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Motivations & Premises

Geometry VS Supergeometry: Why Forms?

o Geometry: well known facts:

o geometric theory of differential forms related to integration on manifolds;
e many applications to physics, now become standard;
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Motivations & Premises

Geometry VS Supergeometry: Why Forms?

o Geometry: well known facts:

o geometric theory of differential forms related to integration on manifolds;
e many applications to physics, now become standard;
@ Supergeometry: less known facts:
o richer mathematical theory of forms related to integration on supermanifolds

& having quite unique features;
e important applications to physics (e.g. SUSY theories / BV quantization...)
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Differential Forms: Geometry VS Supergeometry

de Rham Complex over a Manifold

In a commutative setting the de Rham complex of a manifold M is bounded
from above by the dimension of the manifold

0 Owm QL ——> ... oY —

...this is so for differential 1-forms are anticommuting.
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de Rham Complex over a Manifold

In a commutative setting the de Rham complex of a manifold M is bounded
from above by the dimension of the manifold

0 Owm QL ——> ... oY —

...this is so for differential 1-forms are anticommuting.

Top-Forms and Integration over M

| A

@ You can integrate sections of Q4m™M over M.
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Differential Forms: Geometry VS Supergeometry

de Rham Complex over a Manifold

In a commutative setting the de Rham complex of a manifold M is bounded
from above by the dimension of the manifold

0 Owm QL ——> ... oY —

...this is so for differential 1-forms are anticommuting.

Top-Forms and Integration over M

| A

@ You can integrate sections of Q4m™M over M.

. . . imM— .
@ More in general, you can integrate sections of Qi'ﬂm P over submanifolds of
codimension p in M.
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Differential Forms: Geometry VS Supergeometry

Our Setting

Here we work over a supermanifold M of dimension p|q, meaning that we have a
system of p even local coordinate and g odd local coordinate, which we write as
X1, .,Xpwh. oo ,9q.

de Rham Complex over a Supermanifold

| \

We took the de Rham differential d : O, — Q;{ to be an odd derivation.

5\
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Differential Forms: Geometry VS Supergeometry

Our Setting

Here we work over a supermanifold M of dimension p|q, meaning that we have a
system of p even local coordinate and g odd local coordinate, which we write as
X1, .,Xpwh. oo ,Gq.

de Rham Complex over a Supermanifold

| \

We took the de Rham differential d : O, — Q;{ to be an odd derivation.
It follows that:

@ dxi,...,dx, are odd;

@ dby,...,dl, are even.

5\
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Differential Forms: Geometry VS Supergeometry

Our Setting

Here we work over a supermanifold M of dimension p|q, meaning that we have a
system of p even local coordinate and g odd local coordinate, which we write as
X1, .,Xpwh. oo ,Gq.

| \

de Rham Complex over a Supermanifold

We took the de Rham differential d : O, — Q;{ to be an odd derivation.
It follows that:

@ dxi,...,dx, are odd;

@ dby,...,dl, are even.
Since db; is even for any i, we have that df # 0 for any i.

It follows that the de Rham complex is not bounded from above:

0 Ou Q! . Qk,

5\
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Differential Forms: Geometry VS Supergeometry

Where is my Top-Form?
There is no top differential form in the de Rham complex over a supermanifold!
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Differential Forms: Geometry VS Supergeometry

Where is my Top-Form?

There is no top differential form in the de Rham complex over a supermanifold!

Differential Forms and Integration over Supermanifolds

Differential forms can be integrated only over ordinary (non super) submanifolds
of a supermanifold.

@ Let t: M —— 24 be an immersion of an ordinary k-dimensional manifold in a
p|g-dimensional supermanifolds /.

Q Let w € QX be a degree k differential form.
@ It make sense to integrate t*w over M (notice that the integral can be zero).

If 24 is a supermanifold of dimension p|g, differential forms can be integrated over
ordinary submanifolds M of codimension k|q, with 0 < k < p in M.
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Differential Forms: Geometry VS Supergeometry

Differential Forms and Integration

o (Geometric) integration of differential forms over supermanifolds does not
involve odd directions.

@ Need to look for something different if want odd directions be part of
integration process.
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Integral Forms

Integral Forms and their Complex

Let M be a supermanifold of dimension p|q. An integral form of degree p — k is a
section of the sheaf

):;{_k = Ber(M) ®o,, S*NTx

Where we have that
@ Ber(aM) is the Berezinian sheaf of M (...in a moment...);

o SKNT,, is the k-fold (super)symmetric product of the “parity-shifted”
tangent sheaf, so that M7, = (Q},)*.

(TM)O > 8)( ’i> 778)( c (I_ITM)]_ ~ (dx)* — 7(8)(
(Tac)1 2 86 5 7109 € (MTar)o  ~  (dO)* = 7Dy
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Integral Forms

Integral Forms and their Complex

Let M be a supermanifold of dimension p|q. An integral form of degree p — k is a
section of the sheaf

):;{_k = Ber(M) ®o,, S*NTx
This can be structured into an actual complex:

.= Ber(M) @ S*NTy — ... = Ber(M) @ N5 — Ber(M) — 0.
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Integral Forms

Integral Forms and their Complex

Let M be a supermanifold of dimension p|q. An integral form of degree p — k is a
section of the sheaf

):g{_k = Ber(M) ®o,, S*NTx
This can be structured into an actual complex:
.= Ber(M) @ S*NTy — ... = Ber(M) @ N5 — Ber(M) — 0.

The differential of this complex is a bit tricky:

S(D()f @i 7d') = — S (1) 7N D(x)(9,F) @4 no, (D)

a

where D(x) € Ber(M), f € Oy, 70" € SKNTy;.

Simone Noja Forms in Supergeometry TQFT Club @ Lisbon - May 25, 2022



Definition (Berezinian - via Transition Functions)

The Berezinian sheaf Ber(#() is the locally-free sheaf of Oy-modules of rank
00,p+q|00,p+q+1, whose local generators {Dy;,(xy;,0u,)} transforms as

Dy, (X03100) = Doy, (xi10u;) Ber (T ac( i)

with
Ber(J ac(pj)) = det(A— BD™*C)det(D)?,

where Jac(ypjj) is the super Jacobian of the change of coordinates

wij : Uiluny Uiluny
xu;|0u, —— pij.0(x|0) = xu,| i 1(x]0) = Ou;,

and where we have posed

A B L 8)(80/]'70 ‘ 89(,0’-1-’0 > _ }
(TF) = ( Bn ‘ Bewiin = Jac(<pu).
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Definition (Berezinian - via Koszul Complex)

We call the Berezinian sheaf of M is the locally-free sheaf of O4-modules of rank
00,p+q|00,p+q+1 defined by the only non-trivial cohomology class of the Koszul
complex of Q},,

Ber(M) = 5Xf§.(9;4)* (Oar, S*(QL,)%),
In particular Ber(#) is locally generated on an open set U by the class

Ber(fM)(U) = [dX1 ce pr ® 691 ce agq] ° OM(U)

| \

Remarks
@ The analogous construction for ordinary manifolds yields the canonical sheaf
QF,. generated by [dx; ... dxp];
@ Make a sense out of the catch-phrase for Berezin integral:
“Berezin integral = integrate the x’s and derive the 0’s”
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What Are Integral Forms Good For?

Integral Forms and their Complex

Let M be a supermanifold of dimension p|q. An integral form of degree p — k is a
section of the sheaf

TPk = Ber(M) ®o,, S*NTa
They fit into the complex
.= Ber(M) ® SKNTy — ... — Ber(M) @ N3 — Ber(M) — 0.

Integral forms of degree p — k can be integrated over sub-supermanifolds
of codimension k|0 in 1.

o Can integrate sections of Ber(M) over M;
o Can integrate sections of Ber(M) ® M7, over a sub-supermanifold of
codimension 1[0 in M

o Can integrate sections of Ber(M) ® S2M7,, over a sub-supermanifold of
codimension 2|0 in 9/...
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Wh o Go?

Where we are...

On a supermanifold ¢ of dimension p|q, for k > 0:
o Differential Forms: control integration on sub-manifolds of codim. k|g;

o Integral Forms: control integration on sub-supermanifold of codim. k|0;

@ Will try to make these notions “go together”

e ...coming out of a certain spectral sequence of a double complex...
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Wh o Go?

Where we are...

On a supermanifold ¢ of dimension p|q, for k > 0:
o Differential Forms: control integration on sub-manifolds of codim. k|g;

o Integral Forms: control integration on sub-supermanifold of codim. k|0;

@ Will try to make these notions “go together”

e ...coming out of a certain spectral sequence of a double complex...

@ ...as to show that they indeed compute the same invariant related to the
supermanifold

o ...which is the de Rham cohomology of the reduced space
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D-Modules

Definition (The Sheaf D,/)

We define Dy, to be the subsheaf of End(Og) generated by Oy and Ty, and we
call it the sheaf Dy, of differential operators on M.
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D-Modules

Definition (The Sheaf D,,)

We define Dy, to be the subsheaf of End(Og) generated by Oy and Ty, and we
call it the sheaf Dy, of differential operators on M.

o

Locally...

We have a local trivialization of Dy|y, where x; € Oar|y and 9; € Tar|u,
satisfying the Clifford-Weyl algebra: [x;, x;] = 0, [0;,0;] = 0, [x;, 9;] = d;j. One
has

U +—— Dyr(U) == {Dy is a differential operator on O4(U)}.
with Dy = @, ey Oar|v0g where 9% = 07052 - - - On.

Definition (Left/Right Ds,-Modules)

We say that a sheaf £ is a sheaf of left/right Dy-modules (a Dar-module, for
short) if £(U) is endowed with a left/right Da,(U)-module structure for any open
set U, which is compatible with the restriction morphisms.
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Universal de Rham Complex |

Definition (Universal de Rham Sheaf of #/)

Given a supermanifold 21, we call the sheaf Qf ®0p,, Da, the universal de Rham
sheaf of M.

Definition (The Operator D)

For w® F € Q5 ®0,, Dar such that w and F are homogeneous, we let D be the
operator

D : Q3 ®k Day Q3 ®0, Dar
W F———=D(Ww®F) =dweF+Y (-1)“ldxw®d,, - F,

where the index a runs over all of the even and odd coordinates.
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Universal de Rham Complex Il

Lemma (Properties of D)

The operator D has the following properties:

@ it is globally well-defined i.e. it is invariant under generic change of
coordinates;

@ it is Oy -defined, i.e. it induces an operator D : Q3 ®o,, Dar — 25, ®0,, Dar;
© it is nilpotent, i.e. D? = 0.

Theorem (Homology of the Universal de Rham Complex)

Let 91 be a supermanifold and let (25, .44, D) be the universal de Rham complex
of M. Then there exists a canonical isomorphism

He(Q8, ®0,, Dag, D) = Ber (1),

where Ber(M) is the Berezinian sheaf of M.
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Universal de Rham Complex Il

Nods to the Proof
@ Construct a homotopy H for D, that is we need DH + HD =1
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Universal de Rham Complex Il

Nods to the Proof
@ Construct a homotopy H for D, that is we need DH + HD =1

H(dX’ ® (9Jf) — Z(_l)|Xa|(|w|+\81|+1)adxadXI ® [aJ,Xa]f.

a

o the homotopy fails on [dz; ... dz, ® g, ... 0p,], which generates Ber(a).
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Universal de Rham Complex Il

Nods to the Proof

@ Construct a homotopy H for D, that is we need DH + HD =1

H(dX’ ® BJf) — Z(_l)|Xa|(|w|+\81|+1)8dxadXI ® [3J,Xa]f.

a

o the homotopy fails on [dz; ... dz, ® g, ... 0p,], which generates Ber(a).

Corollary (Ber(a1) is a Right Ds-Module / Lie Derivative)

Let M be a supermanifold. The right action

H.(Q;‘,[ ®OM DM, D) ®OM Do —> H.(Q;,[ ®@M DM, D)

is uniquely characterized by D(x) - 0, = [dz1...dz, ® Op, ® ...0p,] - 02 = 0 for
any a, and it is given by the Lie derivative on Ber(M).
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Lie Derivative and Right Dg~-modules

Theorem (Dj-Modules and O4-Modules)

E is a sheaf of right Da,-module on M <> £ is a sheaf of Os,-modules endowed
with a flat right connection Ag.
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Lie Derivative and Right Dg~-modules

Theorem (Dj-Modules and O4-Modules)

& is a sheaf of right Dgr-module on M <= & is a sheaf of Og,-modules endowed
with a flat right connection Ag.

Definition ((Flat) Right Connection on &)

A right connection on £ a C-bilinear morphism Ag : £ ®¢ Dg‘? — & such that
the following are satisfied for any f € Oy, X € Tyr and e € £ :

Q Agr(e® f) = ef;
Q Ag(e® X of)= Ag(e® X)f; (Leibniz rule)
Q@ Agr(e® fX) = Ag(ef ® X),
where by definition X o f := X(f) + (—1)XIIflf o X. A right connection is flat if

Ar(=®[X, Y]) = [Ar(- ® X), Ar(— ® Y)].
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Lie Derivative and Right Dg~-modules

Definition ((Flat) Right Connection on &)

A right connection on £ a C-bilinear morphism Ag : £ ®¢ D;}) — & such that
the following are satisfied for any f € Oy, X € Tor and e € £ :

Q Agr(e®f) =ef;
Q Ar(e® X of) = Agr(e® X)f;
Q Agr(e® fX) = Agr(ef ® X),
where by definition X o f := X(f) + (—1)XIIflf o X. A right connection is flat if

Ar(=® [X, Y]) = [Ar(= ® X), Ar(= @ Y)].

The Canonical and Berezinian Sheaf are Right D,,-Modules

o If w™ is a section of Ky, then one poses Ag(w™ ® X) = —Lx(w).

Simone Noja Forms in Supergeometry TQFT Club @ Lisbon - May 25, 2022 18 / 45



Lie Derivative and Right Dg~-modules

Definition ((Flat) Right Connection on &)

A right connection on £ a C-bilinear morphism Ag : £ ®¢ D;}) — & such that
the following are satisfied for any f € Oy, X € Tor and e € £ :

Q Agr(e®f) =ef;
Q Ar(e® X of) = Agr(e® X)f;
Q Agr(e® fX) = Agr(ef ® X),
where by definition X o f := X(f) + (—1)XIIflf o X. A right connection is flat if

Ar(=® [X, Y]) = [Ar(= ® X), Ar(= @ Y)].

The Canonical and Berezinian Sheaf are Right D,,-Modules
o If w™ is a section of Ky, then one poses Ag(w™ ® X) = —Lx(w).
o If D is a section of Ber(44), then one poses Ar(D ® X) = —Lx (D)
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Lie Derivative and Right Dg~-modules

Ordinary Manifolds
0 O Ql, Qim M 0

e left and right Dys-module in the same complex

| \

Supermanifolds

Differential Forms: 0 Own o

Integral Forms: ...—— Ber(M) ® N7y — Ber(M) ——0

e left Dyr-module ~ differential forms;
e right Da-module ~~ integral forms.

A\
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Universal Spencer Complex |

Definition (Universal Spencer Sheaf of /)

Given a supermanifold 9/, we call the sheaf Dy ®o,, (25,)* = Dar ®0,, S*MTas
the universal Spencer sheaf of .
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Universal Spencer Complex |

Definition (Universal Spencer Sheaf of /)

Given a supermanifold 9/, we call the sheaf Dy ®o,, (25,)* = Dar ®0,, S*MTas
the universal Spencer sheaf of .

Definition (The Operator 0)

For F ® 7 € Das ®o,, (25,)* such that F and 7 are homogeneous, we let § be the
operator

FRr—=4§(FRT):= (—1)‘T|F2:a Bs ® {dxa, ) — (=1)I"IF ® ex(7)

where the index a runs over all of the even and odd coordinates.

Definition (Operator e¢,)

Let 7 € (Q3,)". We define the operator e, to be such that

T ex(7) == 3, (dxa, £,(7))
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Universal Spencer Complex Il

Lemma (Properties of ¢)

The operator § has the following properties:

@ it is globally well-defined, i.e. it is invariant under generic change of
coordinates;

@ it is Oy-defined, i.e. it induces an operator
0 : Dy ROy (Q;/[)* — Das R0, (Q;{)*,
@ it is nilpotent, i.e. 6°> = 0.

\

Theorem (Homology of Universal Spencer Complex)

Let M be a supermanifold and let Das ®op,, (25,)* be its universal Spencer
complex. There exists a canonical isomorphism

He(Dar ®0,, (25¢)*,9) = O
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Universal Spencer Complex Il

Nods to the Proof
@ Construct a homotopy K for §, that is we need 0K + Ké =1

K(F®7)=(-1)" Z[F,xa] ®m, - T.

@ the homotopy fails on functions, that is on Oy,.
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Universal Spencer Complex Il

Nods to the Proof

@ Construct a homotopy K for §, that is we need 0K + Ké =1

K(F®T)=(-1)! Z[F,xa] ®m, - T.

@ the homotopy fails on functions, that is on Oy,.

What Did We Get?

° Ho(Q25, ®0,, Dar, D) = Ber(M) (~ right Dy-module)
0 He(Dar ®0,, (2°)5,9) = Ogr (~ left Dyr-module)

...we now aim at relating the two constructions!
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Virtual Forms Double Complex

Definition (Sheaf of Virtual Forms)

Let M be a supermanifold, we call Q}, ®o,, Dar ®0,, (23,)" the sheaf of virtual
forms.
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Virtual Forms Double Complex

Definition (Sheaf of Virtual Forms)

Let M be a supermanifold, we call Q}, ®o,, Dar ®0,, (23,)" the sheaf of virtual
forms.

| A

Corollary

Let M be a supermanifold and let D ® 1 and 1 ® 6 act on the sheaf of virtual
superforms. Then D ® 1 and 1 ® 6 commute with each other, i.e.

1®6,D®1]:=(11®0)o(D®1)—(D®1)o(1®4)=0.
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Virtual Forms Double Complex

Definition (Sheaf of Virtual Forms)

Let M be a supermanifold, we call Q}, ®o,, Dar ®0,, (23,)" the sheaf of virtual
forms.

Corollary

Let M be a supermanifold and let D ® 1 and 1 ® § act on the sheaf of virtual
superforms. Then D ® 1 and 1 ® 6 commute with each other, i.e.

1®6,D®1]:=(11®0)o(D®1)—(D®1)o(1®4)=0.

Definition (The operators d and 4 on Virtual Forms)

Let w® F® 71 € Q5 ®o,, Dar ®o,, (25,)* be a virtual superform. We define:

3(w®F®T) =De1)(w®F®T),
JweFer)=(-1)FHFH1e6)we Fer).
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Virtual Forms Double Complex

Definition (Virtual Superforms Double Complex)

We define , V3¢ = (Q3, @0, Dar ®o,, (Q3)*,d,8) to be the virtual forms double
complex. We define the bi-degrees of the double complex so that the differential d
moves vertically and 6 moves horizontally.

TQFT Club @ Lisbon - May 25, 2022 24 / 45
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Virtual Forms Double Complex

Definition (Virtual Superforms Double Complex)

We define , V3¢ = (Q3, @0, Dar ®o,, (Q3)*,d,8) to be the virtual forms double
complex. We define the bi-degrees of the double complex so that the differential d
moves vertically and 6 moves horizontally.

v

Definition (Spectral Sequences E and EX)

Let »V;? be the virtual superform double complex of M. We call

Q (EP, d%) the spectral sequence w.r.t. the vertical filtration;
@ (EZ, d¥) the spectral sequence w.r.t. the horizontal filtration.
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Virtual Forms Double Complex

Definition (Virtual Superforms Double Complex)

We define , V3¢ = (Q3, @0, Dar ®o,, (Q3)*,d,8) to be the virtual forms double
complex. We define tbe bi-degrees of the double complex so that the differential d
moves vertically and 6 moves horizontally.

Definition (Spectral Sequences E and EX)

Let »V;? be the virtual superform double complex of M. We call

Q (EP, d%) the spectral sequence w.r.t. the vertical filtration;

@ (EZ, d¥) the spectral sequence w.r.t. the horizontal filtration.

Definition (Cech-Virtual Forms Triple Complex)

Let M be a supermanifold and &/ an open cover oﬁ M. We call the triple complex
Vit = (C*(U, Q3 ®0,, Dar ®0,, (25 04q)”+ 05 d; 0) Cech-virtual superforms
triple complex or Cech-virtual superforms complex for short.
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Virtual Forms Double Complex

Theorem (Differential Forms from ,V5?)

Let M be a supermanifold and let (ES, d) be the spectral sequence of the
double complex pV;? defined as above. Then

Q EP Q3
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Virtual Forms Double Complex

Theorem (Differential Forms from ,V5?)

Let M be a supermanifold and let (ES, d) be the spectral sequence of the
double complex pV;? defined as above. Then

Q EP =05,
Q E5' = E =K,y for M real or complex supermanifold
where K, is the constant sheaf valued in the field K (R or C).
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Virtual Forms Double Complex

Theorem (Differential Forms from ,V5?)

Let M be a supermanifold and let (ES, d*) be the spectral sequence of the

ro=r

double complex pV;? defined as above. Then

Q EP Q3

Q ES! = ES =K,y for M real or complex supermanifold
where K, is the constant sheaf valued in the field K (R or C).

Theorem (Integral Forms from ,V3?)

Let M be a supermanifold and let (E¥*, d*) be the spectral sequence of the
double complex pV;? defined as above. Then

Q EF = Ber(M) ®0, (s 04q) "
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Virtual Forms Double Complex

Theorem (Differential Forms from ,V5?)

Let M be a supermanifold and let (ES, d*) be the spectral sequence of the

ro=r

double complex pV;? defined as above. Then

Q EP Q3

Q ES! = ES =K,y for M real or complex supermanifold
where K, is the constant sheaf valued in the field K (R or C).

Theorem (Integral Forms from ,V3?)

Let M be a supermanifold and let (E¥*, d*) be the spectral sequence of the
double complex pV;? defined as above. Then

Q@ EF = Ber() @o,, (R 04a)"
Q EF = EX =K,y for M real or complex supermanifolds
where Ky, is the constant sheaf valued in the field K (R or C).
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Poincaré Lemmas for Diff. & Int. Forms

Theorem (Poincaré Lemma for Diff. Forms)

The de Rham complex Q3 is a right resolution of Ky, i.e.

oo Ku k=0
Hg(QM):{oM k>0,

In particular, any closed form is locally exact.

...exactly the same as over an ordinary manifold! The homotopy can be
constructed in the same way:

h(w) = /t_; dt (1p, G (w)) € Q&1
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Poincaré Lemmas for Diff. & Int. Forms

Theorem (Poincaré Lemma for Int. Forms)

The cohomology of the complex of integral forms X3, is given by

- K k=0
k(sP—®\ ~ M
Hé(zM )—{0 k;éO.

In particular, Hg(Z’m’; *) is generated by the section s = D01 ...0q @70y, .. .0y, ,
where D is a generating section of the Berezinian sheaf.

Once again the homotopy involves and integral!

t=1
WDFf & F) = (— |f|+|F|DZ 171l +) </
i

dt t%x, G} f) ® mOpF,
=0
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Triple Complex and Equivalence of Cohomologies

What is the Triple Complex good for?

Using the Cech-Virtual superforms complex, one can prove prove that differential
forms and integral forms computes exactly the same topological invariants related
to a real supermanifold ¢, namely the (co)homology H®(M, Ry).

We define

Hix (M) := Ha(Q5,(2))  and  HE (M) = H5(X5,(M))-

Theorem (Equivalence of Cohomology of Diff. & Int. Forms)

Let M be a real supermanifold. The cohomology of differential forms H3, (%) and
the cohomology of integral forms H;p(M ) are isomorphic:

Hig (90) =2 H® (M, Rog) = Hs,(91).

In particular the complex of differential and integral forms are quasi-isomorphic.

o
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Where do we go from here?
d . o\ s
@%M Duy G0, ()
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Where do we go from here?
d . o\ s
@@ooﬂ Duy G0, ()

“De-Quantization” (7)

de-quantization

Q;\{ ®OM DM ®OM (Q;/[)* Q;/[ ®OM S.TM ®OM (Q;/[)*

v

Is this “approximation” canonically related to any geometrical object?
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Where do we go from here?
d . o\ s
@@ooﬂ Duy G0, ()

“De-Quantization” (7)

de-quantization

Q;\{ ®OM DM ®OM (Q;/[)* Q;/[ ®OM S.TM ®OM (Q;/[)*

v

Is this “approximation” canonically related to any geometrical object?

There exists a natural construction on a (super)manifold leading to this
approximation?
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Total Space of Q;{ as a Supermanifold

Definition (Total Cotangent / BV Supermanifold)
Let 4 be a supermanifold. We set (X, Ox) with

X =Tot(QL)  Ox = ()"

This means that functions on X are polynomial functions on the fibers Tm}’x.
If (U,xs = x]9) is a local chart M, then (77 1(U), xa, p» = qa|pi) is a chart for
X with

pa = (—1)18,..
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Total Space of Q;{ as a Supermanifold

Definition (Total Cotangent / BV Supermanifold)
Let 4 be a supermanifold. We set (X, Ox) with

X =Tot(QL)  Ox = ()"

This means that functions on X are polynomial functions on the fibers Tm}’x.
If (U,xs = x]9) is a local chart M, then (77 1(U), xa, p» = qa|pi) is a chart for
X with

Pa = (_1)|X3|8dxa-

X even odd
base coordinates X e~ fields Vo e~ ghosts
fiber coordinates o > anti-ghosts pi e~ anti-fields
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Geometry of Forms on X

Forms on X: the sheaf Q3

On X = (Tot(Q2},), (Q23,)*) we have the following canonical exact sequence

1

X/M—>0.

0—>7T*Q§W—>Q}<—>Q
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Geometry of Forms on X

Forms on X: the sheaf Q3

On X = (Tot(Q2},), (Q23,)*) we have the following canonical exact sequence

1
X /M

dx, = dzp <g§> ., dps= (%) dqp + (—1)PelHlzlg (%) qb-
b a a

@ The transition functions shows that

0—>7T*Q§W—>Q}<—>Q — 0.

0—— ’/T*Q;,[ Q}< T Tar 0.

~

o For 2 smooth, this is (non-canonically) split so that Q} = 7*Q}, & 7* Ty

0 = 55,(0%) = 0% © 5o ® (%)
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Odd Symplectic Forms on Total Cotangent Space

Definition (Odd Symplectic Forms on X)

We call w:= 3" dx,dp, € (2%)1 the odd symplectic form of the supermanifold X.

Observation

The odd symplectic form is invariant and nilpotent:

n= (_1)|Xa|+1dxapa ~  w=dn
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Odd Symplectic Forms on Total Cotangent Space

Definition (Odd Symplectic Forms on X)
We call w:= 3" dx,dp, € (2%)1 the odd symplectic form of the supermanifold X.

The odd symplectic form is invariant and nilpotent:

ni=(-1)*Mldep, ~ w=dy

A\

Lemma (d commutes with w)

Let d and w be the de Rham differential and the multiplication by the odd
symplectic form, then [d,w] = 0. In particular the triple (%, w, d) is a double
complex, called the deformed de Rham complex.

A\
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Odd Symplectic Forms on Total Cotangent Space

Definition (Odd Symplectic Forms on X)
We call w:= 3" dx,dp, € (2%)1 the odd symplectic form of the supermanifold X.

Observation
The odd symplectic form is invariant and nilpotent:

n=(-)FHdep, ~ w=dp

\

Lemma (d commutes with w)

Let d and w be the de Rham differential and the multiplication by the odd
symplectic form, then [d,w] = 0. In particular the triple (Q%,w, d) is a double
complex, called the deformed de Rham complex.

4

This observation has been first made by Severa (Lett.Math.Phys. 78 55 (2006)) J

Simone Noja Forms in Supergeometry TQFT Club @ Lisbon - May 25, 2022 32 /45



Odd Symplectic Forms on Total Cotangent Space

Theorem (Integral Forms & BV Laplacian)
Let Ei the spectral sequence of the deformed de Rham complex. Then

(1) the first page of the spectral sequence E¥ is isomorphic to the integral forms
on M, i.e.

1 =7 Ber(M) ®o,, (25)";
In turn, this is isomorphic to semi-densities on X, i.e. E¥ = Dens'/?(X).

(2) the second differential 0, of the spectral sequence E¥ is zero. In particular
the second page of the spectral sequence is EY = E{°.

(3) the third differential o5 of the spectral sequence E* is
2
A (Def)=DOY, 525"

In particular, the spectral sequence converges at page three and we have
EY =2 Ry =2 EY . A representative of this homology class if given by

[Xm coo an X dp,H_]_ 000 dp,H_m] ®Xn+]_ <o XntmP1---Pn S W*Ber(M) X (QHM)*

v
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Integral Forms and BV Laplacians

The BV Laplacian acting on semi-densities reflects the action of the
Spencer differential ) acting on integral forms. J
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Total Cotangent Space and Complex Supermanifolds

Let us consider M a complex supermanifold and look at forms on X = Tot(Q2},)
0——nm"Q}, —=Qf ——= 7*T5 ——0.

Splitting of this exact sequence is controlled by Exty(m* Tar, W*Q;{).
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Total Cotangent Space and Complex Supermanifolds

Let us consider M a complex supermanifold and look at forms on X = Tot(Q2},)
0——nm"Q}, —=Qf ——= 7*T5 ——0.

Splitting of this exact sequence is controlled by Exty(m* Tar, W*Q;{).

Theorem (Projection to M)

Let M be a complex supermanifold, let X as above and let w: X — M be the
projection map. Then one has the following natural isomorphism

Exty (7" Tar, 7 Q%) = HY (M, T @ End(Tar)).

Cocycles are elements of the form —(dg,-j)g,-j_ L for gjj transition functions of Tyy.
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Total Cotangent Space and Complex Supermanifolds

Theorem (Projection to M)

Let M be a complex supermanifold, let X as above and let w: X — M be the
projection map. Then one has the following natural isomorphism

Ext (7" Tag, 7*QL,) = HY(M, T3 @ End(Tar)).

Cocycles are elements of the form —(dgj;)g; 1, for g transition functions of Ty;.

y

Super Atiyah Class
Aty : HO(M, End(Tae)) — HY(M, T;; @ End(Tar))

id7;;®7*m —— Qlf(T_:M) = 5(id7;}®7—m)'
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Total Cotangent Space and Complex Supermanifolds

Theorem (Projection to M)

Let M be a complex supermanifold, let X as above and let w: X — M be the
projection map. Then one has the following natural isomorphism

Ext (7" Tag, 7*QL,) = HY(M, T3 @ End(Tar)).

Cocycles are elements of the form —(dgj;)g; 1, for g transition functions of Ty;.

y

Super Atiyah Class
Aty : HO(M, End(Tae)) — HY(M, T;; @ End(Tar))

id7;;®7*m —— Qlf(T_:M) = 5(id7;}®7—m)'

@ Representatives are again given by —(dg,j)g,.j_l;

o At(Ta) = 0 if and only if 4 admits an affine connection (same as usuall!).
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Total Cotangent Space and Complex Supermanifolds

Theorem (Projection to M)

Let M be a complex supermanifold, let X as above and let w: X — M be the
projection map. Then one has the following natural isomorphism

Ext!(m*Tag, m*Q%,) = HY (M, T3 @ End(Ta)).

In particular, the extension
0——=7*Q}, —= Q) ——=7n"T,y ——0

is split if and only if At(Tx¢) is trivial if and only if M admits an affine connection.

V.
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Total Cotangent Space and Complex Supermanifolds

Theorem (Projection to M)

Let M be a complex supermanifold, let X as above and let w: X — M be the
projection map. Then one has the following natural isomorphism

Ext!(m*Tag, m*Q%,) = HY (M, T3 @ End(Ta)).

In particular, the extension
0—>7T*Q;{—>Q}< —— 71Ty ——0

is split if and only if At(Tx¢) is trivial if and only if M admits an affine connection.

y

...this is related to M being “split” ... )

Simone Noja
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Total Cotangent Space and Complex Supermanifolds

Structural Exact Sequence for M
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Total Cotangent Space and Complex Supermanifolds

Structural Exact Sequence for M

0 ot Out Oa, 0.

@ i, the nilpotent sheaf, is a sheaf of ideals generated by all the nilpotent
sections in Oyy,.
Q Fu = jM/JD%{, the fermionic sheaf, is a locally-free sheaf of O, ,-modules.
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Total Cotangent Space and Complex Supermanifolds

Structural Exact Sequence for M

0 ot Out Oa, 0.

@ i, the nilpotent sheaf, is a sheaf of ideals generated by all the nilpotent
sections in Oyy,.
Q Fu = jM/Jff, the fermionic sheaf, is a locally-free sheaf of O, ,-modules.

Projected and Split Supermanifolds

Q@ M is projected if Oy = Oy, © Jar «~> the above sequence splits;
Q M is split if Oar = N5, Far «~ Oy is a sheaf of exterior Oyy,,-algebras.
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Total Cotangent Space and Complex Supermanifolds

Structural Exact Sequence for M

0 ot Out Oa, 0.

@ i, the nilpotent sheaf, is a sheaf of ideals generated by all the nilpotent
sections in Oyy,.
Q Fu = jM/]ff, the fermionic sheaf, is a locally-free sheaf of O, ,-modules.

Projected and Split Supermanifolds

Q@ M is projected if Oy = Oy, © Jar «~> the above sequence splits;
Q M is split if Oar = N5, Far «~ Oy is a sheaf of exterior Oyy,,-algebras.

Obstruction Theory (to Splitting M)

Even Obstructions : HI(M,HomoM,ed(/\Q’U’Z.F;},TM,ed))

0dd Obstructions : H'(¢, Homo,, (N1 Fyr, Fir))
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Split and Projected Supermanifolds

Structural Exact Sequence for M

0 ot Out Oai, 0.

@ Jur, the nilpotent sheaf, is a sheaf of ideals generated by all the nilpotent
sections in Oy,.

Q For = Tar/ T2, the fermionic sheaf, is a locally-free sheaf of Oy, -modules.

Projected and Split Supermanifolds

Q@ M is projected if Ogr = O, © Tor;
Q M is split if Oy = /\;/f,ed}—M'

Obstruction Theory

Fundamental Obstruction: H (M, Ta.., R0, A2 Far))
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Split and Projected Supermanifolds

Structural Exact Sequence for M

0 jM OM Ogy[m[ 0.

@ Ju, the nilpotent sheaf, is a sheaf of ideals generated by all the nilpotent
sections in Oyy.

Q Fur = Jar/ T2, the fermionic sheaf, is a locally-free sheaf of O, ,-modules.

Projected and Split Supermanifolds

Q@ M is projected if O = Oy, & Jar;
Q M is split if Oy = /\;%red‘FM‘

4

A Non-Projected Supermanifold

X2+v24+72240,0,=0 C cCp??
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Connections and Splittings

Theorem (Koszul (1994))

If M admits an affine connection, then it is split. In particular, the affine
connection defines a unique splitting of the supermanifold.
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Connections and Splittings

Theorem (Koszul (1994))

If M admits an affine connection, then it is split. In particular, the affine
connection defines a unique splitting of the supermanifold.

Theorem (Donagi & Witten (2014))

The restriction Tac| .,
decomposition

of the tangent sheaf to M,y induces the following

A(Tar) Loty = A Tar, ) ® war ® A(Tag/ T2).

where:
Q At(Tar,) € HX (M, Hom(S*Tar.,, Tar.,)) = the Atiyah class of Ta,,;
Q war € HY (M, Tar,, ® N2F,) = first obstruction class to splitting 9/;
Q At(Far) € HY (M, Hom(Tas,, @ Far, Far)) = Atiyah class of Fa.

Simone Noja Forms in Supergeometry TQFT Club @ Lisbon - May 25, 2022 41 /



Total Cotangent Space and Complex Supermanifolds

Theorem

The extension exact sequence for Q3

0—>7T*Q;{—>Q}<—>7T*7-Mﬁ-0

is split if and only if At(Tac) is trivial if and only if M admits an affine connection.

For this to be true, necessary conditions to be satisfied are:
@ Ty, admits a holomorphic connection;
@ F4 admits a holomorphic connection;
@ M is split.

That's a lot to ask for..

A class of complex supermanifolds satisfying the above are complex Lie
supergroups.

| A\
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Comments & Outlooks

@ For a complex (compact K&hler) manifold 2(t(7x) contains informations on
all Chern classes cx(X) : if 2t(Tx) = 0 then cx(Tx) = 0 for every k.

At(7Tar) contains informations on all the Chern classes of 75, and Fy, but also on
all the obstructions to splitting #!
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Comments & Outlooks

@ For a complex (compact K&hler) manifold 2(t(7x) contains informations on
all Chern classes cx(X) : if 2t(Tx) = 0 then cx(Tx) = 0 for every k.

At(7Tar) contains informations on all the Chern classes of 75, and Fy, but also on
all the obstructions to splitting !

@ 0Odd symplectic geometry in the holomorphic category?

Theorem (Schwarz)

Every odd symplectic supermanifold (M ,w) is globally symplectomorphic to a
total cotangent space supermanifold X.

4

Couple of Questions...

o Does this hold true in the holomorphic category?

o Can one find an example of complex supermanifold admitting a (globally defined
holomorphic) odd symplectic form which does not fall in Schwarz's class?
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... THANKS A LOT...!
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