQQWP0gl7Rm/VsvVsf1udiNGdlO6doSdbXLyu9mBY=</latexit>

(↵ = 0.167)
<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5

<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5
<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5

<latexit sha1_base64="2yUpghdOSbwMEw9NqjU9o5MZVNY=">AAACHHicbVDLSgMxFM34rPXRUZdugkWomzIjRV0W3bisYB/QGUomk5mGJpkhyYhl6JcIrvRP3IlbwR9xbdrOwrYeCBzOuZd7coKUUaUd59taW9/Y3Nou7ZR39/YPKvbhUUclmcSkjROWyF6AFGFUkLammpFeKgniASPdYHQ79buPRCqaiAc9TonPUSxoRDHSRhrYlZrHzHSIoBfH0D0f2FWn7swAV4lbkCoo0BrYP16Y4IwToTFDSvVdJ9V+jqSmmJFJ2csUSREeoZj0DRWIE+Xns+ATeGaUEEaJNE9oOFP/buSIKzXmgZnkSA/VsjcV//P6mY6u/ZyKNNNE4PmhKGNQJ3DaAgypJFizsSEIS2qyQjxEEmFtulq4EvCFP+RP8+hlU5S7XMsq6VzU3ct6475Rbd4UlZXACTgFNeCCK9AEd6AF2gCDDDyDV/BmvVjv1of1OR9ds4qdY7AA6+sXViKhHw==</latexit>

(� � 1)



Non-smooth solution for Euler (Bousinessq)51

Self-similar equations for axisymmetric 
Euler with boundary (Bousinessq)

<latexit sha1_base64="4kFdxFPHGhrPT8WWM1SjL84mrQA=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0UQhJKUom6EohuXFUxbaEOYTCft0MmDmYkYQr/DrxFc6Tf4A+7Enbh0kmZhWi/McDjnPo8bMSqkYbxrlZXVtfWN6mZta3tnd0/fP+iKMOaYWDhkIe+7SBBGA2JJKhnpR5wg32Wk505vMr33QLigYXAvk4jYPhoH1KMYSUU5uuk5LXgFhxHikiLmpIljzqDlpOo/K9HNnG7OHL1uNIw84DIwC1AHRXQc/Xs4CnHsk0BihoQYmEYk7TTrjBmZ1YaxIBHCUzQmAwUD5BNhp/lpM3iimBH0Qq5eIGHO/q1IkS9E4rsq00dyIha1jPxPG8TSu7RTGkSxJAGeD/JiBmUIM5/giHKCJUsUQJhTtSvEE8QRlsrN0hTXL92QPs5XrymjzEVblkG32TDPG627Vr19XVhWBUfgGJwCE1yANrgFHWABDJ7AM3gFb9qL9qF9al/z1IpW1ByCUmg/v3x3rvk=</latexit>

f4 = @y1U1 + @y2U2

<latexit sha1_base64="N4fdBQhF3+/eicFOaexAgPLEdyI="></latexit>

f5 = ⌦� (@y1U2 � @y2U1)

Large equation residues around the origin

<latexit sha1_base64="vwht2N0o+XtAAykqe3h33GmMTsc="></latexit>

f1 = ⌦+ ((1 + �)y +U) ·r⌦� �

<latexit sha1_base64="rbj3G5wWizpNzcV3SmM2EyfII3c="></latexit>

f2 = (2 + @y1U1)�+ ((1 + �)y +U) ·r�+ @y1U2 

<latexit sha1_base64="3F+sZlioWpTXsjKjS07m7jxEylM="></latexit>

f3 = (2 + @y2U2) + ((1 + �)y +U) ·r + @y2U1�

Fixing 

Non-smooth self-similar solution at 

<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5

<latexit sha1_base64="lmK7keTSGYLldIc45DGE4hMAUTM=">AAACAXicdVDLSsNAFJ3UV62vqks3g0VwFdL06UIounFZwT4gDWUymbRDZ5IwMxFK6MpvcKtrd+LWL3HpnzhpK1jRAxcO55zLfXgxo1JZ1oeRW1vf2NzKbxd2dvf2D4qHR10ZJQKTDo5YJPoekoTRkHQUVYz0Y0EQ9xjpeZPrzO/dEyFpFN6paUxcjkYhDShGSkvOgOmoj+AlrA2LJcu8aNbtmg0t07IadqWeEbtRtSuwrJUMJbBEe1j8HPgRTjgJFWZISqdsxcpNkVAUMzIrDBJJYoQnaEQcTUPEiXTT+cozeKYVHwaR0BUqOFd/dqSISznlnk5ypMbyt5eJf3lOooKmm9IwThQJ8WJQkDCoIpjdD30qCFZsqgnCgupdIR4jgbDSX1qZ4vGZ/sn34fB/0rXNct2s3lZLravld/LgBJyCc1AGDdACN6ANOgCDCDyCJ/BsPBgvxqvxtojmjGXPMViB8f4FJleXOg==</latexit>

� = 5



Smooth solution for Euler (Bousinessq) 52

Self-similar equations for axisymmetric 
Euler with boundary (Bousinessq)

Uniform and small equation residues everywhere

<latexit sha1_base64="4kFdxFPHGhrPT8WWM1SjL84mrQA=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0UQhJKUom6EohuXFUxbaEOYTCft0MmDmYkYQr/DrxFc6Tf4A+7Enbh0kmZhWi/McDjnPo8bMSqkYbxrlZXVtfWN6mZta3tnd0/fP+iKMOaYWDhkIe+7SBBGA2JJKhnpR5wg32Wk505vMr33QLigYXAvk4jYPhoH1KMYSUU5uuk5LXgFhxHikiLmpIljzqDlpOo/K9HNnG7OHL1uNIw84DIwC1AHRXQc/Xs4CnHsk0BihoQYmEYk7TTrjBmZ1YaxIBHCUzQmAwUD5BNhp/lpM3iimBH0Qq5eIGHO/q1IkS9E4rsq00dyIha1jPxPG8TSu7RTGkSxJAGeD/JiBmUIM5/giHKCJUsUQJhTtSvEE8QRlsrN0hTXL92QPs5XrymjzEVblkG32TDPG627Vr19XVhWBUfgGJwCE1yANrgFHWABDJ7AM3gFb9qL9qF9al/z1IpW1ByCUmg/v3x3rvk=</latexit>

f4 = @y1U1 + @y2U2

<latexit sha1_base64="N4fdBQhF3+/eicFOaexAgPLEdyI="></latexit>

f5 = ⌦� (@y1U2 � @y2U1)

<latexit sha1_base64="vwht2N0o+XtAAykqe3h33GmMTsc="></latexit>

f1 = ⌦+ ((1 + �)y +U) ·r⌦� �

<latexit sha1_base64="rbj3G5wWizpNzcV3SmM2EyfII3c="></latexit>

f2 = (2 + @y1U1)�+ ((1 + �)y +U) ·r�+ @y1U2 

<latexit sha1_base64="3F+sZlioWpTXsjKjS07m7jxEylM="></latexit>

f3 = (2 + @y2U2) + ((1 + �)y +U) ·r + @y2U1�

Smooth self-similar solution at <latexit sha1_base64="X6zn9Gxx3jfBUas382zGbM83vqc=">AAACInicbVC7SgNBFJ31GeMramkzmAhiEXaD+CiEoI12EYwRkhBmZ+/qkNnZZeauGJb9Bz/Cb7DV2k6sBBv/xElM4evAwJlz7ovjJ1IYdN03Z2JyanpmtjBXnF9YXFouraxemDjVHJo8lrG+9JkBKRQ0UaCEy0QDi3wJLb9/PPRbN6CNiNU5DhLoRuxKiVBwhlbqlbZPVQhaQ0ArHYRbHE3M7D/POtKOCRg9pF71wM0rvVLZrboj0L/EG5MyGaPRK310gpinESjkkhnT9twEuxnTKLiEvNhJDSSM99kVtC1VLALTzUYX5HTTKgENY22fQjpSv3dkLDJmEPm2MmJ4bX57Q/E/r51iuN/NhEpSBMW/FoWppBjTYUA0EBo4yoEljGthb6X8mmnG0cb4Y4sf5TYT73cCf8lFrertVnfOauX60TidAlknG2SLeGSP1MkJaZAm4eSOPJBH8uTcO8/Oi/P6VTrhjHvWyA84758s3qPw</latexit>

Inferred � = 1.90

<latexit sha1_base64="Uq8oQXmcdVk5v0WRo7idNLpEy3I=">AAACJ3icbVDLSsNAFJ34rO+qSzeDVagLa1LEx0IouunChYKthSaUyXTaDp1kwsyNWEI+w4/wG9zq2p3osn/itGZhrQcuHM65L44fCa7Btr+smdm5+YXF3NLyyura+kZ+c6uuZawoq1EppGr4RDPBQ1YDDoI1IsVI4At27/evRv79A1Oay/AOBhHzAtINeYdTAkZq5Y+K17E8rMoY77nYBfYI452JLwjtp4krzKo2SfEFdkrnzt5BK1+wS/YYeJo4GSmgDDet/NBtSxoHLAQqiNZNx47AS4gCTgVLl91Ys8jcIl3WNDQkAdNeMn4ixftGaeOOVKZCwGP190RCAq0HgW86AwI9/dcbif95zRg6Z17CwygGFtKfQ51YYJB4lBJuc8UoiIEhhCpufsW0RxShYLKcuOIHqcnE+ZvANKmXS85J6fi2XKhcZunk0A7aRUXkoFNUQVV0g2qIoif0gl7Rm/VsvVsf1udP64yVzWyjCVjDb42jpQw=</latexit>

(Luo-Hou � = 1.91)

<latexit sha1_base64="X6zn9Gxx3jfBUas382zGbM83vqc=">AAACInicbVC7SgNBFJ31GeMramkzmAhiEXaD+CiEoI12EYwRkhBmZ+/qkNnZZeauGJb9Bz/Cb7DV2k6sBBv/xElM4evAwJlz7ovjJ1IYdN03Z2JyanpmtjBXnF9YXFouraxemDjVHJo8lrG+9JkBKRQ0UaCEy0QDi3wJLb9/PPRbN6CNiNU5DhLoRuxKiVBwhlbqlbZPVQhaQ0ArHYRbHE3M7D/POtKOCRg9pF71wM0rvVLZrboj0L/EG5MyGaPRK310gpinESjkkhnT9twEuxnTKLiEvNhJDSSM99kVtC1VLALTzUYX5HTTKgENY22fQjpSv3dkLDJmEPm2MmJ4bX57Q/E/r51iuN/NhEpSBMW/FoWppBjTYUA0EBo4yoEljGthb6X8mmnG0cb4Y4sf5TYT73cCf8lFrertVnfOauX60TidAlknG2SLeGSP1MkJaZAm4eSOPJBH8uTcO8/Oi/P6VTrhjHvWyA84758s3qPw</latexit>

Inferred � = 1.90

Additional constraint for smooth solution
around the origin

<latexit sha1_base64="Ivnzfvbn7SEPwHizx4CbyjvzpjY=">AAACGnicbVC7TsMwFHXKq5RXgJHFaoVUliqpKmBBqmBhLBJ9SEmIHNdprToP2Q5qFXXnI/gGVpjZECsLI3+C02agLUeydHTOffgeL2ZUSMP41gpr6xubW8Xt0s7u3v6BfnjUEVHCMWnjiEW85yFBGA1JW1LJSC/mBAUeI11vdJP53UfCBY3CezmJiROgQUh9ipFUkquXWSSEK+AVtOwYcUkRc8fQr47PnIc6tGUEDVevGDVjBrhKzJxUQI6Wq//Y/QgnAQklZkgIyzRi6aTZdMzItGQngsQIj9CAWIqGKCDCSWe3TOGpUvrQj7h6oYQz9W9HigIhJoGnKgMkh2LZy8T/PCuR/qWT0jBOJAnxfJGfMKhOzIKBfcoJlmyiCMKcqr9CPEQcYaniW9jiBVOVibmcwCrp1Gvmea1x16g0r/N0iuAElEEVmOACNMEtaIE2wOAJvIBX8KY9a+/ah/Y5Ly1oec8xWID29Qvp1qAU</latexit>

losss = [@xf(x)]
2 ! 0
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<latexit sha1_base64="6mYi8kZyLBHWDwZxxq2dZJXtnTc="></latexit>

!t + au!x = !ux, where u = �
Z x

0
(H!)(s) ds = �⇤�1

!

(Hilbert transform)

<latexit sha1_base64="s/753WxPkYNnvZy1N4H5/TnZsdE="></latexit>

⌦+ ((1 + �)y � aU)@y⌦+ ⌦@yU = 0

<latexit sha1_base64="zVLyCTENfXjUNb+oZl/9XxBofwQ="></latexit>

Setting U = �⇤�1⌦ and y =
x

(1� t)1+�
, leads to the equations

<latexit sha1_base64="wr/kQiBFfFKvOFA+JjLNdRl8g4M="></latexit>

Given a constant a 2 R, the generalized De Gregorio equations are

<latexit sha1_base64="vwHLMbt2S6ncnasmjwTcXtpMzzU=">AAACJ3icbVDLTgIxFO3gC/GFunTTCCaucIYYdUl0405M5JEAIZ3OHWhoO5O2oxLCZ/gRfoNbXbszuuRPLI+FgCdpenruvT3t8WPOtHHdHye1srq2vpHezGxt7+zuZfcPqjpKFIUKjXik6j7RwJmEimGGQz1WQITPoeb3bsb12iMozSL5YPoxtATpSBYySoyV2tkzXANMtE4EYJxv3gnokDwmMsD5it0V4CgIJucnwCF7bmdzbsGdAC8Tb0ZyaIZyOztqBhG110tDuTVqeG5sWgOiDKMchplmoiEmtEc60LBUEgG6NZh8bIhPrBLgMFJ2SYMn6t+JARFa94VvOwUxXb1YG4v/1RqJCa9aAybjxICkU6Mw4dhEeJwSDpgCanjfEkIVs2/FtEsUocZmOefii6HNxFtMYJlUiwXvonB+X8yVrmfppNEROkanyEOXqIRuURlVEEUv6A29ow/n1fl0vpzvaWvKmc0cojk4o1+ULaPq</latexit>

We assume ⌦ and U are odd and we fix

<latexit sha1_base64="zlKSFtiPGGQcb8lDrbNxD+UX9iw=">AAACDnicbVDLSsNAFJ3UV62vqODGzWAR6qYkpagboejGnRXsA5oQJtNJO3QmCTMTIdT+g9/gVtfuxK2/4NI/cdJmYVsPXDicc18cP2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yNJGA1JS1HFSDcWBHGfkY4/usn8ziMRkkbhg0pj4nI0CGlAMVJa8swjJ0ZCUcS8FDp3nAxQxTq7qnlm2apaU8BlYuekDHI0PfPH6Uc44SRUmCEpe7YVK3ec7caMTEpOIkmM8AgNSE/TEHEi3fH0/wk81UofBpHQFSo4Vf9OjBGXMuW+7uRIDeWil4n/eb1EBZfumIZxokiIZ4eChEEVwSwM2KeCYMVSTRAWVP8K8RAJhJWObO6Kzyc6E3sxgWXSrlXt82r9vl5uXOfpFMExOAEVYIML0AC3oAlaAIMn8AJewZvxbLwbH8bnrLVg5DOHYA7G1y9suZuc</latexit>

@y⌦(0) = 2
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<latexit sha1_base64="X1F1ZMdHEf8oCy3UMtb3n2Lyqcc="></latexit>

1. The case a = 0 is the Constantin-Lax-Majda equation. Explicit self-

similar blow up solutions can be constructed Constantin-Lax-Majda ’85

2. The case a = �1 is the Córdoba-Córdoba-Fontelos model, singularity

formulation is known (Córdoba-Córdoba-Fontelos ’05).

3. For a < 0, blowup (Castro-Córdoba ’10).

4. For a > 0, a small, self-similar blow-up was proven by Elgindi ’19.

5. The case a = 1 is the De Gregorio equation. Self-similar blow-up was

proven in Chen-Hou-Huang ’19 via a computer assisted proof.

Rigorous results:

Numerical results:
<latexit sha1_base64="m8NN3kebBiwzm5FfO80U2Ve0syQ="></latexit>

Numerical results: In Lushnikov-Silantyev-Siegel ’21, numerical self-similar so-
lutions were found for a 2 [�1, 1] and beyond.
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Boundary condition constraints: Equation constraints (entire domain) Smoothness constraint (near origin)

<latexit sha1_base64="zlKSFtiPGGQcb8lDrbNxD+UX9iw=">AAACDnicbVDLSsNAFJ3UV62vqODGzWAR6qYkpagboejGnRXsA5oQJtNJO3QmCTMTIdT+g9/gVtfuxK2/4NI/cdJmYVsPXDicc18cP2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yNJGA1JS1HFSDcWBHGfkY4/usn8ziMRkkbhg0pj4nI0CGlAMVJa8swjJ0ZCUcS8FDp3nAxQxTq7qnlm2apaU8BlYuekDHI0PfPH6Uc44SRUmCEpe7YVK3ec7caMTEpOIkmM8AgNSE/TEHEi3fH0/wk81UofBpHQFSo4Vf9OjBGXMuW+7uRIDeWil4n/eb1EBZfumIZxokiIZ4eChEEVwSwM2KeCYMVSTRAWVP8K8RAJhJWObO6Kzyc6E3sxgWXSrlXt82r9vl5uXOfpFMExOAEVYIML0AC3oAlaAIMn8AJewZvxbLwbH8bnrLVg5DOHYA7G1y9suZuc</latexit>

@y⌦(0) = 2

<latexit sha1_base64="NPT9BH3GFVEkbq+YyxsPvlA1Nis="></latexit>

f1 = ⌦+ ((1 + �)y � aU)@y⌦+ ⌦@yU
<latexit sha1_base64="44fHCLNajfyWmuHcqLf1zDLPEbM=">AAACHXicbZDLSsNAFIYn9VbrrerSzWApCEJJiqgbQXTTnRXsBZpSJpOTduhMEmYmQgl5Ah/CZ3Cra3fiVlz6Jk4vC9v6w8DPf87hnPm8mDOlbfvbyq2srq1v5DcLW9s7u3vF/YOmihJJoUEjHsm2RxRwFkJDM82hHUsgwuPQ8oa343rrEaRiUfigRzF0BemHLGCUaBP1iuWgV8VX2A0koanfyFJ/lOFT7GrGfUhrmXsnoE96xZJdsSfCy8aZmRKaqd4r/rh+RBMBoaacKNVx7Fh3UyI1oxyygpsoiAkdkj50jA2JANVNJ9/JcNkkPg4iaV6o8ST9O5ESodRIeKZTED1Qi7Vx+F+tk+jgspuyME40hHS6KEg41hEes8E+k0A1HxlDqGTmVkwHxJDRhuDcFk9khomzSGDZNKsV57xydn9Wur6Z0cmjI3SMTpCDLtA1qqE6aiCKntALekVv1rP1bn1Yn9PWnDWbOURzsr5+AWAbogw=</latexit>

f2 =
dU

dy
+ H̃⌦

Equations:

Conditions:
<latexit sha1_base64="6PVJALoPZl4aNk+rG4xb3peaHIU=">AAACEHicbVDLTgIxFO3gC/GFujFx0wgmrsgMMeqS6MadmMgjAUI6nQs0tJ1J2zEhE/wIv8Gtrt0Zt/6BS//EArMQ8CQ39+Sce3Pb40ecaeO6305mZXVtfSO7mdva3tndy+8f1HUYKwo1GvJQNX2igTMJNcMMh2akgAifQ8Mf3kz8xiMozUL5YEYRdATpS9ZjlBgrdfNHxfadgD4pYiIDXKzZrgCHQdDNF9ySOwVeJl5KCihFtZv/aQchjQVIQznRuuW5kekkRBlGOYxz7VhDROiQ9KFlqSQCdCeZ/mCMT60S4F6obEmDp+rfjYQIrUfCt5OCmIFe9Cbif14rNr2rTsJkFBuQdHaoF3NsQjyJAwdMATV8ZAmhitm3YjogilBjQ5u74ouxzcRbTGCZ1Msl76J0fl8uVK7TdLLoGJ2gM+ShS1RBt6iKaoiiJ/SCXtGb8+y8Ox/O52w046Q7h2gOztcvbyCbhA==</latexit>

⌦ and U are odd

<latexit sha1_base64="bf4k2kJmkvi96uM8zQLnT36reI0="></latexit>

loss(k)f =
1

Nf

NfX

i=1

f2
k (yi,w,b)

<latexit sha1_base64="W0wogKnvo+nl7bQUQ86w+EKyNrQ="></latexit>

losss =
1

Ns

NsX

i=1


df1
dy

(yi,w,b)

�2<latexit sha1_base64="poKNFgdRriSfGADmAZWKas3u4jQ="></latexit>

lossc =


d⌦

dy
(y = 0,w,b)� 2

�2

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="OlngG7bMYm0AnUElZFcGXeuuUPg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2cE8wHJEfY2k2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsFDrBluBDZjhVQGAhvB8GbiN55QaR6FD2YUoy9pP+Q9zqixUr19J7FPO8WSW3anIMvEy0gJMlQ7xZ92N2KJxNAwQbVueW5s/JQqw5nAcaGdaIwpG9I+tiwNqUTtp9Nrx+TEKl3Si5St0JCp+ncipVLrkQxsp6RmoBe9ifif10pM78pPeRgnBkM2W9RLBDERmbxOulwhM2JkCWWK21sJG1BFmbEBzW0J5Nhm4i0msEzqZ2Xvonx+f16qXGfp5OEIjuEUPLiECtxCFWrA4BFe4BXenGfn3flwPmetOSebOYQ5OF+/In2Vmg==</latexit>

⌦

<latexit sha1_base64="nDF93BPYWrxdjVzXKGTWdzb6hS8=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsN+3S3U3Y3Qgh9Bd41bM38erP8eg/cdvmYFsfDDzem2FmXphwpo3rfjuljc2t7Z3ybmVv/+DwqHp80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJw8zv/NMlWaxfDJZQgOBR5JFjGBjpZY/qNbcujsHWideQWpQoDmo/vSHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzQKbqwyhBFsbIlDZqrfydyLLTORGg7BTZjverNxP+8XmqiuyBnMkkNlWSxKEo5MjGafY2GTFFieGYJJorZWxEZY4WJsdksbQnF1GbirSawTtpXde+mft26rjXui3TKcAbncAke3EIDHqEJPhCg8AKv8OZkzrvz4XwuWktOMXMKS3C+fgFXHpN4</latexit>

U

<latexit sha1_base64="najEv2dzRfdKsmyDMZyq4LDHScQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubSbJkd+/Y3ROOI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZF8acaeN5305hY3Nre6e4W9rbPzg8Kh+ftHSUKIpNGvFIdUKikTOJTcMMx06skIiQYzucPMz89jMqzSL5ZNIYA0FGkg0ZJcZKjbRfrnhVbw53nfg5qUCOer/80xtENBEoDeVE667vxSbIiDKMcpyWeonGmNAJGWHXUkkE6iCbHzp1L6wycIeRsiWNO1f/TmREaJ2K0HYKYsZ61ZuJ/3ndxAzvgozJODEo6WLRMOGuidzZ1+6AKaSGp5YQqpi91aVjogg1NpulLaGY2kz81QTWSeuq6t9UrxvXldp9nk4RzuAcLsGHW6jBI9ShCRQQXuAV3pzUeXc+nM9Fa8HJZ05hCc7XL4/Kk5w=</latexit>y

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases <latexit sha1_base64="0fi5i3eHqIY9BhN4/WDIK4LWutA=">AAACG3icbVDLSgMxFM3UV62vqks3wVZwVWaKqLgqunElFewD2lIy6Z02NI8hyQil9AP8CL/Bra7diVsXLv0T08fCth4IHM45Nzc5YcyZsb7/7aVWVtfWN9Kbma3tnd297P5B1ahEU6hQxZWuh8QAZxIqllkO9VgDESGHWti/Gfu1R9CGKflgBzG0BOlKFjFKrJPa2Vz+rh3lr7BMRAgaqwi7O7ma2jhWTFrjUn7BnwAvk2BGcmiGcjv70+womgiQlnJiTCPwY9saEm0Z5TDKNBMDMaF90oWGo5IIMK3h5DMjfOKUDo6UdkdaPFH/TgyJMGYgQpcUxPbMojcW//MaiY0uW0Mm48SCpNNFUcKxVXjcDO4wDdTygSOEaubeimmPaEKt629uSyhGrpNgsYFlUi0WgvPC2X0xV7qetZNGR+gYnaIAXaASukVlVEEUPaEX9IrevGfv3fvwPqfRlDebOURz8L5+AexooU0=</latexit>

Nf : number of collocation points
<latexit sha1_base64="bDY4IG8TZSUIYfbFHHc9kPZiWHs=">AAACKXicbVDLSgMxFM3UV62vqks3wVZwVWaKqLgqunElFewD2qFkMpk2NI8hyQhl6Hf4EX6DW127U3fij5i2s7CtBwKHc+7JTU4QM6qN6346uZXVtfWN/GZha3tnd6+4f9DUMlGYNLBkUrUDpAmjgjQMNYy0Y0UQDxhpBcObid96JEpTKR7MKCY+R31BI4qRsVKv6JXverp8BUXCA6KgjKC9k8mZDWNJhdEQKZmIEEpF+9RmSm7FnQIuEy8jJZCh3it+d0OJE06EwQxp3fHc2PgpUoZiRsaFbqJJjPAQ9UnHUoE40X46/doYnlglhJFU9ggDp+rfRIq41iMe2EmOzEAvehPxP6+TmOjST6mIE0MEni2KEgaNhJOeYEgVwYaNLEFYUftWiAdIIWxsm3NbAj62nXiLDSyTZrXinVfO7qul2nXWTh4cgWNwCjxwAWrgFtRBA2DwBF7AK3hznp1358P5mo3mnCxzCObg/PwCP8GnNw==</latexit>

Ns: number of collocation points around origin

(numerical Hilbert Transform)

<latexit sha1_base64="h/v5N22Apzjc35/26VcYEn8aQXg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aZdursJuxuhhPwGr3r2Jl79MR79J27bHGzrg4HHezPMzAsTzrRx3W+ntLa+sblV3q7s7O7tH1QPj1o6ThWhPol5rDoh1pQzSX3DDKedRFEsQk7b4fh+6refqdIslk9mktBA4KFkESPYWMnH6Ba5/WrNrbszoFXiFaQGBZr96k9vEJNUUGkIx1p3PTcxQYaVYYTTvNJLNU0wGeMh7VoqsaA6yGbH5ujMKgMUxcqWNGim/p3IsNB6IkLbKbAZ6WVvKv7ndVMT3QQZk0lqqCTzRVHKkYnR9HM0YIoSwyeWYKKYvRWREVaYGJvPwpZQ5DYTbzmBVdK6qHtX9cvHy1rjrkinDCdwCufgwTU04AGa4AMBBi/wCm9O7rw7H87nvLXkFDPHsADn6xcQzZRZ</latexit>

a = 0
<latexit sha1_base64="h/v5N22Apzjc35/26VcYEn8aQXg=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aZdursJuxuhhPwGr3r2Jl79MR79J27bHGzrg4HHezPMzAsTzrRx3W+ntLa+sblV3q7s7O7tH1QPj1o6ThWhPol5rDoh1pQzSX3DDKedRFEsQk7b4fh+6refqdIslk9mktBA4KFkESPYWMnH6Ba5/WrNrbszoFXiFaQGBZr96k9vEJNUUGkIx1p3PTcxQYaVYYTTvNJLNU0wGeMh7VoqsaA6yGbH5ujMKgMUxcqWNGim/p3IsNB6IkLbKbAZ6WVvKv7ndVMT3QQZk0lqqCTzRVHKkYnR9HM0YIoSwyeWYKKYvRWREVaYGJvPwpZQ5DYTbzmBVdK6qHtX9cvHy1rjrkinDCdwCufgwTU04AGa4AMBBi/wCm9O7rw7H87nvLXkFDPHsADn6xcQzZRZ</latexit>

a = 0

Exact solution Exact solution
<latexit sha1_base64="SLJb1nbKSbOQYQYjwXWhSy3n/Sc=">AAACFHicbZDLSsNAFIYn9VbrrepSF4NFqAglKUXdCEU37qxgL9DEMplO2qEzSZiZCCF040P4DG517U7cunfpmzhps7CtPwz8/OcczpnPDRmVyjS/jdzS8srqWn69sLG5tb1T3N1rySASmDRxwALRcZEkjPqkqahipBMKgrjLSNsdXaf19iMRkgb+vYpD4nA08KlHMVI66hUP7VtOBqgcn8BLaHsC4aQajxPrNH6ojnvFklkxJ4KLxspMCWRq9Io/dj/AESe+wgxJ2bXMUDkJEopiRsYFO5IkRHiEBqSrrY84kU4y+cUYHuukD71A6OcrOEn/TiSISxlzV3dypIZyvpaG/9W6kfIunIT6YaSIj6eLvIhBFcAUCexTQbBisTYIC6pvhXiINAqlwc1scXnKxJonsGha1Yp1Vqnd1Ur1q4xOHhyAI1AGFjgHdXADGqAJMHgCL+AVvBnPxrvxYXxOW3NGNrMPZmR8/QKuYJ3m</latexit>

⌦(y) =
2y

1 + y2
<latexit sha1_base64="xI9okFFpYy6bsAgPB84wD9OWPFM=">AAACC3icbVDLSsNAFJ3UV62vaJduBotQNyUpRd0IRTcuK5i20IYymU7boTOTMDMRQugn+A1ude1O3PoRLv0TJ20WtvXAhcM593IuJ4gYVdpxvq3CxubW9k5xt7S3f3B4ZB+ftFUYS0w8HLJQdgOkCKOCeJpqRrqRJIgHjHSC6V3md56IVDQUjzqJiM/RWNARxUgbaWCXvWpyAW9gvY8k1kjANJkN7IpTc+aA68TNSQXkaA3sn/4wxDEnQmOGlOq5TqT9FElNMSOzUj9WJEJ4isakZ6hAnCg/nT8/g+dGGcJRKM0IDefq34sUcaUSHphNjvRErXqZ+J/Xi/Xo2k+piGJNBF4EjWIGdQizJuCQSoI1SwxBWFLzK8QTJBHWpq+llIBnnbirDayTdr3mXtYaD41K8zZvpwhOwRmoAhdcgSa4By3gAQwS8AJewZv1bL1bH9bnYrVg5TdlsATr6xfaq5o8</latexit>

U(y) = 2 arctan y



Generalized De Gregorio equation 56

Boundary condition constraints: Equation constraints (entire domain) Smoothness constraint (near origin)

<latexit sha1_base64="zlKSFtiPGGQcb8lDrbNxD+UX9iw=">AAACDnicbVDLSsNAFJ3UV62vqODGzWAR6qYkpagboejGnRXsA5oQJtNJO3QmCTMTIdT+g9/gVtfuxK2/4NI/cdJmYVsPXDicc18cP2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yNJGA1JS1HFSDcWBHGfkY4/usn8ziMRkkbhg0pj4nI0CGlAMVJa8swjJ0ZCUcS8FDp3nAxQxTq7qnlm2apaU8BlYuekDHI0PfPH6Uc44SRUmCEpe7YVK3ec7caMTEpOIkmM8AgNSE/TEHEi3fH0/wk81UofBpHQFSo4Vf9OjBGXMuW+7uRIDeWil4n/eb1EBZfumIZxokiIZ4eChEEVwSwM2KeCYMVSTRAWVP8K8RAJhJWObO6Kzyc6E3sxgWXSrlXt82r9vl5uXOfpFMExOAEVYIML0AC3oAlaAIMn8AJewZvxbLwbH8bnrLVg5DOHYA7G1y9suZuc</latexit>

@y⌦(0) = 2

<latexit sha1_base64="NPT9BH3GFVEkbq+YyxsPvlA1Nis="></latexit>

f1 = ⌦+ ((1 + �)y � aU)@y⌦+ ⌦@yU
<latexit sha1_base64="44fHCLNajfyWmuHcqLf1zDLPEbM=">AAACHXicbZDLSsNAFIYn9VbrrerSzWApCEJJiqgbQXTTnRXsBZpSJpOTduhMEmYmQgl5Ah/CZ3Cra3fiVlz6Jk4vC9v6w8DPf87hnPm8mDOlbfvbyq2srq1v5DcLW9s7u3vF/YOmihJJoUEjHsm2RxRwFkJDM82hHUsgwuPQ8oa343rrEaRiUfigRzF0BemHLGCUaBP1iuWgV8VX2A0koanfyFJ/lOFT7GrGfUhrmXsnoE96xZJdsSfCy8aZmRKaqd4r/rh+RBMBoaacKNVx7Fh3UyI1oxyygpsoiAkdkj50jA2JANVNJ9/JcNkkPg4iaV6o8ST9O5ESodRIeKZTED1Qi7Vx+F+tk+jgspuyME40hHS6KEg41hEes8E+k0A1HxlDqGTmVkwHxJDRhuDcFk9khomzSGDZNKsV57xydn9Wur6Z0cmjI3SMTpCDLtA1qqE6aiCKntALekVv1rP1bn1Yn9PWnDWbOURzsr5+AWAbogw=</latexit>

f2 =
dU

dy
+ H̃⌦

Equations:

Conditions:
<latexit sha1_base64="6PVJALoPZl4aNk+rG4xb3peaHIU=">AAACEHicbVDLTgIxFO3gC/GFujFx0wgmrsgMMeqS6MadmMgjAUI6nQs0tJ1J2zEhE/wIv8Gtrt0Zt/6BS//EArMQ8CQ39+Sce3Pb40ecaeO6305mZXVtfSO7mdva3tndy+8f1HUYKwo1GvJQNX2igTMJNcMMh2akgAifQ8Mf3kz8xiMozUL5YEYRdATpS9ZjlBgrdfNHxfadgD4pYiIDXKzZrgCHQdDNF9ySOwVeJl5KCihFtZv/aQchjQVIQznRuuW5kekkRBlGOYxz7VhDROiQ9KFlqSQCdCeZ/mCMT60S4F6obEmDp+rfjYQIrUfCt5OCmIFe9Cbif14rNr2rTsJkFBuQdHaoF3NsQjyJAwdMATV8ZAmhitm3YjogilBjQ5u74ouxzcRbTGCZ1Msl76J0fl8uVK7TdLLoGJ2gM+ShS1RBt6iKaoiiJ/SCXtGb8+y8Ox/O52w046Q7h2gOztcvbyCbhA==</latexit>

⌦ and U are odd

<latexit sha1_base64="bf4k2kJmkvi96uM8zQLnT36reI0="></latexit>

loss(k)f =
1

Nf

NfX

i=1

f2
k (yi,w,b)

<latexit sha1_base64="W0wogKnvo+nl7bQUQ86w+EKyNrQ="></latexit>

losss =
1

Ns

NsX

i=1


df1
dy

(yi,w,b)

�2<latexit sha1_base64="poKNFgdRriSfGADmAZWKas3u4jQ="></latexit>

lossc =


d⌦

dy
(y = 0,w,b)� 2

�2

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="OlngG7bMYm0AnUElZFcGXeuuUPg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2cE8wHJEfY2k2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsFDrBluBDZjhVQGAhvB8GbiN55QaR6FD2YUoy9pP+Q9zqixUr19J7FPO8WSW3anIMvEy0gJMlQ7xZ92N2KJxNAwQbVueW5s/JQqw5nAcaGdaIwpG9I+tiwNqUTtp9Nrx+TEKl3Si5St0JCp+ncipVLrkQxsp6RmoBe9ifif10pM78pPeRgnBkM2W9RLBDERmbxOulwhM2JkCWWK21sJG1BFmbEBzW0J5Nhm4i0msEzqZ2Xvonx+f16qXGfp5OEIjuEUPLiECtxCFWrA4BFe4BXenGfn3flwPmetOSebOYQ5OF+/In2Vmg==</latexit>

⌦

<latexit sha1_base64="nDF93BPYWrxdjVzXKGTWdzb6hS8=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsN+3S3U3Y3Qgh9Bd41bM38erP8eg/cdvmYFsfDDzem2FmXphwpo3rfjuljc2t7Z3ybmVv/+DwqHp80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJw8zv/NMlWaxfDJZQgOBR5JFjGBjpZY/qNbcujsHWideQWpQoDmo/vSHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzQKbqwyhBFsbIlDZqrfydyLLTORGg7BTZjverNxP+8XmqiuyBnMkkNlWSxKEo5MjGafY2GTFFieGYJJorZWxEZY4WJsdksbQnF1GbirSawTtpXde+mft26rjXui3TKcAbncAke3EIDHqEJPhCg8AKv8OZkzrvz4XwuWktOMXMKS3C+fgFXHpN4</latexit>

U

<latexit sha1_base64="najEv2dzRfdKsmyDMZyq4LDHScQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubSbJkd+/Y3ROOI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZF8acaeN5305hY3Nre6e4W9rbPzg8Kh+ftHSUKIpNGvFIdUKikTOJTcMMx06skIiQYzucPMz89jMqzSL5ZNIYA0FGkg0ZJcZKjbRfrnhVbw53nfg5qUCOer/80xtENBEoDeVE667vxSbIiDKMcpyWeonGmNAJGWHXUkkE6iCbHzp1L6wycIeRsiWNO1f/TmREaJ2K0HYKYsZ61ZuJ/3ndxAzvgozJODEo6WLRMOGuidzZ1+6AKaSGp5YQqpi91aVjogg1NpulLaGY2kz81QTWSeuq6t9UrxvXldp9nk4RzuAcLsGHW6jBI9ShCRQQXuAV3pzUeXc+nM9Fa8HJZ05hCc7XL4/Kk5w=</latexit>y

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases <latexit sha1_base64="0fi5i3eHqIY9BhN4/WDIK4LWutA=">AAACG3icbVDLSgMxFM3UV62vqks3wVZwVWaKqLgqunElFewD2lIy6Z02NI8hyQil9AP8CL/Bra7diVsXLv0T08fCth4IHM45Nzc5YcyZsb7/7aVWVtfWN9Kbma3tnd297P5B1ahEU6hQxZWuh8QAZxIqllkO9VgDESGHWti/Gfu1R9CGKflgBzG0BOlKFjFKrJPa2Vz+rh3lr7BMRAgaqwi7O7ma2jhWTFrjUn7BnwAvk2BGcmiGcjv70+womgiQlnJiTCPwY9saEm0Z5TDKNBMDMaF90oWGo5IIMK3h5DMjfOKUDo6UdkdaPFH/TgyJMGYgQpcUxPbMojcW//MaiY0uW0Mm48SCpNNFUcKxVXjcDO4wDdTygSOEaubeimmPaEKt629uSyhGrpNgsYFlUi0WgvPC2X0xV7qetZNGR+gYnaIAXaASukVlVEEUPaEX9IrevGfv3fvwPqfRlDebOURz8L5+AexooU0=</latexit>

Nf : number of collocation points
<latexit sha1_base64="bDY4IG8TZSUIYfbFHHc9kPZiWHs=">AAACKXicbVDLSgMxFM3UV62vqks3wVZwVWaKqLgqunElFewD2qFkMpk2NI8hyQhl6Hf4EX6DW127U3fij5i2s7CtBwKHc+7JTU4QM6qN6346uZXVtfWN/GZha3tnd6+4f9DUMlGYNLBkUrUDpAmjgjQMNYy0Y0UQDxhpBcObid96JEpTKR7MKCY+R31BI4qRsVKv6JXverp8BUXCA6KgjKC9k8mZDWNJhdEQKZmIEEpF+9RmSm7FnQIuEy8jJZCh3it+d0OJE06EwQxp3fHc2PgpUoZiRsaFbqJJjPAQ9UnHUoE40X46/doYnlglhJFU9ggDp+rfRIq41iMe2EmOzEAvehPxP6+TmOjST6mIE0MEni2KEgaNhJOeYEgVwYaNLEFYUftWiAdIIWxsm3NbAj62nXiLDSyTZrXinVfO7qul2nXWTh4cgWNwCjxwAWrgFtRBA2DwBF7AK3hznp1358P5mo3mnCxzCObg/PwCP8GnNw==</latexit>

Ns: number of collocation points around origin

(numerical Hilbert Transform)

<latexit sha1_base64="Ow8Kqdz1aTwpKziVH6oAJ7QMhag=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GIhWFXgtoIQRvLCOYByRpmZ2eTITO7y8ysEJa0foOt1nZi639Y+idOki1M4oELh3PO5V6OF3OmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVFEiCW2QiEey7WFFOQtpQzPNaTuWFAuP05Y3vJ34rScqFYvCBz2KqStwP2QBI1gb6bHc5SbrY3SNzpzTXrFkV+wp0DJxMlKCDPVe8afrRyQRNNSEY6U6jh1rN8VSM8LpuNBNFI0xGeI+7RgaYkGVm06/HqMTo/goiKSZUKOp+ncjxUKpkfBMUmA9UIveRPzP6yQ6uHJTFsaJpiGZHQoSjnSEJhUgn0lKNB8Zgolk5ldEBlhiok1Rc1c8MTadOIsNLJPmecW5qFTvq6XaTdZOHo7gGMrgwCXU4A7q0AACEl7gFd6sZ+vd+rA+Z9Gcle0cwhysr1/3opeO</latexit>

(� = �1)
<latexit sha1_base64="Ow8Kqdz1aTwpKziVH6oAJ7QMhag=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GIhWFXgtoIQRvLCOYByRpmZ2eTITO7y8ysEJa0foOt1nZi639Y+idOki1M4oELh3PO5V6OF3OmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVFEiCW2QiEey7WFFOQtpQzPNaTuWFAuP05Y3vJ34rScqFYvCBz2KqStwP2QBI1gb6bHc5SbrY3SNzpzTXrFkV+wp0DJxMlKCDPVe8afrRyQRNNSEY6U6jh1rN8VSM8LpuNBNFI0xGeI+7RgaYkGVm06/HqMTo/goiKSZUKOp+ncjxUKpkfBMUmA9UIveRPzP6yQ6uHJTFsaJpiGZHQoSjnSEJhUgn0lKNB8Zgolk5ldEBlhiok1Rc1c8MTadOIsNLJPmecW5qFTvq6XaTdZOHo7gGMrgwCXU4A7q0AACEl7gFd6sZ+vd+rA+Z9Gcle0cwhysr1/3opeO</latexit>

(� = �1)

(Zhou et. al.  2009)



Generalized De Gregorio equation 57

Boundary condition constraints: Equation constraints (entire domain) Smoothness constraint (near origin)

<latexit sha1_base64="zlKSFtiPGGQcb8lDrbNxD+UX9iw=">AAACDnicbVDLSsNAFJ3UV62vqODGzWAR6qYkpagboejGnRXsA5oQJtNJO3QmCTMTIdT+g9/gVtfuxK2/4NI/cdJmYVsPXDicc18cP2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yNJGA1JS1HFSDcWBHGfkY4/usn8ziMRkkbhg0pj4nI0CGlAMVJa8swjJ0ZCUcS8FDp3nAxQxTq7qnlm2apaU8BlYuekDHI0PfPH6Uc44SRUmCEpe7YVK3ec7caMTEpOIkmM8AgNSE/TEHEi3fH0/wk81UofBpHQFSo4Vf9OjBGXMuW+7uRIDeWil4n/eb1EBZfumIZxokiIZ4eChEEVwSwM2KeCYMVSTRAWVP8K8RAJhJWObO6Kzyc6E3sxgWXSrlXt82r9vl5uXOfpFMExOAEVYIML0AC3oAlaAIMn8AJewZvxbLwbH8bnrLVg5DOHYA7G1y9suZuc</latexit>

@y⌦(0) = 2

<latexit sha1_base64="NPT9BH3GFVEkbq+YyxsPvlA1Nis="></latexit>

f1 = ⌦+ ((1 + �)y � aU)@y⌦+ ⌦@yU
<latexit sha1_base64="44fHCLNajfyWmuHcqLf1zDLPEbM=">AAACHXicbZDLSsNAFIYn9VbrrerSzWApCEJJiqgbQXTTnRXsBZpSJpOTduhMEmYmQgl5Ah/CZ3Cra3fiVlz6Jk4vC9v6w8DPf87hnPm8mDOlbfvbyq2srq1v5DcLW9s7u3vF/YOmihJJoUEjHsm2RxRwFkJDM82hHUsgwuPQ8oa343rrEaRiUfigRzF0BemHLGCUaBP1iuWgV8VX2A0koanfyFJ/lOFT7GrGfUhrmXsnoE96xZJdsSfCy8aZmRKaqd4r/rh+RBMBoaacKNVx7Fh3UyI1oxyygpsoiAkdkj50jA2JANVNJ9/JcNkkPg4iaV6o8ST9O5ESodRIeKZTED1Qi7Vx+F+tk+jgspuyME40hHS6KEg41hEes8E+k0A1HxlDqGTmVkwHxJDRhuDcFk9khomzSGDZNKsV57xydn9Wur6Z0cmjI3SMTpCDLtA1qqE6aiCKntALekVv1rP1bn1Yn9PWnDWbOURzsr5+AWAbogw=</latexit>

f2 =
dU

dy
+ H̃⌦

Equations:

Conditions:
<latexit sha1_base64="6PVJALoPZl4aNk+rG4xb3peaHIU=">AAACEHicbVDLTgIxFO3gC/GFujFx0wgmrsgMMeqS6MadmMgjAUI6nQs0tJ1J2zEhE/wIv8Gtrt0Zt/6BS//EArMQ8CQ39+Sce3Pb40ecaeO6305mZXVtfSO7mdva3tndy+8f1HUYKwo1GvJQNX2igTMJNcMMh2akgAifQ8Mf3kz8xiMozUL5YEYRdATpS9ZjlBgrdfNHxfadgD4pYiIDXKzZrgCHQdDNF9ySOwVeJl5KCihFtZv/aQchjQVIQznRuuW5kekkRBlGOYxz7VhDROiQ9KFlqSQCdCeZ/mCMT60S4F6obEmDp+rfjYQIrUfCt5OCmIFe9Cbif14rNr2rTsJkFBuQdHaoF3NsQjyJAwdMATV8ZAmhitm3YjogilBjQ5u74ouxzcRbTGCZ1Msl76J0fl8uVK7TdLLoGJ2gM+ShS1RBt6iKaoiiJ/SCXtGb8+y8Ox/O52w046Q7h2gOztcvbyCbhA==</latexit>

⌦ and U are odd

<latexit sha1_base64="bf4k2kJmkvi96uM8zQLnT36reI0="></latexit>

loss(k)f =
1

Nf

NfX

i=1

f2
k (yi,w,b)

<latexit sha1_base64="W0wogKnvo+nl7bQUQ86w+EKyNrQ="></latexit>

losss =
1

Ns

NsX

i=1


df1
dy

(yi,w,b)

�2<latexit sha1_base64="poKNFgdRriSfGADmAZWKas3u4jQ="></latexit>

lossc =


d⌦

dy
(y = 0,w,b)� 2

�2

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="b+fymA2JK3bH+0+vcOeDVEsMJUA=">AAACEXicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DXjxGMA9IljA7mU3GzMwuM7NiWPIPgif9E2/i1S/wRzw7SfZgEgsaiqpuuruCmDNtXPfbya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZuq3HqnSLJL3ZhxTX+CBZCEj2Fip2dVsIHCvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns2sn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+SmTcWKoJPNFYcKRidD0ddRnihLDx5Zgopi9FZEhVpgYG9DClkAs/JA+zU8v2KC85VhWSfOi7FXLlbtKqXadRZaHEziFc/DgEmpwC3VoAIEHeIZXeHNenHfnw/mct+acbOYYFuB8/QK7G55Y</latexit>�

<latexit sha1_base64="OlngG7bMYm0AnUElZFcGXeuuUPg=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2cE8wHJEfY2k2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsFDrBluBDZjhVQGAhvB8GbiN55QaR6FD2YUoy9pP+Q9zqixUr19J7FPO8WSW3anIMvEy0gJMlQ7xZ92N2KJxNAwQbVueW5s/JQqw5nAcaGdaIwpG9I+tiwNqUTtp9Nrx+TEKl3Si5St0JCp+ncipVLrkQxsp6RmoBe9ifif10pM78pPeRgnBkM2W9RLBDERmbxOulwhM2JkCWWK21sJG1BFmbEBzW0J5Nhm4i0msEzqZ2Xvonx+f16qXGfp5OEIjuEUPLiECtxCFWrA4BFe4BXenGfn3flwPmetOSebOYQ5OF+/In2Vmg==</latexit>

⌦

<latexit sha1_base64="nDF93BPYWrxdjVzXKGTWdzb6hS8=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cWTFtoQ9lsN+3S3U3Y3Qgh9Bd41bM38erP8eg/cdvmYFsfDDzem2FmXphwpo3rfjuljc2t7Z3ybmVv/+DwqHp80tZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJw8zv/NMlWaxfDJZQgOBR5JFjGBjpZY/qNbcujsHWideQWpQoDmo/vSHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzQKbqwyhBFsbIlDZqrfydyLLTORGg7BTZjverNxP+8XmqiuyBnMkkNlWSxKEo5MjGafY2GTFFieGYJJorZWxEZY4WJsdksbQnF1GbirSawTtpXde+mft26rjXui3TKcAbncAke3EIDHqEJPhCg8AKv8OZkzrvz4XwuWktOMXMKS3C+fgFXHpN4</latexit>

U

<latexit sha1_base64="najEv2dzRfdKsmyDMZyq4LDHScQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5E1DJoY5mA+YDkCHubSbJkd+/Y3ROOI7/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZF8acaeN5305hY3Nre6e4W9rbPzg8Kh+ftHSUKIpNGvFIdUKikTOJTcMMx06skIiQYzucPMz89jMqzSL5ZNIYA0FGkg0ZJcZKjbRfrnhVbw53nfg5qUCOer/80xtENBEoDeVE667vxSbIiDKMcpyWeonGmNAJGWHXUkkE6iCbHzp1L6wycIeRsiWNO1f/TmREaJ2K0HYKYsZ61ZuJ/3ndxAzvgozJODEo6WLRMOGuidzZ1+6AKaSGp5YQqpi91aVjogg1NpulLaGY2kz81QTWSeuq6t9UrxvXldp9nk4RzuAcLsGHW6jBI9ShCRQQXuAV3pzUeXc+nM9Fa8HJZ05hCc7XL4/Kk5w=</latexit>y

<latexit sha1_base64="z83HPaEkuY8GP5ZOCPRQUdU+rqk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyUpouKp6MVjBfsBbSmb7aZdutmE3Y21hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz4s4U9pxvq3c2vrG5lZ+u7Czu7d/YB8WmyqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryxrczv/VIpWKheNDTiPYCPBTMZwRrI/XtYjnpej6apOVrNKFsONKqb5ecijMHWiVuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHCaFrqxohEmYzykHUMFDqjqJfPbU3RqlAHyQ2lKaDRXf08kOFBqGnimM8B6pJa9mfif14m1f9VLmIhiTQVZLPJjjnSIZkGgAZOUaD41BBPJzK2IjLDERJu4CiYEd/nlVdKsVtyLyvl9tVS7yeLIwzGcwBm4cAk1uIM6NIDAEzzDK7xZqfVivVsfi9aclc0cwR9Ynz/jNpO2</latexit>

w: weights
<latexit sha1_base64="mjEBSmnfmviaALxGLJFDMbNsF24=">AAACI3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKSquim5cVrAPaEtJ0kwbmnmQ3JGWcX5GcKV/4k7cuPA3XJu2s7CtBwKHc18nh0ZSaHCcLyu3srq2vpHfLGxt7+zu2fsHdR3GivEaC2WompRoLkXAayBA8makOPGp5A06vJ3UG49caREGDzCOeMcn/UB4ghEwUtc+StrUwzS9xm3gI0ioMMt02rWLTsmZAi8TNyNFlKHatX/avZDFPg+ASaJ1y3Ui6CREgWCSp4V2rHlE2JD0ecvQgPhcd5Kp/xSfGqWHvVCZFwCeqn8nEuJrPfap6fQJDPRibSL+V2vF4F11EhFEMfCAzQ55scQQ4kkYuCcUZyDHhhCmhPGK2YAowsBENneF+nN/SEYz6wUTlLsYyzKpn5fci1L5vlys3GSR5dExOkFnyEWXqILuUBXVEENP6Bm9ojfrxXq3PqzPWWvOymYO0Rys71/2gKVE</latexit>

b : biases <latexit sha1_base64="0fi5i3eHqIY9BhN4/WDIK4LWutA=">AAACG3icbVDLSgMxFM3UV62vqks3wVZwVWaKqLgqunElFewD2lIy6Z02NI8hyQil9AP8CL/Bra7diVsXLv0T08fCth4IHM45Nzc5YcyZsb7/7aVWVtfWN9Kbma3tnd297P5B1ahEU6hQxZWuh8QAZxIqllkO9VgDESGHWti/Gfu1R9CGKflgBzG0BOlKFjFKrJPa2Vz+rh3lr7BMRAgaqwi7O7ma2jhWTFrjUn7BnwAvk2BGcmiGcjv70+womgiQlnJiTCPwY9saEm0Z5TDKNBMDMaF90oWGo5IIMK3h5DMjfOKUDo6UdkdaPFH/TgyJMGYgQpcUxPbMojcW//MaiY0uW0Mm48SCpNNFUcKxVXjcDO4wDdTygSOEaubeimmPaEKt629uSyhGrpNgsYFlUi0WgvPC2X0xV7qetZNGR+gYnaIAXaASukVlVEEUPaEX9IrevGfv3fvwPqfRlDebOURz8L5+AexooU0=</latexit>

Nf : number of collocation points
<latexit sha1_base64="bDY4IG8TZSUIYfbFHHc9kPZiWHs=">AAACKXicbVDLSgMxFM3UV62vqks3wVZwVWaKqLgqunElFewD2qFkMpk2NI8hyQhl6Hf4EX6DW127U3fij5i2s7CtBwKHc+7JTU4QM6qN6346uZXVtfWN/GZha3tnd6+4f9DUMlGYNLBkUrUDpAmjgjQMNYy0Y0UQDxhpBcObid96JEpTKR7MKCY+R31BI4qRsVKv6JXverp8BUXCA6KgjKC9k8mZDWNJhdEQKZmIEEpF+9RmSm7FnQIuEy8jJZCh3it+d0OJE06EwQxp3fHc2PgpUoZiRsaFbqJJjPAQ9UnHUoE40X46/doYnlglhJFU9ggDp+rfRIq41iMe2EmOzEAvehPxP6+TmOjST6mIE0MEni2KEgaNhJOeYEgVwYaNLEFYUftWiAdIIWxsm3NbAj62nXiLDSyTZrXinVfO7qul2nXWTh4cgWNwCjxwAWrgFtRBA2DwBF7AK3hznp1358P5mo3mnCxzCObg/PwCP8GnNw==</latexit>

Ns: number of collocation points around origin

(numerical Hilbert Transform)

<latexit sha1_base64="Ow8Kqdz1aTwpKziVH6oAJ7QMhag=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GIhWFXgtoIQRvLCOYByRpmZ2eTITO7y8ysEJa0foOt1nZi639Y+idOki1M4oELh3PO5V6OF3OmtG1/W7mV1bX1jfxmYWt7Z3evuH/QVFEiCW2QiEey7WFFOQtpQzPNaTuWFAuP05Y3vJ34rScqFYvCBz2KqStwP2QBI1gb6bHc5SbrY3SNzpzTXrFkV+wp0DJxMlKCDPVe8afrRyQRNNSEY6U6jh1rN8VSM8LpuNBNFI0xGeI+7RgaYkGVm06/HqMTo/goiKSZUKOp+ncjxUKpkfBMUmA9UIveRPzP6yQ6uHJTFsaJpiGZHQoSjnSEJhUgn0lKNB8Zgolk5ldEBlhiok1Rc1c8MTadOIsNLJPmecW5qFTvq6XaTdZOHo7gGMrgwCXU4A7q0AACEl7gFd6sZ+vd+rA+Z9Gcle0cwhysr1/3opeO</latexit>

(� = �1)

20 min (each point) 

(Zhou et. al.  2009)
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The incompressible porous media (IPM) equations are written

<latexit sha1_base64="nfNRz2cEW8lBYTCo8BjnuwNP8aM="></latexit>

where the 2D vector u(x, t) is the velocity and the scalar ⇢(x, t) is the density

<latexit sha1_base64="6ctlzL3WIZY9nU29juSMF3r+70Y="></latexit>

we introduce � = @x1⇢ and  = @x2⇢ and assume self-similar ansatz

with self-similar coordinates
<latexit sha1_base64="xYYyCXq40U0Z0OTobqMqiXVrDno="></latexit>

y = (y1, y2) =
x

(1� t)1+�

We obtain the self-similar equations

<latexit sha1_base64="tvVJeWPMKcQeTRYomb0Xg3x0lKo="></latexit>

(1 + @y1U1)�+ ((1 + �)y +U) ·r� = �@y1U2 

(1 + @y2U2) + ((1 + �)y +U) ·r = �@y2U1�

� = @y1U2 � @y2U1 divU = 0

<latexit sha1_base64="kxV+/ya1uLheOpI4vQjzJX5zPkU="></latexit>

@t⇢+ div(⇢u) = 0 , div u = 0 , and u+rp = (0, ⇢)

<latexit sha1_base64="Ft29r3ulJsbU+cNboTVFKISdZc8="></latexit>

u = (1� t)�U (y) , � = (1� t)�1� (y) and  = (1� t)�1 (y)
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Self-similar equations for IPM

Uniform and small equation residues everywhere

Additional constraint for smooth solution
around the origin

<latexit sha1_base64="PbTkC7gYc1FH9bHcHQn7j+Mj2ck="></latexit>

f1 = (1 + @y1U1)�+ ((1 + �)y +U) ·r�+ @y1U2 

<latexit sha1_base64="Fs7nXlWajpxGL7Fv6+lG7cI39DQ="></latexit>

f2 = (1 + @y2U2) + ((1 + �)y +U) ·r + @y2U1�

<latexit sha1_base64="SR64fqlM8QLmv+yOddx2dz6/YaA=">AAACPnicbVDLSsNAFJ34rPUVdelmsAiCUJJa1I1QdOOygmkLbQiT6aQdOnkwMxFD6Hf4NYIr/QZ/wJ24E5dO0ixM64UZDufc53EjRoU0jHdtaXlldW29slHd3Nre2dX39jsijDkmFg5ZyHsuEoTRgFiSSkZ6ESfIdxnpupObTO8+EC5oGNzLJCK2j0YB9ShGUlGObnrOGbyCgwhxSRFz0sQxp9ByUvWfluhGTjemjl4z6kYecBGYBaiBItqO/j0Yhjj2SSAxQ0L0TSOSdpp1xoxMq4NYkAjhCRqRvoIB8omw0/y0KTxWzBB6IVcvkDBn/1akyBci8V2V6SM5FvNaRv6n9WPpXdopDaJYkgDPBnkxgzKEmU9wSDnBkiUKIMyp2hXiMeIIS+VmaYrrl25IH2erV5VR5rwti6DTqJvn9eZds9a6LiyrgENwBE6ACS5AC9yCNrAABk/gGbyCN+1F+9A+ta9Z6pJW1ByAUmg/v3qhrvg=</latexit>

f3 = @y1U1 + @y2U2

<latexit sha1_base64="OOgz6VeflILOSdnQJxi0RJv4m64="></latexit>

f4 = �� (@y1U2 � @y2U1)

<latexit sha1_base64="Ivnzfvbn7SEPwHizx4CbyjvzpjY=">AAACGnicbVC7TsMwFHXKq5RXgJHFaoVUliqpKmBBqmBhLBJ9SEmIHNdprToP2Q5qFXXnI/gGVpjZECsLI3+C02agLUeydHTOffgeL2ZUSMP41gpr6xubW8Xt0s7u3v6BfnjUEVHCMWnjiEW85yFBGA1JW1LJSC/mBAUeI11vdJP53UfCBY3CezmJiROgQUh9ipFUkquXWSSEK+AVtOwYcUkRc8fQr47PnIc6tGUEDVevGDVjBrhKzJxUQI6Wq//Y/QgnAQklZkgIyzRi6aTZdMzItGQngsQIj9CAWIqGKCDCSWe3TOGpUvrQj7h6oYQz9W9HigIhJoGnKgMkh2LZy8T/PCuR/qWT0jBOJAnxfJGfMKhOzIKBfcoJlmyiCMKcqr9CPEQcYaniW9jiBVOVibmcwCrp1Gvmea1x16g0r/N0iuAElEEVmOACNMEtaIE2wOAJvIBX8KY9a+/ah/Y5Ly1oec8xWID29Qvp1qAU</latexit>

losss = [@xf(x)]
2 ! 0

<latexit sha1_base64="Gm9ttBsaDE46slTlf2osbnDUCq8=">AAACInicbVDLSsNAFJ34rPVVdelmsBXERUmqqBuh6EZ3FawV2lImkxsdOpmEmRuxhPyDH+E3uNW1O3EluPFPnNYufB0YOHPOfXH8RAqDrvvmTExOTc/MFuaK8wuLS8ulldULE6eaQ5PHMtaXPjMghYImCpRwmWhgkS+h5fePh37rBrQRsTrHQQLdiF0pEQrO0Eq90vapCkFrCGilg3CLo4mZ/edZR9oxAaOH1Ku6O3mlVyq7VXcE+pd4Y1ImYzR6pY9OEPM0AoVcMmPanptgN2MaBZeQFzupgYTxPruCtqWKRWC62eiCnG5aJaBhrO1TSEfq946MRcYMIt9WRgyvzW9vKP7ntVMMD7qZUEmKoPjXojCVFGM6DIgGQgNHObCEcS3srZRfM8042hh/bPGj3Gbi/U7gL7moVb296u5ZrVw/GqdTIOtkg2wRj+yTOjkhDdIknNyRB/JInpx759l5cV6/Sieccc8a+QHn/RMjV6Pq</latexit>

Inferred � = 1.03

Smooth self-similar solution at 
<latexit sha1_base64="Gm9ttBsaDE46slTlf2osbnDUCq8=">AAACInicbVDLSsNAFJ34rPVVdelmsBXERUmqqBuh6EZ3FawV2lImkxsdOpmEmRuxhPyDH+E3uNW1O3EluPFPnNYufB0YOHPOfXH8RAqDrvvmTExOTc/MFuaK8wuLS8ulldULE6eaQ5PHMtaXPjMghYImCpRwmWhgkS+h5fePh37rBrQRsTrHQQLdiF0pEQrO0Eq90vapCkFrCGilg3CLo4mZ/edZR9oxAaOH1Ku6O3mlVyq7VXcE+pd4Y1ImYzR6pY9OEPM0AoVcMmPanptgN2MaBZeQFzupgYTxPruCtqWKRWC62eiCnG5aJaBhrO1TSEfq946MRcYMIt9WRgyvzW9vKP7ntVMMD7qZUEmKoPjXojCVFGM6DIgGQgNHObCEcS3srZRfM8042hh/bPGj3Gbi/U7gL7moVb296u5ZrVw/GqdTIOtkg2wRj+yTOjkhDdIknNyRB/JInpx759l5cV6/Sieccc8a+QHn/RMjV6Pq</latexit>

Inferred � = 1.03
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<latexit sha1_base64="0m1KzJXY6USOn5h4mu18yc85FhM=">AAACJHicbVDLSgMxFM3UV62vUZdugkVoqZYZKepGKLpxWcFpC52hZNJMG5rMDElGGEp/wo/wG9zq2p24cCP4J6btLGzrhcDJOffcmxw/ZlQqy/oyciura+sb+c3C1vbO7p65f9CUUSIwcXDEItH2kSSMhsRRVDHSjgVB3Gek5Q9vJ3rrkQhJo/BBpTHxOOqHNKAYKU11zdMAXsMzl2lHD0GnUirZlexWTivQKbsxEooi1k2h0zWLVtWaFlwGdgaKIKtG1/xxexFOOAkVZkjKjm3FyhtNJmJGxgU3kSRGeIj6pKNhiDiR3mj6qzE80UwPBpHQJ1Rwyv51jBCXMuW+7uRIDeSiNiH/0zqJCq68EQ3jRJEQzxYFCYMqgpOIYI8KghVLNUBYUP1WiAdIIKx0kHNbfD7WmdiLCSyD5nnVvqjW7mvF+k2WTh4cgWNQAja4BHVwBxrAARg8gRfwCt6MZ+Pd+DA+Z605I/Mcgrkyvn8BbrGi2Q==</latexit>

f = ��U + ((1 + �)y + U)@yUSelf-similar equation for Burgers:
<latexit sha1_base64="J2flb07W3yZXQOHkGrpi4wCVfD4=">AAACMHicbZDLSgMxFIYz3q23qks3wSIoYpmRom6EohuXCk5b6Iwlk2ZqaCYzJGfEYdpX8SF8Bre61pW49SlMLwtbPRD4+f9zcpIvSATXYNsf1szs3PzC4tJyYWV1bX2juLlV03GqKHNpLGLVCIhmgkvmAgfBGoliJAoEqwfdy0Fef2BK81jeQpYwPyIdyUNOCRirVTzLzo88YI+Q647s72cHPbd3hKedu9w59EJFKHY8YS5vk36rWLLL9rDwX+GMRQmN67pV/PLaMU0jJoEKonXTsRPwc6KAU8H6BS/VLCG0SzqsaaQkEdN+PvxhH+8Zp43DWJkjAQ/d3xM5ibTOosB0RgTu9XQ2MP/LmimEZ37OZZICk3S0KEwFhhgPcOE2V4yCyIwgVHHzVkzviSEBBurEliAaMHGmCfwVteOyc1Ku3FRK1YsxnSW0g3bRPnLQKaqiK3SNXETRE3pBr+jNerberU/ra9Q6Y41nttFEWd8/YLWqUg==</latexit>

y = �sgn(y)|U |� sgn(y)|U |1+ 1
�Impose symmetry:

<latexit sha1_base64="w9VbnWidCAFPD6XIjUl9DR3b3uA=">AAACKXicbVDJSgNBEO1xjXGLetRDYyJ4CjMhLjkIQS8eI5gFkhB6emqSJj09Q3ePGIZc/BrBk/6JN/XqP3i2sxxM4oOCx3tVVNVzI86Utu1Pa2l5ZXVtPbWR3tza3tnN7O3XVBhLClUa8lA2XKKAMwFVzTSHRiSBBC6Hutu/Gfn1B5CKheJeDyJoB6QrmM8o0UbqZI6Y8EFK8HCuxc2YR/AVtvPFUql0lutksnbeHgMvEmdKsmiKSifz0/JCGgcgNOVEqaZjR7qdEKkZ5TBMt2IFEaF90oWmoYIEoNrJ+IshPjGKh/1QmhIaj9W/EwkJlBoErukMiO6peW8k/uc1Y+1fthMmoliDoJNFfsyxDvEoEuwxCVTzgSGESmZuxbRHJKHaBDezxQ1mfkgeJ6enTVDOfCyLpFbIO+f54l0hW76eRpZCh+gYnSIHXaAyukUVVEUUPaFn9IrerBfr3fqwviatS9Z05gDNwPr+Bca+pVk=</latexit>

inferred � = 0.49995

Stable solution Stable solution

<latexit sha1_base64="w9VbnWidCAFPD6XIjUl9DR3b3uA=">AAACKXicbVDJSgNBEO1xjXGLetRDYyJ4CjMhLjkIQS8eI5gFkhB6emqSJj09Q3ePGIZc/BrBk/6JN/XqP3i2sxxM4oOCx3tVVNVzI86Utu1Pa2l5ZXVtPbWR3tza3tnN7O3XVBhLClUa8lA2XKKAMwFVzTSHRiSBBC6Hutu/Gfn1B5CKheJeDyJoB6QrmM8o0UbqZI6Y8EFK8HCuxc2YR/AVtvPFUql0lutksnbeHgMvEmdKsmiKSifz0/JCGgcgNOVEqaZjR7qdEKkZ5TBMt2IFEaF90oWmoYIEoNrJ+IshPjGKh/1QmhIaj9W/EwkJlBoErukMiO6peW8k/uc1Y+1fthMmoliDoJNFfsyxDvEoEuwxCVTzgSGESmZuxbRHJKHaBDezxQ1mfkgeJ6enTVDOfCyLpFbIO+f54l0hW76eRpZCh+gYnSIHXaAyukUVVEUUPaFn9IrerBfr3fqwviatS9Z05gDNwPr+Bca+pVk=</latexit>

inferred � = 0.49995

Unstable solution Unstable solution
<latexit sha1_base64="z83cZPT1EIRhB2XSsgc8zRNARNc=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFchUmp1o1QdOOygn1AG8pkMmmHziRhZqKU0C/wG9zq2p249Stc+idO2yxs64ELh3PO5V6On3CmNELf1tr6xubWdmGnuLu3f3Bol45aKk4loU0S81h2fKwoZxFtaqY57SSSYuFz2vZHt1O//UilYnH0oMcJ9QQeRCxkBGsj9e1Sj5twgOE1RE7lAqFa3y4jB80AV4mbkzLI0ejbP70gJqmgkSYcK9V1UaK9DEvNCKeTYi9VNMFkhAe0a2iEBVVeNnt9As+MEsAwlmYiDWfq340MC6XGwjdJgfVQLXtT8T+vm+rwystYlKSaRmR+KEw51DGc9gADJinRfGwIJpKZXyEZYomJNm0tXPHFxHTiLjewSloVx710qvfVcv0mb6cATsApOAcuqIE6uAMN0AQEPIEX8ArerGfr3fqwPufRNSvfOQYLsL5+Af9amIo=</latexit>

� = 0.25007
<latexit sha1_base64="z83cZPT1EIRhB2XSsgc8zRNARNc=">AAACCXicbVDLSsNAFJ34rPWV6tLNYBFchUmp1o1QdOOygn1AG8pkMmmHziRhZqKU0C/wG9zq2p249Stc+idO2yxs64ELh3PO5V6On3CmNELf1tr6xubWdmGnuLu3f3Bol45aKk4loU0S81h2fKwoZxFtaqY57SSSYuFz2vZHt1O//UilYnH0oMcJ9QQeRCxkBGsj9e1Sj5twgOE1RE7lAqFa3y4jB80AV4mbkzLI0ejbP70gJqmgkSYcK9V1UaK9DEvNCKeTYi9VNMFkhAe0a2iEBVVeNnt9As+MEsAwlmYiDWfq340MC6XGwjdJgfVQLXtT8T+vm+rwystYlKSaRmR+KEw51DGc9gADJinRfGwIJpKZXyEZYomJNm0tXPHFxHTiLjewSloVx710qvfVcv0mb6cATsApOAcuqIE6uAMN0AQEPIEX8ArerGfr3fqwPufRNSvfOQYLsL5+Af9amIo=</latexit>

� = 0.25007
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❖ PINNs is a differential equation solver   (giving continuous function)

❖ PINNs solves equation with unknowns  (as long as well-posed)

❖ PINNs can deal with the smoothness constraint (find blow-up solution)

Future works

<latexit sha1_base64="vXvBX7PfQpONGHTrRHH/aJp4oKA="></latexit>

make a rigorous proof ) Computer-assistedTheoretical:

Numerical:

<latexit sha1_base64="SxQkMDri1iYcI9XwhtHM96xOSa8=">AAACI3icbVC7SgNBFJ2NrxhfUUubwSAIYthdRC2DWlhGMA9IljA7mU2GzM6s8xBCyEf4EX6DrdZ2YmNh4Z842WxhEk91OOdc7r0nTBhV2nW/nNzS8srqWn69sLG5tb1T3N2rK2EkJjUsmJDNECnCKCc1TTUjzUQSFIeMNMLB9cRvPBKpqOD3epiQIEY9TiOKkbZSp3jil2FEeRcarjSyU1AJZiYejISE/ukNJA8mDatOseSW3RRwkXgZKYEM1U7xp90V2MSEa8yQUi3PTXQwQlJTzMi40DaKJAgPUI+0LOUoJioYpU+N4ZFVuukRkeAapurfiRGKlRrGoU3GSPfVvDcR//NaRkeXwYjyxGjC8XRRZBjUAk4agl0qCdZsaAnCktpbIe4jibC2Pc5sCeOx7cSbb2CR1P2yd14+u/NLlausnTw4AIfgGHjgAlTALaiCGsDgCbyAV/DmPDvvzofzOY3mnGxmH8zA+f4F0iWkVQ==</latexit>

2. find unstable solution for 2-D equations

<latexit sha1_base64="JGRla3DeRTB502yFkbA7CSSJMvA="></latexit>

1. find self-similar blow-up solution for Euler without boundary
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Thank you and questions

Courtesy of Quanta Magzine

<latexit sha1_base64="ch90EA7d++7wSv4PSiv+iQ/vMck=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/ZA0lM12k67d7IbdjVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXppxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kpQltEcqm6IdaUM0FbhhlOu6miOAk57YSjm6nfeaJKMynuzTilQYJjwSJGsLGS/yBF/MhQB4u4X6m6NXcGtEy8glShQLNf+eoNJMkSKgzhWGvfc1MT5FgZRjidlHuZpikmIxxT31KBE6qDfHbyBJ1aZYAiqWwJg2bq74kcJ1qPk9B2JtgM9aI3Ff/z/MxEV0HORJoZKsh8UZRxZCSa/o8GTFFi+NgSTBSztyIyxAoTY1Mq2xC8xZeXSbte8y5q53f1auO6iKMEx3ACZ+DBJTTgFprQAgISnuEV3hzjvDjvzse8dcUpZo7gD5zPH/UmkQw=</latexit>
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