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@ Fukaya-Morse A, category (+ “enhancement”)

@ Picture 1: effective field theory (second quantization) X
@ Picture 2: HTQM (first quantization approach)
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Fukaya A, category and Morse

Fix X — a Riemannian manifold

Fukaya-Morse A, category on X
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Enhancement

S
Enhancement: Mor(F,, F,) = C, {)X)

Composition maps: I
EoF— o B = F, 2 F~ F‘F)F.Q - - —?Fy..p) =
|Z ‘ L Pre 214 Lu, e porm

m: Mc;r(Fl, F1)®k1 ®Mor(Fy, F3)®- - - Mor(Fn_1, Fn)®Mor(Fy, FN)®kN — Mor(F1, Fn)

m({ 21,0}, P12,{Z2,a}s- s PNno1N, {ZN o)) = Z #M - [Py]

PN

3
e differentials: m(Z) = 0Z, m(Pi12) = dmorse P12
o m(Zl, ZQ) = Zl M ZQ
o m(Zi,...,Z,) =0,n>3
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A, relations
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Let x; € Mor(Fy,, Fy,), i =1...p, with b; = a;11 - composable
sequence of morphisms. Then:
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Example of an A, relation: heart-shaped sphere

Ao relation: 1 = P € Mor(Fy, F3), o = Z € Mor(Fy, Fs).

m(dMorse(P)a Z) + m(P7 82) + dMorsem(Pa Z) =0
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Example: deformation of Morse differential by cycles

N =2, F =F — Fy. Fix {Cy} -cycleson X. {F;} — crit. points of F"
Generating function for compositions
m: Mor(Fy, Fy) ® Mor(Fy, F3)®* — Mor(Fy, Fy),

r —'7 F‘L_Z F‘L CFL (
:Z Z #M(Pzacam-- Oawp') Toy - Tay,
k>1 aq,...,«

#grad traj P;—P; passmg through cycles

T, - generating parameters, |T,| = 1 — codimC,,. C,MC(F)
+m (T
A relations = | (dyiorse + m(T))? = 0. JMV m Yep!

Explanation from HPT:

d. Aot =y

v e

(x= L,+ed K ¢ QX),d+>, Tuoc, ~

h= L2 pl T pd i —pdkdi pdKkdy - -
r—/')

MC(X,F) ,dyorse + m(T)
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Morse contraction

® 7 P = 5Unstabp
crit. point f

op:wl—>§P:</Xw/\5Stabp>’[P]

o K :/ dt 1y e v QN (X) = 0 1(X).
0

)
v — gradient vector field. /
Integral kernel: dy € Qqistr (X X X); X
Y ={(x,y) | © = Flow;(v) oy for some t > 0}



Picture 1: effective field theory
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Picture 1a: homotopy transfer

K¢ V=Q*(X)®Matyxn = @i\ibzl 2, (X) - dg algebra ne (R

A
Bl TZ ‘O‘“‘/(aoo
M _{MC(FG—F()), a;éb o
ab —

M = ®a,b Maln 0O° a =

aa’

K — Morse contraction for F, — F},, a #b
HBE T trivial (i =p =id, K = 0), a=

Induced A, algebra structure on M:

inputs: x; €  My,sp,

with bi:aj+1

| Morse chain, a; # b;
| form/sing.chaindz, a; =1b;



Picture 1: effective field theory
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Picture 1b: effective action

dql
BF theory: S = / (BN dA + %[A,A])
Fields: *
e A € Q*'X) ®£MatNxN éA}/[l] = @Qab ® A[l]

g
where A = upper-triangular N x N matrices.

e B € Q°'X)®g*[d—2]
Next: integrate out off-diagonal components A,;, a # b subject to
gauge-fixing

Lvab Aab =0

— axial gauge but in different directions for different components!
We induce the effective action on diagonal fields + remnants of
off-diagonal fields.
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Picture 1b: effective action cont'd

More explicitly:

BV pushforward: F — F' =T*[-1](M® Al[l])
fields IR fields

Splitting of fields: F = F' & F” with F”" =kerp & ker j/".

Gauge-fixing Lagrangian: £ =1im(K) ®im(K") C F"

{l,} — Lo algebra operations on Ml ® A.
Lo relations < BV master equation {Seg, Segr} =0
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From L., back to A

Recovering A, products on M:

ln(xl ®t127 R ) ®tnn+1) - mn(xla e 73777,) ®t1n+1

ti; € A matrix with (¢, j)-entry 1 and all other entries 0.
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Picture 2: HTQM

Topological quantum mechanics: —
@ Space of states: Hqp = 2°(X)
(for a particle of (a,b)-type, a # b).

BRST operator () = d. l N=2 SusY QM

Hamiltonian H = £,,, = [Q, G]+.

G = ty,,-

Evolution operator (superpropagator):

Ult,dt) = e tH-4E ¢ O*(Ry) ® End(Hap)

(dl_+ada >u= O
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HTQM on metric trees

HTQM on metric trees:

a

b A
@ 3-valent vertex : : ~  Har @ Hpe — Hae
C
a a N0z
@ 2-valent vertex ;5 — ~  operator Hop —— Hap

© l-valent vertex p,»——  ~  state Ounstabp,
a

@ (a,b)-edge of length t ~  Upgl(t,dt)
Out of these building blocks, we build a form on the space of metric trees:

I €Q*(MTNky,...kn) ® Hom(Mor%lf1 ® Mor1 2 ® -+ ® Mory_1,8v ® Mor%ﬁl\fv,Morl,N)

where Mor, : = Mor(F,, Fp).
Example: three top-cells in MTy.11.0,0
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Example

= Z T-[P14]

P14€C1‘it(F1—F4)

T-— / Gstanry, A Urs(", dt") (Ura(t, dt)(37 A Gunstabr,, )N
X

A U23 (tla dt/)((SZ’ A 5Unstabp23 )) A 5Unstabp34
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Properties of [

Q@ (duyr+Q)I=0
@ Factorization on IR boundary of MT:

© Period / I =m - the composition map in Fukaya-Morse
MT

category.
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A, relations from IR factorization of HTQM

(dyr + Q)T =0 = /aMTI_—Q MTI
m(-m(-))

L.h.s. (contributions of boundary strata of MT):

0 IHH_O

o

o Z—;aj;% — terms m(---m(Z,Z")---) in Ay relation.

o @m@ — terms m(---m( _--- )---)in A, relation.

>2 colors
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