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Plan

1 Fukaya-Morse A1 category (+“enhancement”)
2 Picture 1: e↵ective field theory (second quantization)
3 Picture 2: HTQM (first quantization approach)
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Fukaya A1 category and Morse degeneration

Fix X – a Riemannian manifold

Fukaya-Morse A1 category on X Fukaya A1 category on T ⇤X
Ob: F1, . . . , FN Lagrangians La = graph(✏ dFa)

Mor: Mor(Fa, Fb) = Mor(La, Lb) =

SpanZ(Crit(Fa � Fb)) SpanZ(intersection points of La, Lb)

�: Pi,i+1 2 Crit(Fi � Fi+1) pi,i+1 2 Li \ Li+1

m(P12, P23, . . . , PN�1N ) = m(p12, p23, . . . , pN�1N ) =X

P1N2Crit(F1�FN )
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Enhancement

Enhancement: Mor(Fa, Fa) = C•(X)
Composition maps:

m : Mor(F1, F1)
⌦k1⌦Mor(F1, F2)⌦· · ·Mor(FN�1, FN )⌦Mor(FN , FN )⌦kN ! Mor(F1, FN )

m({Z1,↵}, P12, {Z2,↵}, . . . , PN�1N , {ZN,↵}) =
X

P1N

#M · [P1N ]

2

Z

1

3

di↵erentials: m(Z) = @Z, m(P12) = dMorseP12

m(Z1, Z2) = Z1 \ Z2

m(Z1, . . . , Zn) = 0, n � 3

sing
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A1 relations

Let xi 2 Mor(Fai , Fbi), i = 1 . . . p, with bi = ai+1 - composable
sequence of morphisms. Then:

X

r,s

m(x1, . . . , xr,m(xr+1, . . . , xr+s), xr+s+1, . . . , xp) = 0

Or:

X

x2

m

m

x1

xr+1

xr+s

xp

= 0
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Example of an A1 relation: heart-shaped sphere

Example: X = S
2, N = 2 functions, F = F1 � F2.

Q

Z

P

S

R

F

A1 relation: x1 = P 2 Mor(F1, F2), x2 = Z 2 Mor(F2, F2).

m(dMorse(P ), Z) +m(P, @Z) + dMorsem(P,Z) = 0
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Example: deformation of Morse di↵erential by cycles

N = 2, F = F1 � F2. Fix {C↵} -cycles on X. {Pi} – crit. points of F .
Generating function for compositions
m : Mor(F1, F2)⌦Mor(F2, F2)⌦k

! Mor(F1, F2),

m
j

i
(T ) =

X

k�1

X

↵1,...,↵k

#M(Pi, C↵1 , . . . , C↵k , Pj)| {z }
#grad traj Pi!Pj passing through cycles

T↵1 · · ·T↵k

T↵ - generating parameters, |T↵| = 1� codimC↵.

A1 relations ) (dMorse +m(T ))2 = 0 .

Explanation from HPT:

K y ⌦•(X), d+
P

↵
T↵�C↵

p

??y
x??i

MC(X,F ) , dMorse +m(T )
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Morse contraction

i : P
crit. point

7! �UnstabP

p : ! 7!

X

P

✓Z

X

! ^ �StabP

◆
· [P ]

K =

Z 1

0
dt ◆v e

�tLv : ⌦•(X) ! ⌦•�1(X).

v – gradient vector field.
Integral kernel: �Y 2 ⌦distr(X ⇥X);
Y = {(x, y) | x = Flowt(v) � y for some t > 0}

t

I
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Picture 1a: homotopy transfer

K y V = ⌦•(X)⌦MatN⇥N =
L

N

a,b=1 ⌦
•
ab
(X) – dg algebra

p

??y
x??i

M =
L

a,b
Mab, Mab =

⇢
MC(Fa � Fb), a 6= b

⌦•
aa
, a = b

i, p,K =

⇢
Morse contraction for Fa � Fb, a 6= b

trivial (i = p = id,K = 0), a = b

Induced A1 algebra structure on M:

mn(x1, . . . , xn) =
X

K

i(x1)

i(x2)

i(xn)

p

^

^

^

K

inputs: xi 2 Maibi
with bi=ai+1

=

⇢
Morse chain, ai 6= bi

form/sing. chain �Z , ai = bi
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Picture 1b: e↵ective action

BF theory: S =

Z

X

hB ,̂ dA+
1

2
[A,A]i

Fields:

A 2 ⌦•(X)⌦ (MatN⇥N ⌦ A)| {z }
g

[1] =
M

a,b

⌦ab ⌦ A[1]

where A = upper-triangular eN ⇥ eN matrices.

B 2 ⌦•(X)⌦ g⇤[d� 2]

Next: integrate out o↵-diagonal components Aab, a 6= b subject to
gauge-fixing

◆vabAab = 0

– axial gauge but in di↵erent directions for di↵erent components!
We induce the e↵ective action on diagonal fields + remnants of
o↵-diagonal fields.
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Picture 1b: e↵ective action cont’d

More explicitly:

BV pushforward: F
fields

! F
0

IR fields
= T

⇤[�1](M⌦ A[1])

Splitting of fields: F = F
0
� F

00 with F
00 = ker p� ker i_.

Gauge-fixing Lagrangian: L = im(K)� im(K_) ⇢ F
00

e
i
~Seff (A

0
,B

0) =

Z

L
DA

00
DB

00
e

i
~S(i(A0)+A

00
,p

_(B0)+B
00)

Se↵ =
X

trees K

i(A0)

i(A0)

i(A0)

hB0, p(· · · )i

[, ]

[, ]

[, ]

K

=
X

n�1

1

n!
hB

0
, ln(A

0
, . . . , A

0)i

{ln} – L1 algebra operations on M⌦ A.
L1 relations , BV master equation {Se↵ , Se↵} = 0
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From L1 back to A1

Recovering A1 products on M:

ln(x1 ⌦ t12, . . . , xn ⌦ tnn+1) = mn(x1, . . . , xn)⌦ t1n+1

tij 2 A matrix with (i, j)-entry 1 and all other entries 0.
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Picture 2: HTQM

Topological quantum mechanics:

Space of states: Hab = ⌦•(X)
(for a particle of (a, b)-type, a 6= b).

BRST operator Q = d.

Hamiltonian H = Lvab = [Q,G]+.

G = ◆vab .

Evolution operator (superpropagator):
U(t, dt) = e

�tH�dtG
2 ⌦•(R+)⌦ End(Hab)

I

A 2 SUSY QM

dt tada U O
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HTQM on metric trees

HTQM on metric trees:

3-valent vertex
c

a
b

c
a

b
⇠ Hab ⌦Hbc

^
�! Hac

2-valent vertex a
b

a

Z ⇠ operator Hab

^�Z
��! Hab

1-valent vertex a

bPab
⇠ state �UnstabPab

(a, b)-edge of length t ⇠ Uab(t, dt)
Out of these building blocks, we build a form on the space of metric trees:

I 2 ⌦
•
(MTN ;k1,...,kN )⌦Hom(Mor

⌦k1
1,1 ⌦Mor1,2 ⌦ · · ·⌦MorN�1,N ⌦Mor

⌦kN
N,N ,Mor1,N )

where Mora,b : = Mor(Fa, Fb).
Example: three top-cells in MT4;1,1,0,0

4

3

t

2
t00

1

1

2

t0

root

1

4

3

1

2
t0
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t00

2

root
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1

2 4
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Example

I

0

BBBBBB@

4

3

1

Z 0 t0

t
t00

2

P12

P23 P34

Z
root

1

CCCCCCA
=

X

P142Crit(F1�F4)

I · [P14]

I =

Z

X

�StabP14
^ U13(t

00
, dt

00)
⇣
U12(t, dt)(�Z ^ �UnstabP12

)^

^ U23(t
0
, dt

0)(�Z0 ^ �UnstabP23
)
⌘
^ �UnstabP34
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Properties of I

1 (dMT +Q)I = 0
2 Factorization on IR boundary of MT :

I

0

B@
T2

+1
T1

1

CA =
D
I(T2) ,̂ I(T1)

E

3 Period

Z

MT

I = m – the composition map in Fukaya-Morse

category.
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A1 relations from IR factorization of HTQM

(dMT +Q)I = 0 )

Z

@MT

I = �Q

Z

MT

I

| {z }
m

L.h.s. (contributions of boundary strata of MT ):

a t ! 0 +
t ! 0

= 0

b

b t ! 0

a ba +
b t ! 0

aba

= 0

c

a

a

t ! 0

+

a

a

t ! 0

= 0

d

b t ! 0

aaa

! terms m(· · ·m(Z,Z 0) · · · ) in A1 relation.

e

t ! +1
! terms m(· · ·m( · · ·|{z}

�2 colors

) · · · ) in A1 relation.

ml me
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