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Motivation from Image Segmentation........

An Example (from IPOL P. Getreuer 2012)

F Mumford-Shah Chan—Vese
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Total Variation, isoperimetric problems, and
diffuse interfaces
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DIFFUSE INTERFACE EQUATIONS AND THEIR
SHARP INTERFACE LIMIT

1
Gradient descent of GL function: Ut — GAU Y —-W/(U)
€

Allen-Cahn equation. Famous in materials science. Now useful for data
science.

e — 0 Motion by Mean Curvature




1, zeCy, C; = {z € RY | u(h,z) > 0}.

-1, z€ ]RN\C().

{ut—Au=o in (0, +00) x RV,

u(0,z) = {




FROM
EUCLIDEAN SPACE TO SIMILARITY GRAPHS
l FOR LARGE DATA

Graph mincl’ut problem
Graph Laplacian

Minimal surface
problem

Laplace operator
Pseudo-spectral

Projection to
eigensubspace of graph

Laplacian
methods
iy Nystrom
ast Fourier Transtform extension/Rayleigh-
Uses all the modes Chebyshev

Often only needs a small
percentage of spectral
modes.



w(z,y) = exp(—||lz — y|[*/7)

US Congress

image processing

3 x 3 Hyperspectral data cube

Formed feature vector



GRAPH CUTS AND TOTAL VARIATION
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Total Variation of function fdefined on nodes of a weighted graph:
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fe(u) :=x Z wiz (g — Uj)2 3 2 = Z W (u;),
i,j=1 i=1

Theorem 3.1 (I'-convergence). f: LA fo as € — 0, where

R X 2ijer, wijlui —uj| fue Ve, _J 2xTVai(u)
' +00 otherwise +00







ALGORITHM

|) Create a graph from the data, choose a weight
function and then create the symmetric graph
Laplacian.

II) Calculate the eigenvectors and eigenvalues of the
symmetric graph Laplacian

I1l) Initialize u.

V) Iterate the two-step scheme described above until a
stopping criterion is satisfied.

*Fast linear algebra routines are necessary - either
Raleigh-Chebyshev procedure or Nystrom extension.



K

13 1 Pocy wacn

§<U,La“) + 5 z‘; H 1 ll; — 55l
i€V j=1

+ 7 - alP, a3)
icV

. ] with 4; = [(w)1,. .., (ui)k]

(u, Lyu) = trace(u” L,u)

K
Q 784 I = %l = 32 1 = Syml

Fig. 4: Examples of digits from the MNIST data base




(a) Original Image (b) Labeled Data

(b) Multiclass GL (c) Multiclass MBO



Heat equation with forcing term:

U'n,+—%- . Un

= —L,U" —pu(U" - 0).

Thresholding:

U™t = B 1[U" — dtu(U™ — 0)],

As before, we use the eigendecomposition Ly = XAXT to
write

B = X(I+dtA)XT, (29)

which we approximate using the first N, eigenfunctions. The
initialization procedure and the stopping criterion are the
same as in the previous section.




Fig. 6: Examples of digits from the MNIST data base

95.0%- 97.17%




Computing Wy x, Wxy = Wity requires only (| X|-(|X|+]Y|) computations

ersus (|X|+ |Y])? for the whole similarity matrix. The method approximates

Wyvy by Wy x W)}}( Wxy and the error is determined by how much the rows o
W xy span the rows of Wyvy.
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Merkurjev, Sunu, and Bertozzi, 2014, ICIP Paris 2014
Eigenfunctions computed using Nystrom
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3.1 Mumford-Shah MBO scheme

We first introduce a “diffuse operator” I, = e~ ™Y, where L is the graph Lapla-

cian defined above and 7 is a time step size. The operator I, is analogous to
the diffuse operator e=74 of the heat equation in PDE (continuous space). It
satisfies the following properties.

Proposition 1. Firstly, I'; is strictly positive definite, i.e. (f, I, f) > 0 for any
f €K, f #0. Secondly, I'- conserves the mass, i.e. (1, f) = (1, f). At last,
the quantity %(1 — f, - f) approximates % \flpv s for any f € B.

(i) 2
e PR, \
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Fig. 2: The segmentation results obtained by the Mumford-Shah MBO scheme,
on a background frame plus the frames 72-77. Shown in (a) and (b) are segmen-
tation outcomes obtained with different initializations. The visualization of the
segmentations only includes the first four frames.




(b) 5-way K-means

c) Spectral Clustering with 4-way K-means

(d) Spectral Clustering with 5-way K-means
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cut(S, ) = > wx, y). d(x) =2 ,cyw(x, y).

x€S,yeS

RatioCut(S, S) = cut(S, S)(L 1 L)

S| 1S

= - 1 1
Ncut(S, S) = cut(S, S)(VOI(S) e 5 vol(g))

cut(S, S)
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Joint work with Huiyi Hu,Thomas Laurent, and Mason Porter SIAP 2013.
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Modularity: Q = —
2m

>
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Newman, Girvan, Phys. Rev. E 2004.

[wj] is graph adjacency matrix

P is probability nullmodel (Newman-Girvan) P;=kik;2m
ki = sum; w;; (strength of the node)
Gamma is the resolution parameter

gi Is group assignment

2m is total volume of the graph = sum; k; =sum; w;

The modularity of a partition
measures the fraction of total
edge weight within each
community minus the edge
weight expected if edges were
placed randomly using some
null model.

This is an optimization (max) problem. Combinatorially complex — optimize over
all possible group assignments. Very expensive computationally.



Cut(A, A°) — QLVOIA - volA®

m

Olflrv =3, j wij|fi — fj] = 2Cut(A, A®) (Total Variation on Graph);

O IfIIZ, = 2 : ki(£i)? (L2 norm);
O ma(f) = (X2 kif;)/2m (Mean).




Minimize{ f.c {+1}}| flTv — %"f & m2(f)||%2

Minimizey .c_,vy E(f) == |flrv —7Ilf — ma(f)|Z,




Three Gaussian Clouds
Two Moons

Two Moons Three Clouds

4 6
n-class MBO

(a)




" [N.[ @ [ NMI[ Purity | Time (seconds)
 Cemlowain | 2 [09305| 085 | 0975 |  110s
~ Modularity MBO (=2) | 2 | 00816 | 085 | 0977 |  11s
Multi-A MM (7 € {2,3,...,10}) | 2 | 09316 | 0.85 | 0.977 | %55
" Spectral Clustering (k-Means) | 2 | NA | 0.008| 0534 |  15s

TABLE 4.2

TABLE 4.3
Computation times and network diagnostics for partitions of the MNIST 70k data set.

| Ne| Q | NMI| Purity | Time(s) |
| GenLouvain | 11 083 ] 092 | 097 | 10900
Multi-i MM (# € {2,3,...,20}) | 11 | 093 | 0.89 | 0.96 | 200 /212 *

Modularity MBO 3% GT (i =10) | 10 | 0.92 | 095 [ 0.96 [ 94.5 / 16.56 *
* Calculated with the RC procedure.




Standard formulation:

Balanced cut (1):

Balanced cut (II):

Balanced TV (1):

Balanced TV (11):

Balanced TV

argmax
nEN,{A}7_ €ll(G)

argmin
REN,{A}7_ €ll(G)

argmin
neN,{A}7_ €ll(Q)

argmin
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argmin
neENuell(Q)
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STOCHASTIC BLOCK MODELS ARE A DISCRETE
SURFACE TENSION

J. Nonlin. Sci. 2019 — Z. Boyd, M. A. Porter and A. L. Bertozzi - |

Assume adjacency matrix elements A,

kik;
2m
Where m is the number of edges in the network.

This is called the PLANTED PARTITION MODEL. Newman (2016) shows that

Modularity optimization is equivalent to Maximum Likelihood Estimation for SBMs for
this class of models. The formula is:

are Poisson-distributed with parameter “g:g;

k; k
argmaxz |:Az'j 10g(wg¢gj) Weig; o - 9
B g 5

We show that this is a discrete analogue of a surface tension problem and adapt
and algorithm of Esedoglu and Otto to the discrete case. Here we also have to
optimize for the values of the surface tensions between classes.



time step - 13000

~ using mean curvature

) ™ N )

PROPOSITION 3.1. Mazimizing the likelihood of the parameters g and
w in the degree-corrected SBM 1is equivalent to minimizing

(6) 3 [Waﬁcutg, lesB)ya: e-waﬂw] ,

T 2m

where Cutg 4(a, B) = Z A;j, volg a(a) = Z ki, and Wyop = —logwqg.

gi=a gi=«
9;=>8




Nodes
Edges
Communities

MCF

AC

MBO

KL
Reference

Caltech

762
16,651
8

—0.16
0.21
0.53
—0.16
0

Princeton

6,575
293, 307
4

—0.02
0.58
1.12
0.11

0

Penn. St.

415

36

1,362,220

8

—0.56
—0.04

0.40

—0.55

0

Plume

284,481
2,723,840
5

—1.41
—1.23
—1.21
—1.38
0

[ PP [ LFR| WS [ Caltech | Princeton | Penn. State | Phume_

.91
268.7
270.0
980,520

TABLE 2
Computation times (in seconds).




UNCERTAINTY QUANTIFICATION

A A N | [ |

With X. Luo, A. Stuart, and K. Zygalakis (SIAM UQ 2018)

Probit classifier; level set method for Bayesian inverse problems both
extended to graphs from Euclidean space; generalize Ginzburg-Landau
to Bayesian setting.

il
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(a) Fours in MNIST (b) Nines in MNIST

F1c. 5. “Hard to classify” vs “easy to classify” nodes in the MNIST (4,9) dataset under the
probit model. Here the digit “4” is labeled +1 and “9” is labeled -1. The top (bottom) row of the
left column corresponds to images that have the lowest (highest) values of sé. defined in (8) among
images that have ground truth labels “4”. The right column is organized in the same way for images
with ground truth labels 9 except the top row now corresponds to the highest values of s'.. Higher s
indicates higher confidence that image j is a 4 and not a “9”, hence the top row could be interpreted
as images that are “hard to classify” by the current model, and vice versa for the bottom row. The
graph is constructed as in Section 5, and v = 0.1, 8 = 0.3.
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