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What is associative memory?
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N -number of neurons
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F (x) = exp(x)
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F (x) = xn, with n � 2
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Kmax ⇡ exp(↵N), ↵ < ln(2)/2
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Why should this work?

rectified polynomial energy function

F (x) =

⇢
xn, x � 0
0, x < 0

(3)

In the case of the polynomial function with n = 2 the network reduces to the standard model of
associative memory [1]. If n > 2 each term in (2) becomes sharper compared to the n = 2 case, thus
more memories can be packed into the same configuration space before cross-talk intervenes.

Having defined the energy function one can derive an iterative update rule that leads to decrease of
the energy. We use asynchronous updates flipping one unit at a time. The update rule is:
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The argument of the sign function is the difference of two energies. One, for the configuration with
all but the i-th units clumped to their current states and the i-th unit in the “off” state. The other one
for a similar configuration, but with the i-th unit in the “on” state. This rule means that the system
updates a unit, given the states of the rest of the network, in such a way that the energy of the entire
configuration decreases. For the case of polynomial energy function a very similar family of models
was considered in [11, 12, 13, 14, 15, 16]. The update rule in those models was based on the induced
magnetic fields, however, and not on the difference of energies. The two are slightly different due to
the presence of self-coupling terms. Throughout this paper we use energy-based update rules.

How many memories can model (4) store and reliably retrieve? Consider the case of random patterns,
so that each element of the memories is equal to ±1 with equal probability. Imagine that the system
is initialized in a state equal to one of the memories (pattern number µ). One can derive a stability
criterion, i.e. the upper bound on the number of memories such that the network stays in that initial
state. Define the energy difference between the initial state and the state with spin i flipped
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where the polynomial energy function is used. This quantity has a mean h�Ei = Nn � (N � 2)n ⇡
2nNn�1, which comes from the term with ⌫ = µ, and a variance (in the limit of large N )

⌃2 = ⌦n(K � 1)Nn�1, where ⌦n = 4n2(2n � 3)!!

The i-th bit becomes unstable when the magnitude of the fluctuation exceeds the energy gap h�Ei
and the sign of the fluctuation is opposite to the sign of the energy gap. Thus the probability that the
state of a single neuron is unstable (in the limit when both N and K are large, so that the noise is
effectively gaussian) is equal to

Perror =
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Requiring that this probability is less than a small value, say 0.5%, one can find the upper limit on
the number of patterns that the network can store

Kmax = ↵nNn�1, (5)
where ↵n is a numerical constant, which depends on the (arbitrary) threshold 0.5%. The case
n = 2 corresponds to the standard model of associative memory and gives the well known result
K = 0.14N . For the perfect recovery of a memory (Perror < 1/N ) one obtains

Kmax
no errors ⇡ 1

2(2n � 3)!!

Nn�1

ln(N)
(6)

For higher powers n the capacity rapidly grows with N in a non-linear way, allowing the network
to store and reliably retrieve many more patterns than the number of neurons that it has, in accord1

with [13, 14, 15, 16]. This non-linear scaling relationship between the capacity and the size of the
network is the phenomenon that we exploit.

1The n-dependent coefficient in (6) depends on the exact form of the Hamiltonian and the update rule.
References [13, 14, 15] do not allow repeated indices in the products over neurons in the energy function,
therefore obtain a different coefficient. In [16] the Hamiltonian coincides with ours, but the update rule is
different, which, however, results in exactly the same coefficient as in (6).
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where f(x) =
dF

dx
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What is a Modern Hopfield Network 
with one hidden layer in its most 

general form? 
Otakhrgdc Łr Ł bnmedqdmbd oŁodq Łs HBKP 191fl

K�PFD �RRNBH�SHUD LDLNPX OPNAKDL HM MDTPN/
AHNKNFX �MC L�BGHMD KD�PMHMF

Clhspv Jpnsnu
LHS/HAL VŁsrnm �H KŁa
HAL PdrdŁqbg
ipnrnu.h�lvbnl

Hnem Dnozdic
Oqhmbdsnm Mdtqnrbhdmbd Hmrshstsd
Oqhmbdsnm Tmhudqrhsx
fnoehdkc.ophmbdrnmvdct

�ARSP�BS

Cdmrd �rrnbhŁshud Ldlnqhdr nq lncdqm Gnozdkc mdsvnqjr odqlhs rsnqŁfd Łmc qd/
khŁakd qdsqhduŁk ne Łm dwonmdmshŁkkx kŁqfd –hm sgd chldmrhnm ne edŁstqd roŁbd( mtl/
adq ne ldlnqhdr0 �s sgd rŁld shld: sgdhq mŁhud hlokdldmsŁshnm hr mnm/ahnknfhbŁk:
rhmbd hs rddlhmfkx qdpthqdr sgd dwhrsdmbd ne lŁmx/ancx rxmŁoshb itmbshnmr ad/
svddm sgd mdtqnmr0 Vd rgnv sgŁs sgdrd lncdkr Łqd deedbshud cdrbqhoshnmr ne Ł
lnqd lhbqnrbnohb –vqhssdm hm sdqlr ne ahnknfhbŁk cdfqddr ne eqddcnl( sgdnqx sgŁs
gŁr ŁcchshnmŁk –ghccdm( mdtqnmr Łmc nmkx qdpthqdr svn/ancx hmsdqŁbshnmr adsvddm
sgdl0 Enq sghr qdŁrnm ntq oqnonrdc lhbqnrbnohb sgdnqx hr Ł uŁkhc lncdk ne kŁqfd
ŁrrnbhŁshud ldlnqx vhsg Ł cdfqdd ne ahnknfhbŁk okŁtrhahkhsx0 Sgd cxmŁlhbr ne ntq
mdsvnqj Łmc hsr qdctbdc chldmrhnmŁk dpthuŁkdms ansg lhmhlhyd dmdqfx –KxŁotmnu(
etmbshnmr0 Vgdm bdqsŁhm cxmŁlhbŁk uŁqhŁakdr –ghccdm mdtqnmr( Łqd hmsdfqŁsdc nts
eqnl ntq lhbqnrbnohb sgdnqx: nmd bŁm qdbnudq lŁmx ne sgd lncdkr sgŁs vdqd oqduh/
ntrkx chrbtrrdc hm sgd khsdqŁstqd: d0f0 sgd lncdk oqdrdmsdc hm ”Gnozdkc Mdsvnqjr
hr �kk Xnt Mddc; oŁodq0 Vd Łkrn oqnuhcd Łm ŁksdqmŁshud cdqhuŁshnm ne sgd dmdqfx
etmbshnm Łmc sgd tocŁsd qtkd oqnonrdc hm sgd Łenqdldmshnmdc oŁodq Łmc bkŁqhex sgd
qdkŁshnmrghor adsvddm uŁqhntr lncdkr ne sghr bkŁrr0



Microscopic theory of modern 
Hopfield networks

the corresponding neurons, so that fµ = f(hµ) and gi = g(vi) with some non-linear functions f(x)
and g(x). In other cases (models B and C) these outputs involve contrastive normalization, e.g. a
softmax, and can depend on the currents of all the neurons in that layer. In these cases fµ = f({hµ})
and gi = g({vi}). For the most part of this paper one can think about them as firing rates of the
corresponding neurons. In some limiting cases, however, the function g(vi) will have both positive
and negative signs. Then it should be interpreted as the input current from a pre-synaptic neuron.
The functions f(hµ) and g(vi) are the only nonlinearities that appear in our model. Finally, the time
constants for the two groups of neurons are denoted by ⌧f and ⌧h. With these notations our model
can be written as 8

>><

>>:

⌧f
dvi
dt =

NhP
µ=1

⇠iµfµ � vi + Ii

⌧h
dhµ

dt =
NfP
i=1

⇠µigi � hµ

(1)

where Ii denotes the input current into the feature neurons.

The connectivity of our network has the structure of a bipartite graph, so that the connections exist
between two groups of neurons, but not within each of the two groups. This design of a neural
network is inspired by the class of models called Restricted Boltzmann Machines (RBM) [7]. There
is a body of literature studying thermodynamic properties of these systems and learning rules for
the synaptic weights. In contrast, the goal of our work is to write down a general dynamical system
and an energy function so that the network has useful properties of associative memories with a
large memory storage capacity, is describable only in terms of manifestly two-body synapses, and is
sufficiently general so that it can be reduced to various models of this class previously discussed in the
literature. We also note that although we use the notation vi (v stands for visible neurons), commonly
used in the RBM literature, it is more appropriate to think about vi as higher level features. For
example the input to our network can be a latent representation produced by a convolutional neural
network or a latent representation of a BERT-like system rather than raw input data. Additionally,
our general formulation makes it possible to use a much broader class of activation functions (e.g.
involving contrastive or spherical normalization) than those typically used in the RBM literature. The
relationship between Dense Associative Memories and RBMs have been studied in [8, 9].

It is possible to write down an energy function for the network (1), which is given by

E(t) =
h NfX

i=1

(vi � Ii)gi � Lv

i
+

h NhX

µ=1

hµfµ � Lh

i
�

X

µ,i

fµ⇠µigi (2)

Here we introduced two Lagrangian functions Lv({vi}) and Lh({hµ}) for the feature and the hidden
neurons. They are defined through the following equations, so that derivatives of the Lagrangian
functions correspond to the outputs of neurons

fµ =
@Lh

@hµ
, and gi =

@Lv

@vi
(3)

With these notations expressions in the square brackets in (2) have a familiar from classical mechanics
structure of the Legendre transform between a Lagrangian and an energy function. By taking time
derivative of the energy and using dynamical equations (1) one can show (see appendix for details)
that the energy monotonically decreases on the dynamical trajectory

dE(t)

dt
= �⌧f

NfX

i,j=1

dvi

dt

@2Lv

@vi@vj

dvj

dt
� ⌧h

NhX

µ,⌫=1

dhµ

dt

@2Lh

@hµ@h⌫

dh⌫

dt
 0 (4)

The last inequality sign holds provided that the Hessian matrices of the Lagrangian functions are
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for a specific choice of the activation functions (or Lagrangian functions) the corresponding energy is
bounded from below. This can be achieved for example by using bounded activation function for the
feature neurons g(vi), e.g. hyperbolic tangent or a sigmoid. Provided that the energy is bounded, the
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the corresponding neurons, so that fµ = f(hµ) and gi = g(vi) with some non-linear functions f(x)
and g(x). In other cases (models B and C) these outputs involve contrastive normalization, e.g. a
softmax, and can depend on the currents of all the neurons in that layer. In these cases fµ = f({hµ})
and gi = g({vi}). For the most part of this paper one can think about them as firing rates of the
corresponding neurons. In some limiting cases, however, the function g(vi) will have both positive
and negative signs. Then it should be interpreted as the input current from a pre-synaptic neuron.
The functions f(hµ) and g(vi) are the only nonlinearities that appear in our model. Finally, the time
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where Ii denotes the input current into the feature neurons.
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between two groups of neurons, but not within each of the two groups. This design of a neural
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✅   biological

Figure 2: An example of a continuous network with Nf = 5 feature neurons and Nh = 11 complex
memory (hidden) neurons with symmetric synaptic connections between them.

so that the resulting theory has both large memory storage capacity (significantly bigger than Nf ),
and, at the same time, is manifestly describable in terms on only two-body synapses?

The main contributions of this current paper are the following. First, we extend the model of [2]
to continuous state variables and continuous time, so that the state of the network is described by
a system of non-linear differential equations. Second, we couple an additional set of Nh “complex
neurons” or “memory neurons” or hidden neurons to the Nf feature neurons. When the synaptic
couplings and neuron activation functions are appropriately chosen, this dynamical system in Nf +Nh

variables has an energy function describing its dynamics. The minima (stable points) of this dynamics
are at the same locations in Nf - dimensional feature subspace as the minima in the corresponding
Dense Associative Memory system. Importantly, the resulting dynamical system has a mathematical
structure of a conventional recurrent neural network, in which the neurons interact only in pairs
through a two-body matrix of synaptic connections. We study three limiting case of this new theory,
which we call models A, B, and C. In one limit (model A) it reduces to Dense Associative Memory
model of [2] or [3] depending on the choice of the activation function. In another limit (model B) our
model reduces to the network of [6], which is equivalent to attention mechanism in Transformers.
Finally we present a third limit (model C) which we call Spherical Memory model. To the best of
our knowledge this model has not been studied in the literature. However, it has a high degree of
symmetry and for this reason might be useful for future explorations of various models of large
associative memory in machine learning.

2 Mathematical Formulation

In this section, we present a simple mathematical model in continuous time, which, on one hand,
permits the storage of a huge number of patterns in the artificial neural network, and, at the same time,
involves only pairwise interactions between the neurons through synaptic junctions. Thus, this system
has the useful associative memory properties of the AI system, while maintaining conventional neural
network dynamics and thus a degree of biological plausibility.

The spikes of action potentials in a pre-synaptic cell produce input currents into a postsynaptic
neuron. As a result of a single spike in the pre-synaptic cell the current in the post-synaptic neuron
rises instantaneously and then falls off exponentially with a time constant ⌧ . In the following the
currents of the feature neurons are denoted by vi (which are enumerated by the latin indices), and the
currents of the complex memory neurons are denoted by hµ (h stands for hidden neurons, which are
enumerated by the greek indices). A simple cartoon of the network that we discuss is shown in Fig.2.
There are no synaptic connections among the feature neurons or the memory neurons. A matrix ⇠µi

denotes the strength of synapses from a feature neuron i to the memory neuron µ. The synapses
are assumed to be symmetric, so that the same value ⇠iµ = ⇠µi characterizes a different physical
synapse from the memory neuron µ to the feature neuron i. The outputs of the memory neurons and
the feature neurons are denoted by fµ and gi, which are non-linear functions of the corresponding
currents. In some situations (model A) these outputs can be interpreted as activation functions for
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feature neurons: internal state vi, activation gi
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Effective theory for feature neurons
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Lv =

sX

i

v2i
<latexit sha1_base64="F66rDMRT8T7XWq0X5bnsHEVm6IA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRV0I1QdOPCRQX7gCaGyXTSDp2ZxJlJoYTixl9x40IRt36FO//GaZuFth64cDjnXu69J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q/GfnNApKKxuNPDhPgcdQWNKEbaSIG9fxMM4AX01IPUmadSHlA4COh9ZRTYJafsTADniZuTEshRC+wvrxPjlBOhMUNKtV0n0X6GpKaYkVHRSxVJEO6jLmkbKhAnys8mL4zgkVE6MIqlKaHhRP09kSGu1JCHppMj3VOz3lj8z2unOjr3MyqSVBOBp4uilEEdw3EesEMlwZoNDUFYUnMrxD0kEdYmtaIJwZ19eZ40KmX3pFy5PS1VL/M4CuAAHIJj4IIzUAXXoAbqAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Ynz9mZ5bM</latexit>

Lh =
X

µ

F (hµ)
<latexit sha1_base64="YJNDIZyGqSj2BYBOlec5c8drJ7w=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoBuhKIgLFxXsA5oQJtNJM3RmEmYmQglduvFX3LhQxK2f4M6/MWmz0NYDl3s4515m7vFjRpW2rG9jYXFpeWW1tFZe39jc2jZ3dtsqSiQmLRyxSHZ9pAijgrQ01Yx0Y0kQ9xnp+MOr3O88EKloJO71KCYuRwNBA4qRziTPPLj1QngBHZVwh1FOtfIcnsDrapj347JnVqyaNQGcJ3ZBKqBA0zO/nH6EE06Exgwp1bOtWLspkppiRsZlJ1EkRniIBqSXUYE4UW46OWQMjzKlD4NIZiU0nKi/N1LElRpxP5vkSIdq1svF/7xeooNzN6UiTjQRePpQkDCoI5inAvtUEqzZKCMIS5r9FeIQSYR1ll0egj178jxp12v2Sa1+d1ppXBZxlMA+OARVYIMz0AA3oAlaAINH8AxewZvxZLwY78bHdHTBKHb2wB8Ynz+p+Jh3</latexit>

νλh νhλ

ed‘stqd mdtqnmr uh

ldlnqx mdtqnmr gλ

! !"#$#%"&'$

•Dense Associative Memory for pattern 
recognition

•On a model of associative memory with 

huge storage capacity

•Hopfield networks is all 
you need



i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

i = 1...N2
<latexit sha1_base64="j/orhW420yp+dpJHvREq1QgqSXE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcdyvdUtlzvRnIMvFzUoYctW7pq9NLWBZzhUxSY9q+l2IwphoFk3xS7GSGp5QNaZ+3LVU05iYYz26ekFOr9EiUaFsKyUz9PTGmsTGjOLSdMcWBWfSm4n9eO8PoKhgLlWbIFZsvijJJMCHTAEhPaM5QjiyhTAt7K2EDqilDG1PRhuAvvrxMGhXXP3crDxfl6k0eRwGO4QTOwIdLqMId1KAODFJ4hld4czLnxXl3PuatK04+cwR/4Hz+ANEmj5Y=</latexit>

i = 1...N3
<latexit sha1_base64="DznBHinLNLvoxMGqkGrBvWvGKew=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgadlNBL0IQS+eJIJ5QLKE2clsMmR2dpmHEJb8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hyprTnfTuFtfWNza3idmlnd2//oHx41FKJkYQ2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HN/O/PYTlYol4lFPUhrEeChYxAjWVuqxa+Qj13XRfb/WL1c815sDrRI/JxXI0eiXv3qDhJiYCk04Vqrre6kOMiw1I5xOSz2jaIrJGA9p11KBY6qCbH7zFJ1ZZYCiRNoSGs3V3xMZjpWaxKHtjLEeqWVvJv7ndY2OroKMidRoKshiUWQ40gmaBYAGTFKi+cQSTCSztyIywhITbWMq2RD85ZdXSavq+jW3+nBRqd/kcRThBE7hHHy4hDrcQQOaQCCFZ3iFN8c4L86787FoLTj5zDH8gfP5A9Kqj5c=</latexit>

i = 1...Nlayer
<latexit sha1_base64="1u4kn0EFYH2hJ0FlZlJeRsDevmU=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8DTMREEvQtCLJ4lgFkiG0NOpJE16FrprxDDMxV/x4kERr36GN//GznLQxAcFj/eqqKrnx1JodJxvK7e0vLK6ll8vbGxube8Ud/fqOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+vx37jAZQWUXiPoxi8gPVD0ROcoZE6xQNxSV1q2za97bQRHjGVbAQq6xRLju1MQBeJOyMlMkO1U/xqdyOeBBAil0zrluvE6KVMoeASskI70RAzPmR9aBkasgC0l04eyOixUbq0FylTIdKJ+nsiZYHWo8A3nQHDgZ73xuJ/XivB3oWXijBOEEI+XdRLJMWIjtOgXaGAoxwZwrgS5lbKB0wxjiazggnBnX95kdTLtntql+/OSpWrWRx5ckiOyAlxyTmpkBtSJTXCSUaeySt5s56sF+vd+pi25qzZzD75A+vzB7J9lTk=</latexit>

g1
i<latexit sha1_base64="P8WsZuELazy/SjNqeGzcN93O9ug=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUHPb5o9cvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TgZcITNiYgllittbCRtRRZmx+ZRsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAw7P8ApvjnRenHfnY9FacPKZY/gD5/MHbVGObg==</latexit>

g2
i<latexit sha1_base64="PH1dyAOm79xf3x37UorzsD8bN18=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSSP+iJx1qvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fbtWObw==</latexit>

g2
i<latexit sha1_base64="PH1dyAOm79xf3x37UorzsD8bN18=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSSP+iJx1qvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fbtWObw==</latexit>

g3
i<latexit sha1_base64="BPITYoXJRA7MrGAGEtjmFxrJndQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJH/TEY61XKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXi1SrV+8ty/SaPowCncAYX4MEV1OEOGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPcFmOcA==</latexit>

g3
i<latexit sha1_base64="BPITYoXJRA7MrGAGEtjmFxrJndQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJH/TEY61XKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXi1SrV+8ty/SaPowCncAYX4MEV1OEOGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPcFmOcA==</latexit>

g4
i<latexit sha1_base64="CrqOJoYttveiWowDWbydZQ4Tty4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmFpoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwhHNzP/4YlrIxJ1j+OUBzEdKBEJRtFK/qAnHuu9csWtunOQVeLlpAI5mr3yV7efsCzmCpmkxnQ8N8VgQjUKJvm01M0MTykb0QHvWKpozE0wmR87JWdW6ZMo0bYUkrn6e2JCY2PGcWg7Y4pDs+zNxP+8TobRVTARKs2QK7ZYFGWSYEJmn5O+0JyhHFtCmRb2VsKGVFOGNp+SDcFbfnmVtGpV76Jau6tXGtd5HEU4gVM4Bw8uoQG30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/cd2OcQ==</latexit>

g
Nlayer

i
<latexit sha1_base64="bpvk12iPD9aOTHrKrwBL3Xoz/AM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNR0GPQiyeJYBZI4tDTqSRNeha6a8Q4DP6KFw+KePU/vPk3dpaDJj4oeLxXRVU9P5ZCo+N8WwuLS8srq7m1/PrG5ta2vbNb01GiOFR5JCPV8JkGKUKookAJjVgBC3wJdX9wOfLr96C0iMJbHMbQDlgvFF3BGRrJs/d7nrhLr70WwgOmkg1BZZlnF5yiMwadJ+6UFMgUFc/+anUingQQIpdM66brxNhOmULBJWT5VqIhZnzAetA0NGQB6HY6vj6jR0bp0G6kTIVIx+rviZQFWg8D33QGDPt61huJ/3nNBLvn7VSEcYIQ8smibiIpRnQUBe0IBRzl0BDGlTC3Ut5ninE0geVNCO7sy/OkViq6J8XSzWmhfDGNI0cOyCE5Ji45I2VyRSqkSjh5JM/klbxZT9aL9W59TFoXrOnMHvkD6/MHc5WV3w==</latexit>

g
Nlayer�1
i

<latexit sha1_base64="IdmhkpWjTcUFv6m5WTvOMbGBkQc=">AAAB/3icbVDJSgNBEO2JW4zbqODFy2AQvBhmoqDHoBdPEsEskIxDT6eSNOlZ6K4RwzgHf8WLB0W8+hve/Bs7y0ETHxQ83quiqp4fC67Qtr+N3MLi0vJKfrWwtr6xuWVu79RVlEgGNRaJSDZ9qkDwEGrIUUAzlkADX0DDH1yO/MY9SMWj8BaHMbgB7YW8yxlFLXnmXs/jd+m110Z4wFTQIcjs2Mk8s2iX7DGseeJMSZFMUfXMr3YnYkkAITJBlWo5doxuSiVyJiArtBMFMWUD2oOWpiENQLnp+P7MOtRKx+pGUleI1lj9PZHSQKlh4OvOgGJfzXoj8T+vlWD33E15GCcIIZss6ibCwsgahWF1uASGYqgJZZLrWy3Wp5Iy1JEVdAjO7MvzpF4uOSel8s1psXIxjSNP9skBOSIOOSMVckWqpEYYeSTP5JW8GU/Gi/FufExac8Z0Zpf8gfH5A1zRllE=</latexit>

⇠(2,1)
ij

<latexit sha1_base64="1wUdGX52UsDwTW5aZhYTHKXpPak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0W3bisYB/QxjCZTtqxkwczk2IJ+RM3LhRx65+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ub4+pkCwK79Ukpk6AByHzGcFKS65p9p7YQ1qpndmnmZuyx8w1y1bVmgEtEzsnZcjRcM2vXj8iSUBDRTiWsmtbsXJSLBQjnGalXiJpjMkID2hX0xAHVDrp7PIMnWilj/xI6AoVmqm/J1IcSDkJPN0ZYDWUi95U/M/rJsq/clIWxomiIZkv8hOOVISmMaA+E5QoPtEEE8H0rYgMscBE6bBKOgR78eVl0qpV7fNq7e6iXL/O4yjCERxDBWy4hDrcQgOaQGAMz/AKb0ZqvBjvxse8tWDkM4fwB8bnD37Vkuw=</latexit>

⇠(3,2)
ij

<latexit sha1_base64="1UzpmQsOwwYXa4XwQYVes/1DLDE=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqSElaQY9FLx4r2A9oY9hsN+3azSbsbool5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5fsyoVLb9baysrq1vbBa2its7u3v75sFhS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Gbqt8dESBrxezWJiRuiAacBxUhpyTPN3hN9SMu18+pZ5qX0MfPMkl2xZ7CWiZOTEuRoeOZXrx/hJCRcYYak7Dp2rNwUCUUxI1mxl0gSIzxCA9LVlKOQSDedXZ5Zp1rpW0EkdHFlzdTfEykKpZyEvu4MkRrKRW8q/ud1ExVcuSnlcaIIx/NFQcIsFVnTGKw+FQQrNtEEYUH1rRYeIoGw0mEVdQjO4svLpFWtOLVK9e6iVL/O4yjAMZxAGRy4hDrcQgOagGEMz/AKb0ZqvBjvxse8dcXIZ47gD4zPH4Htku4=</latexit>

⇠(4,3)
ij

<latexit sha1_base64="08H8gNB/bf9PiOoheU8Xip1tkII=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGIIGEmCegx6MVjBLNAMg49nZ6kTc9Cd08wDPMnXjwo4tU/8ebf2FkOmvig4PFeFVX1vJgzqSzr28itrW9sbuW3Czu7e/sH5uFRS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ub4+pkCwK79Ukpk6AByHzGcFKS65p9p7YQ1qqXVTPMzdlj5lrFq2yNQNaJfaCFGGBhmt+9foRSQIaKsKxlF3bipWTYqEY4TQr9BJJY0xGeEC7moY4oNJJZ5dn6EwrfeRHQleo0Ez9PZHiQMpJ4OnOAKuhXPam4n9eN1H+lZOyME4UDcl8kZ9wpCI0jQH1maBE8YkmmAimb0VkiAUmSodV0CHYyy+vklalbFfLlbtasX69iCMPJ3AKJbDhEupwCw1oAoExPMMrvBmp8WK8Gx/z1pyxmDmGPzA+fwCFBZLw</latexit>

⇠
(Nlayer,Nlayer�1)
ij

<latexit sha1_base64="cq++T+GFibmkBOGzX5kjMrwp6bY=">AAACFXicbVBNS8NAEN3Ur1q/oh69BItQoZakCnoUvXiSClaFtobNdtKu3XywOxFDyJ/w4l/x4kERr4I3/43b2oNVHwy8fW+GnXleLLhC2/40ClPTM7NzxfnSwuLS8oq5unahokQyaLJIRPLKowoED6GJHAVcxRJo4Am49AbHQ//yFqTiUXiOaQydgPZC7nNGUUuuWW3f8euscuq2Ee4wEzQFmVcnnzvOdu5m/CZ3zbJds0ew/hJnTMpkjIZrfrS7EUsCCJEJqlTLsWPsZFQiZwLyUjtREFM2oD1oaRrSAFQnG12VW1ta6Vp+JHWFaI3UnxMZDZRKA093BhT76rc3FP/zWgn6B52Mh3GCELLvj/xEWBhZw4isLpfAUKSaUCa53tVifSopQx1kSYfg/D75L7mo15zdWv1sr3x4NI6jSDbIJqkQh+yTQ3JCGqRJGLknj+SZvBgPxpPxarx9txaM8cw6mYDx/gWvl5/F</latexit>

x1
i (t)<latexit sha1_base64="O6FruRRYQvZHYJoMMEwmmsSFf9k=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JrGR2mIUJsw9neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLi6XQaNvfVm5ldW19I79Z2Nre2d0r7h80dZQoxhsskpFqe1RzKULeQIGSt2PFaeBJ3vJG11O/9ciVFlF4h+OYuwEdhMIXjKKR2k89ce+U8bRXLNkVewayTJyMlCBDvVf86vYjlgQ8RCap1h3HjtFNqULBJJ8UuonmMWUjOuAdQ0MacO2ms3sn5MQofeJHylSIZKb+nkhpoPU48ExnQHGoF72p+J/XSdC/dFMRxgnykM0X+YkkGJHp86QvFGcox4ZQpoS5lbAhVZShiahgQnAWX14mzWrFOatUb89LtassjjwcwTGUwYELqMEN1KEBDCQ8wyu8WQ/Wi/Vufcxbc1Y2cwh/YH3+ACcGj2I=</latexit>

x2
i (t)<latexit sha1_base64="mGZYV1Ie4tYyTEOcivGglA1ljzg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QxrLZbtqlm03cnYgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEUdagkYhU2yeaCS5ZAzkK1o4VI6EvWMsfXU/91iNTmkfyDscx80IykDzglKCR2k89fl8t42mvWHIqzgz2MnEzUoIM9V7xq9uPaBIyiVQQrTuuE6OXEoWcCjYpdBPNYkJHZMA6hkoSMu2ls3sn9olR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hg0ku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomogKJgR38eVl0qxW3LNK9fa8VLvK4sjDERxDGVy4gBrcQB0aQEHAM7zCm/VgvVjv1se8NWdlM4fwB9bnDyiNj2M=</latexit>

x3
i (t)<latexit sha1_base64="7pi0ADcRF2fmOX3K+pWXk8Qc7oI=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSStoMeiF48V7Ae0sWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rZXVtfWNzdxWfntnd2+/cHDY1FGiKGvQSESq7RPNBJesgRwFa8eKkdAXrOWPrqd+65EpzSN5h+OYeSEZSB5wStBI7acev6+W8KxXKDplZwZ7mbgZKUKGeq/w1e1HNAmZRCqI1h3XidFLiUJOBZvku4lmMaEjMmAdQyUJmfbS2b0T+9QofTuIlCmJ9kz9PZGSUOtx6JvOkOBQL3pT8T+vk2Bw6aVcxgkySeeLgkTYGNnT5+0+V4yiGBtCqOLmVpsOiSIUTUR5E4K7+PIyaVbKbrVcuT0v1q6yOHJwDCdQAhcuoAY3UIcGUBDwDK/wZj1YL9a79TFvXbGymSP4A+vzByoUj2Q=</latexit>

x
Nlayer

i (t)
<latexit sha1_base64="pegRt+PenFAN+/C/ZfyNxlMKnKk=">AAACAHicbVDJSgNBEO1xjXGLevDgZTAI8RJmoqDHoBdPEsEskIxDT6cmadKz0F0jCcNc/BUvHhTx6md482/sLAdNfFDweK+KqnpeLLhCy/o2lpZXVtfWcxv5za3tnd3C3n5DRYlkUGeRiGTLowoED6GOHAW0Ygk08AQ0vcH12G8+glQ8Cu9xFIMT0F7Ifc4oasktHA5d/pDeuh2EIaaCjkBmWQlP3ULRKlsTmIvEnpEimaHmFr463YglAYTIBFWqbVsxOimVyJmALN9JFMSUDWgP2pqGNADlpJMHMvNEK13Tj6SuEM2J+nsipYFSo8DTnQHFvpr3xuJ/XjtB/9JJeRgnCCGbLvITYWJkjtMwu1wCQzHShDLJ9a0m61NJGerM8joEe/7lRdKolO2zcuXuvFi9msWRI0fkmJSITS5IldyQGqkTRjLyTF7Jm/FkvBjvxse0dcmYzRyQPzA+fwBC/pbT</latexit>

x1
<latexit sha1_base64="MWSDWkw1NdOauHNwPQkLknLX4o4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEM/o2k</latexit>

x2
<latexit sha1_base64="vdTCQWpAcdEoAqjXndSIH2U27gw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMOgo2l</latexit>

x3
<latexit sha1_base64="GcfdmiVXIuQAVIE+3vSRqlRiStc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEAaNpg==</latexit>

x4
<latexit sha1_base64="jWBmQGVqa48YZ6/3PC5ZWIyPers=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEYqNpw==</latexit>

x5
<latexit sha1_base64="kqxXQf8R+MEijt2vTMYXcAGGEVc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp/ql70S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AEw6NqA==</latexit>

WIJ = WJI
<latexit sha1_base64="V3vWraukb/RS5Y8gdWAFdk8RrMs=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJqqAboejGdlXBXqANYTKdtEMnF2YmQg15EjcuFHHro7jzbZy2WWjrDwMf/zmHc+b3Ys6ksqxvo7C2vrG5Vdwu7ezu7ZfNg8OOjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqT21m9+0iFZFH4oKYxdQI8CpnPCFbacs1y100bzQxdIw3NRuaaFatqzYVWwc6hArlarvk1GEYkCWioCMdS9m0rVk6KhWKE06w0SCSNMZngEe1rDHFApZPOD8/QqXaGyI+EfqFCc/f3RIoDKaeBpzsDrMZyuTYz/6v1E+VfOSkL40TRkCwW+QlHKkKzFNCQCUoUn2rARDB9KyJjLDBROquSDsFe/vIqdGpV+7xau7+o1G/yOIpwDCdwBjZcQh3uoAVtIJDAM7zCm/FkvBjvxseitWDkM0fwR8bnD2RJkkQ=</latexit>

A B

Figure 1: (A) The connectivity diagram of the fully-connected network. The synaptic weights are
described by the symmetric matrix WIJ . (B) The connectivity diagram of the layered network. Each
layer can have a different number of neurons, different activation function, and different time scales.
The feedforward weights and feedback weights are equal.

⌧I , which in general can be different for every neuron. This network has a global energy function

E =
NX

I=1

xIgI � L � 1

2

NX

I,J=1

gIWIJgJ (3)

where the first two terms represent the Legendre transform of the Lagrangian function with respect
to the neurons’ activities. The temporal derivative of this energy function can be computed on the
dynamical trajectories leading to (see Appendix A for details)

dE

dt
= �

NX

I,K=1

dxI

dt
MIK

dxK

dt
 0, where MIK = ⌧I

@2L

@xI@xK
(4)

The last inequality sign holds provided that the matrix MIK (or its symmetric part) is positive semi-
definite. If, in addition to this, the energy function is bounded from below the non-linear dynamical
equations are guaranteed to converge to a fixed point attractor state. The advantage of formulating
this network in terms of the Lagrangian functions is that it makes it possible to easily experiment
with different choices of the activation functions and different architectural arrangements of neurons.
For all those flexible choices the conditions of convergence are determined by the properties of the
matrix MIJ and the existence of the lower bound on the energy function.

It was shown in [3, 4, 5, 6] that the memory storage capacity of this system can be decoupled from
the dimensionality of the input space, unlike the classical Hopfield Network. For certain choices of
the Lagrangians (activation functions) this memory storage capacity can be made very large, provided
that there is a sufficiently large number of hidden neurons available.

3 Hierarchical Layered Networks

This section uses the general theory for fully connected networks presented in the previous section
and organizes neurons in layers so that every neuron in a given layer has the same activation function
and the same dynamic time scale. It is assumed that there are no horizontal connections between
the neurons within the layer (lateral connections) and there are no skip-layer connections. Although
these architectural features can be easily added, and the resulting dynamical equations and the energy
function can be derived from (2) and (3). A layered arrangement of neurons in networks with
symmetric feedback weights (and an energy function) has been previously studied in [7, 21]. Also, a
layered network with feedback, but without an energy function has been studied in [22].
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Abstract

Dense Associative Memories or Modern Hopfield Networks have many appealing
properties of associative memory. They can do pattern completion, store a large
number of memories, and can be described using a recurrent neural network with
a degree of biological plausibility and rich feedback between the neurons. At the
same time, up until now all the models of this class have had only one hidden layer,
and have only been formulated with densely connected network architectures, two
aspects that hinder their machine learning applications. This paper tackles this
gap and describes a fully recurrent model of associative memory with an arbitrary
large number of layers, some of which can be locally connected (convolutional),
and a corresponding energy function that decreases on the dynamical trajectory
of the neurons’ activations. The memories of the full network are dynamically
“assembled” using primitives encoded in the synaptic weights of the lower layers,
with the “assembling rules” encoded in the synaptic weights of the higher layers.
In addition to the bottom-up propagation of information, typical of commonly used
feedforward neural networks, the model described has rich top-down feedback
from higher layers that help the lower-layer neurons to decide on their response to
the input stimuli.

1 Introduction

Discrete [1] and continuous [2] Hopfield Networks are recurrent neural networks with dynamical
trajectories converging to fixed point attractor states and described by an energy function. While
having many desirable properties of associative memory, these classical systems suffer from a small
memory storage capacity, which scales linearly with the number of input features [1].

Dense Associative Memories or Modern Hopfield Networks [3, 4, 5, 6] are generalizations of classical
Hopfield Networks that break the linear scaling relationship between the number of input features and
the number of stored memories. This is achieved by introducing stronger non-linearities (neurons’
activation functions) leading to super-linear (even an exponential) memory storage capacity as a
function of the number of feature neurons (the network still requires a sufficient number of hidden
neurons [6]). This property makes Modern Hopfield Networks appealing tools for many problems in
machine learning and cognitive and neuro-sciences. At the same time, up until now all the models of
this class have had only one hidden layer and dense connectivity, and, for this reason, have not had
the representational richness and inductive biases required by most machine learning problems.

This paper tackles this gap and describes a generalization of the Modern Hopfield Networks to an
arbitrary large number of hidden layers, and networks with local connectivity. First, using the
method of Lagrangian functions [6], I derive a general formulation of the Modern Hopfield Network
with full all-to-all connectivity, so that every neuron can have its own activation function and its
own kinetic time constant defining the dynamics. This network is described by a system of coupled
non-linear differential equations and an energy function that decreases on the solution to those
equations. Second, the network has been given a layered structure so that neurons within each layer
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i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

yµ
<latexit sha1_base64="MBqGlyzIqGNmldRqDP2nGnMPnh8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vZv73SeqNIvlo8kSGgg8lixiBBsr+dlwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBDmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hpq11m0RRxnO4BwuwYNraME9tMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucP8u6Oxg==</latexit>

µ = 1...N2
<latexit sha1_base64="s1kabSiZn95FjWGppL2jHblBfu4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4WnaroBeh6MWTVLAf0C4lm2bb0CS7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29/dLBYUPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg79ZsjqjSL5aMZJzQQuC9ZxAg2Vgo6IkXXyHdd975b6ZbKnuvNgJaJn5My5Kh1S1+dXkxSQaUhHGvd9r3EBBlWhhFOJ8VOqmmCyRD3adtSiQXVQTY7eoJOrdJDUaxsSYNm6u+JDAutxyK0nQKbgV70puJ/Xjs10VWQMZmkhkoyXxSlHJkYTRNAPaYoMXxsCSaK2VsRGWCFibE5FW0I/uLLy6RRcf1zt/JwUa7e5HEU4BhO4Ax8uIQq3EEN6kDgCZ7hFd6ckfPivDsf89YVJ585gj9wPn8AD9qQVQ==</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

softmax(�yµ)
<latexit sha1_base64="DB/1Rv8jNcr8fwFLTyJJYOejVtE=">AAACBHicbVA9SwNBEN2L3/Hr1NJmMQixCXdR0FK0sVQwUcgdYW8zFxd3747dOUk4Utj4V2wsFLH1R9j5b9x8FJr4YODx3gwz86JMCoOe9+2U5uYXFpeWV8qra+sbm+7WdtOkuebQ4KlM9W3EDEiRQAMFSrjNNDAVSbiJ7s+H/s0DaCPS5Br7GYSKdRMRC87QSm13N0DoYWHSGBXrDapBBMhovx2o/KDtVryaNwKdJf6EVMgEl233K+ikPFeQIJfMmJbvZRgWTKPgEgblIDeQMX7PutCyNGEKTFiMnhjQfat0aJxqWwnSkfp7omDKmL6KbKdieGemvaH4n9fKMT4JC5FkOULCx4viXFJM6TAR2hEaOMq+JYxrYW+l/I5pxtHmVrYh+NMvz5JmveYf1upXR5XTs0kcy2SX7JEq8ckxOSUX5JI0CCeP5Jm8kjfnyXlx3p2PcWvJmczskD9wPn8AEBmYVw==</latexit>

A B C

i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

yµ
<latexit sha1_base64="MBqGlyzIqGNmldRqDP2nGnMPnh8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vZv73SeqNIvlo8kSGgg8lixiBBsr+dlwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBDmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hpq11m0RRxnO4BwuwYNraME9tMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucP8u6Oxg==</latexit>

z↵
<latexit sha1_base64="lzrQHBlNYARhHXu/eZwBnwiLj3I=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lMl20y7dbOLuRqihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemRK81jem3HC/AgHkoecorFS+6nXRZEMsVcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGkBBwDO8wpvz4Lw4787HvHXFyWeO4A+czx8lP5AJ</latexit>

softmax(�2yµ)
<latexit sha1_base64="tkEtbydKt9Y3p044ira/wlW81fI=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GITbiLgpZBG0sFo4FcOPY2c8ni7t2xOycJRyob/4qNhSK2/gY7/42bmEITHww83pthZl6YSmHQdb+cufmFxaXlwkpxdW19Y7O0tX1jkkxzaPBEJroZMgNSxNBAgRKaqQamQgm34d35yL+9B21EEl/jIIW2Yt1YRIIztFJQ2vMR+pibJELF+sOKHwKyoEYHga+yw6BUdqvuGHSWeBNSJhNcBqVPv5PwTEGMXDJjWp6bYjtnGgWXMCz6mYGU8TvWhZalMVNg2vn4jSE9sEqHRom2FSMdq78ncqaMGajQdiqGPTPtjcT/vFaG0Wk7F3GaIcT8Z1GUSYoJHWVCO0IDRzmwhHEt7K2U95hmHG1yRRuCN/3yLLmpVb2jau3quFw/m8RRILtkn1SIR05InVyQS9IgnDyQJ/JCXp1H59l5c95/WuecycwO+QPn4xtLKJj8</latexit>

softmax(�3z↵)
<latexit sha1_base64="mwZOb9saVoREx3SHrGe20c1M1ic=">AAACCXicbVA9SwNBEN3z2/gVtbRZDII24c4IWoo2lgrGBHLhmNvMmcW9D3bnxHiktfGv2FgoYus/sPPfuIkpNPHBwOO9GWbmhZmShlz3y5manpmdm19YLC0tr6yuldc3rkyaa4F1kapUN0MwqGSCdZKksJlphDhU2AhvTgd+4xa1kWlySb0M2zFcJzKSAshKQZn7hHdUmDSiGO76u36IBEGN3wc+qKwLe0G54lbdIfgk8UakwkY4D8qfficVeYwJCQXGtDw3o3YBmqRQ2C/5ucEMxA1cY8vSBGI07WL4SZ/vWKXDo1TbSogP1d8TBcTG9OLQdsZAXTPuDcT/vFZO0VG7kEmWEybiZ1GUK04pH8TCO1KjINWzBISW9lYuuqBBkA2vZEPwxl+eJFf7Va9W3b84qByfjOJYYFtsm+0yjx2yY3bGzlmdCfbAntgLe3UenWfnzXn/aZ1yRjOb7A+cj2+bzppA</latexit>

softmax(�2yµ)
<latexit sha1_base64="tkEtbydKt9Y3p044ira/wlW81fI=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GITbiLgpZBG0sFo4FcOPY2c8ni7t2xOycJRyob/4qNhSK2/gY7/42bmEITHww83pthZl6YSmHQdb+cufmFxaXlwkpxdW19Y7O0tX1jkkxzaPBEJroZMgNSxNBAgRKaqQamQgm34d35yL+9B21EEl/jIIW2Yt1YRIIztFJQ2vMR+pibJELF+sOKHwKyoEYHga+yw6BUdqvuGHSWeBNSJhNcBqVPv5PwTEGMXDJjWp6bYjtnGgWXMCz6mYGU8TvWhZalMVNg2vn4jSE9sEqHRom2FSMdq78ncqaMGajQdiqGPTPtjcT/vFaG0Wk7F3GaIcT8Z1GUSYoJHWVCO0IDRzmwhHEt7K2U95hmHG1yRRuCN/3yLLmpVb2jau3quFw/m8RRILtkn1SIR05InVyQS9IgnDyQJ/JCXp1H59l5c95/WuecycwO+QPn4xtLKJj8</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

µ = 1...N2
<latexit sha1_base64="s1kabSiZn95FjWGppL2jHblBfu4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4WnaroBeh6MWTVLAf0C4lm2bb0CS7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29/dLBYUPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg79ZsjqjSL5aMZJzQQuC9ZxAg2Vgo6IkXXyHdd975b6ZbKnuvNgJaJn5My5Kh1S1+dXkxSQaUhHGvd9r3EBBlWhhFOJ8VOqmmCyRD3adtSiQXVQTY7eoJOrdJDUaxsSYNm6u+JDAutxyK0nQKbgV70puJ/Xjs10VWQMZmkhkoyXxSlHJkYTRNAPaYoMXxsCSaK2VsRGWCFibE5FW0I/uLLy6RRcf1zt/JwUa7e5HEU4BhO4Ax8uIQq3EEN6kDgCZ7hFd6ckfPivDsf89YVJ585gj9wPn8AD9qQVQ==</latexit>

� = 1...N3
<latexit sha1_base64="JZfFxTbzWMgbQSJt7GHh1eZK5KY=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0haQS9C0YsnqWBtoQ1hst20SzebsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5oUpZ0q77rdVWlvf2Nwqb1d2dvf2D+zDoyeVZJLQFkl4IjshKMqZoC3NNKedVFKIQ07b4eh25rfHVCqWiEc9Sakfw0CwiBHQRgpsuwc8HQK+xp7jOPdBPbCrruPOgVeJV5AqKtAM7K9ePyFZTIUmHJTqem6q/RykZoTTaaWXKZoCGcGAdg0VEFPl5/PLp/jMKH0cJdKU0Hiu/p7IIVZqEoemMwY9VMveTPzP62Y6uvJzJtJMU0EWi6KMY53gWQy4zyQlmk8MASKZuRWTIUgg2oRVMSF4yy+vkqea49Wd2sNFtXFTxFFGJ+gUnSMPXaIGukNN1EIEjdEzekVvVm69WO/Wx6K1ZBUzx+gPrM8fwvmRyQ==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

cin
<latexit sha1_base64="HRRBJ9cxe0CZmdTyLNgU8apr5e4=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY0kxmSO2IZ+hluXCji1q9x59+YtrPQ1gOBwzn3kntOkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ilLuv3kD9hJtS0X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzkKTmzyoCEsbZPIZmrvzcyGhkziQI7GVEcmWVvJv7ndVMMr32bJ0mRK7b4KEwlwZjM8pOB0JyhnFhCmRb2VsJGVFOGtqWSLcFbjrxKWrWqd1Gt3V9W6jd5HUU4gVM4Bw+uoA530IAmMIjhGV7hzUHnxXl3PhajBSffOYY/cD5/ANehkZ4=</latexit>

cout
<latexit sha1_base64="aBtDGgQIJbJRxRcPZEnbKCKbpGU=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A/oLiWbpm1oNlmSiViW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvTgU34PvfXmFtfWNzq7hd2tnd2z8oHx61jLKasiZVQulOTAwTXLImcBCsk2pGkliwdjy+nfntR6YNV/IBJimLEjKUfMApASeFtBcCe4JMWZj2yhW/6s+BV0mQkwrK0eiVv8K+ojZhEqggxnQDP4UoIxo4FWxaCq1hKaFjMmRdRyVJmImy+c1TfOaUPh4o7UoCnqu/JzKSGDNJYteZEBiZZW8m/ud1LQyuo4zL1AKTdLFoYAUGhWcB4D7XjIKYOEKo5u5WTEdEEwouppILIVh+eZW0atXgolq7v6zUb/I4iugEnaJzFKArVEd3qIGaiKIUPaNX9OZZ78V79z4WrQUvnzlGf+B9/gDE9ZIp</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

Z
<latexit sha1_base64="FO5NRjT0DapzdaQZYFw0PtqJG0U=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALoPjOI=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

N3
<latexit sha1_base64="O7iYOI2X+rYYrmBeFcgAHvBpmWk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmgh6DXjxJRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWjzhOuB/RgRKhYBSt9HDXq/aKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arlyf1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHz/uNfA==</latexit>

 
<latexit sha1_base64="T32n3jwRd7ziP2podiueZUAVG6g=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUBnKJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJEsG1cZxvtLa+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1A6KZ4JK1DDeCdRPFSBQI1gnGd7nfmTCleSwfzTRhfkSGkoecEmMl34uIGQVh5jU1n/UrVafmzIFXiVuQKhRo9itf3iCmacSkoYJo3XOdxPgZUYZTwWZlL9UsIXRMhqxnqSQR0342Dz3D51YZ4DBW9kmD5+rvjYxEWk+jwE7mIfWyl4v/eb3UhDd+xmWSGibp4lCYCmxinDeAB1wxasTUEkIVt1kxHRFFqLE9lW0J7vKXV0m7XnMva/WHq2rjtqijBKdwBhfgwjU04B6a0AIKT/AMr/CGJugFvaOPxegaKnZO4A/Q5w8W7pJO</latexit>  T

<latexit sha1_base64="fmfXnTFGMyG1H2lo653a4EtVMco=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0GXRjcsKfUETy2Q6aYdOJmFmItTQL3HjQhG3foo7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva219Y3Nru7RT3t3bP6jYh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT29zvPlKpWCxaeppQP8IjwUJGsDbSwK54EdbjIMy8pmIPrdnArjo1Zw60StyCVKFAc2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ2VvVTRBJMJHtG+oQJHVPnZPPgMnRlliMJYmic0mqu/NzIcKTWNAjOZx1TLXi7+5/VTHV77GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTYluMtfXiWdes29qNXvL6uNm6KOEpzAKZyDC1fQgDtoQhsIpPAMr/BmPVkv1rv1sRhds4qdY/gD6/MH8SaTRQ==</latexit>

Lagrangians are given by
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and the corresponding activation functions can be computed using definition (3). With these notations
the general dynamical equations (1) reduce to

8
>>>>><

>>>>>:

⌧3
dZ

dt
= flatten

h
f
�
�2Y

�i
� Z

⌧2
dY

dt
=reshape[L̃,L̃,cout]

h
 Tp

�
�3Z

�i
+ conv2d

h
X,⌅, s

i
� Y

⌧1
dX

dt
=conv2d_T

h
f
�
�2Y

�
,⌅, s

i
� X

(13)

where the activation function f(·) is a softmax along the channel dimension µ̃, p(·) is a softmax
along the dimension of vector Z, and conv2d_T is a 2d transposed convolution [11]. Assuming that
the input images have the size L ⇥ L and the feature maps in the first convolutional layer have the
size L̃ ⇥ L̃, the dimensions of all the tensors in the above equations are given by

X : [L, L, cin]

Y : [L̃, L̃, cout], with L̃ =
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s
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(14)

The expression for the energy function for this model with convolutional layers can be derived by
substituting definitions (12) into the general expression (4). I will write it in the adiabatic limit, so
that ⌧1 � ⌧2 � ⌧3, and assuming that ⌧3 = 0 so that the neurons in the top layer instantaneously
react to the inputs from the second layer. In this case the equation for Z↵ can be analytically solved.
In this limit the energy function (4) reduces to
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Note, that although matrix  does not appear explicitly in this expression, the energy function
implicitly depends on it through the dynamical variables. This energy function is guaranteed to
decrease on the dynamical trajectory described by the equations (13).

Matrix � is sparse (mostly white) and encodes the assembling rules, matrix ⇠ encodes primitives that
are used for assembling the memories of digits.

Having the general formalism for network with generic connectivity (1, 4), and the 3-layer example
explicitly written in terms of convolutional arithmetic it is straighforward to stack an arbitrary large
number of convolutional and dense layers on top of each other and write down the equations for the
dynamics and the energy functions for those deeper models.

4 Conclusions

The main contributions of this work are the following: I propose a family of recurrent neural networks
that have both feedforward and feedback connections and an associated energy function that decreases
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that ⌧1 � ⌧2 � ⌧3, and assuming that ⌧3 = 0 so that the neurons in the top layer instantaneously
react to the inputs from the second layer. In this case the equation for Z↵ can be analytically solved.
In this limit the energy function (4) reduces to

E =
1

2

X

x,y,µ

X2
x,y,µ +

X

x̃,ỹ,µ̃

Yx̃,ỹ,µ̃f
�
�2Yx̃,ỹ,µ̃

�
� 1

�2

X

x̃,ỹ

log

✓ X

µ̃

e�2Yx̃,ỹ,µ̃

◆

� 1

�3
log

✓ X

↵

e�3Z↵

◆
�

X

x̃,ỹ,µ̃

f
�
�2Yx̃,ỹ,µ̃

�
conv2d

h
X,⌅, s

i

x̃,ỹ,µ̃

(15)

Note, that although matrix  does not appear explicitly in this expression, the energy function
implicitly depends on it through the dynamical variables. This energy function is guaranteed to
decrease on the dynamical trajectory described by the equations (13).

Matrix � is sparse (mostly white) and encodes the assembling rules, matrix ⇠ encodes primitives that
are used for assembling the memories of digits.

Having the general formalism for network with generic connectivity (1, 4), and the 3-layer example
explicitly written in terms of convolutional arithmetic it is straighforward to stack an arbitrary large
number of convolutional and dense layers on top of each other and write down the equations for the
dynamics and the energy functions for those deeper models.

4 Conclusions

The main contributions of this work are the following: I propose a family of recurrent neural networks
that have both feedforward and feedback connections and an associated energy function that decreases
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Figure 2: (A) Modern Hopfield Network with one hidden layer. The output of the input layer is a
linear function, the output of the hidden layer is a softmax with inverse temperature �. (B) HAM
network with two hidden layers. The output of the input layer is a linear function, the output of the
second layer is a softmax with inverse temperature �2, the output of the third layer is a softmax with
inverse temperature �3. (C) Convolutional HAM model with two hidden layers (convolutional and
dense).

violated it is impossible to derive an energy function, and, for this reason, the network can have more
complicated dynamical trajectories than simple fixed-point attractors.

In the additive limit the Hessian in equation (9) becomes a diagonal matrix. The condition of positive
semi-definiteness reduces to the requirement that the activation functions are monotonically growing.
Thus, in this simple limit the HAM model reduces to the model studied in [7].

3.1 Hierarchical Time Scales, Adiabatic Limit

Fixed points of the dynamical equations (5) and the energy function (8) are independent of the time
constants ⌧A. Thus, for a given set of weights the network will eventually arrive at the same fixed
point (if the same initial conditions are given) regardless of the specific values of the time constants.
At the same time, the dynamical trajectories (how the network arrives at that fixed point) can strongly
depend on the choice of the time constants.

Consider for example a self-supervised task, so that at the initial moment of time t = 0 a noisy input
is presented to the network, and the network has to remove the noise from the input as dynamics
progresses. A possible way to solve this task is to initialize the input layer with the noisy input, and
the hidden layers with zeros. Then let the network evolve with time until a fixed point is reached, and
adjust the weights so that the activities of neurons in the input layer at the fixed point match the initial
uncorrupted input. In order for this network to operate as an associative memory, the information
about the initial condition, noisy input presented at t = 0 to the input layer, should have enough
time to propagate through all the hidden layers. For this reason, it is convenient to assume that the
dynamics of the hidden neurons in higher layers is always faster than the dynamics of the neurons in
the lower layers, so that

⌧1 � ⌧2 � ... � ⌧Nlayer (12)

In physics jargon the input neurons evolve in time adiabatically (slowly) so that for every state of the
input neurons hidden neurons have enough time to equilibrate. In most situations, see examples in
the next section, it even makes sense to assume that the neurons in the top layer are instantaneously
adjusting to the signals from the layer below, so that ⌧Nlayer = 0 (or very small). In this limit the
expressions for the energy function can be simplified.
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i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

i = 1...N2
<latexit sha1_base64="j/orhW420yp+dpJHvREq1QgqSXE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcdyvdUtlzvRnIMvFzUoYctW7pq9NLWBZzhUxSY9q+l2IwphoFk3xS7GSGp5QNaZ+3LVU05iYYz26ekFOr9EiUaFsKyUz9PTGmsTGjOLSdMcWBWfSm4n9eO8PoKhgLlWbIFZsvijJJMCHTAEhPaM5QjiyhTAt7K2EDqilDG1PRhuAvvrxMGhXXP3crDxfl6k0eRwGO4QTOwIdLqMId1KAODFJ4hld4czLnxXl3PuatK04+cwR/4Hz+ANEmj5Y=</latexit>

i = 1...N3
<latexit sha1_base64="DznBHinLNLvoxMGqkGrBvWvGKew=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgadlNBL0IQS+eJIJ5QLKE2clsMmR2dpmHEJb8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hyprTnfTuFtfWNza3idmlnd2//oHx41FKJkYQ2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HN/O/PYTlYol4lFPUhrEeChYxAjWVuqxa+Qj13XRfb/WL1c815sDrRI/JxXI0eiXv3qDhJiYCk04Vqrre6kOMiw1I5xOSz2jaIrJGA9p11KBY6qCbH7zFJ1ZZYCiRNoSGs3V3xMZjpWaxKHtjLEeqWVvJv7ndY2OroKMidRoKshiUWQ40gmaBYAGTFKi+cQSTCSztyIywhITbWMq2RD85ZdXSavq+jW3+nBRqd/kcRThBE7hHHy4hDrcQQOaQCCFZ3iFN8c4L86787FoLTj5zDH8gfP5A9Kqj5c=</latexit>

i = 1...Nlayer
<latexit sha1_base64="1u4kn0EFYH2hJ0FlZlJeRsDevmU=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8DTMREEvQtCLJ4lgFkiG0NOpJE16FrprxDDMxV/x4kERr36GN//GznLQxAcFj/eqqKrnx1JodJxvK7e0vLK6ll8vbGxube8Ud/fqOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+vx37jAZQWUXiPoxi8gPVD0ROcoZE6xQNxSV1q2za97bQRHjGVbAQq6xRLju1MQBeJOyMlMkO1U/xqdyOeBBAil0zrluvE6KVMoeASskI70RAzPmR9aBkasgC0l04eyOixUbq0FylTIdKJ+nsiZYHWo8A3nQHDgZ73xuJ/XivB3oWXijBOEEI+XdRLJMWIjtOgXaGAoxwZwrgS5lbKB0wxjiazggnBnX95kdTLtntql+/OSpWrWRx5ckiOyAlxyTmpkBtSJTXCSUaeySt5s56sF+vd+pi25qzZzD75A+vzB7J9lTk=</latexit>

g1
i

<latexit sha1_base64="P8WsZuELazy/SjNqeGzcN93O9ug=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUHPb5o9cvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TgZcITNiYgllittbCRtRRZmx+ZRsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAw7P8ApvjnRenHfnY9FacPKZY/gD5/MHbVGObg==</latexit>

g2
i

<latexit sha1_base64="PH1dyAOm79xf3x37UorzsD8bN18=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSSP+iJx1qvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fbtWObw==</latexit>

g2
i

<latexit sha1_base64="PH1dyAOm79xf3x37UorzsD8bN18=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSSP+iJx1qvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fbtWObw==</latexit>

g3
i

<latexit sha1_base64="BPITYoXJRA7MrGAGEtjmFxrJndQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJH/TEY61XKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXi1SrV+8ty/SaPowCncAYX4MEV1OEOGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPcFmOcA==</latexit>

g3
i

<latexit sha1_base64="BPITYoXJRA7MrGAGEtjmFxrJndQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJH/TEY61XKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXi1SrV+8ty/SaPowCncAYX4MEV1OEOGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPcFmOcA==</latexit>

g4
i

<latexit sha1_base64="CrqOJoYttveiWowDWbydZQ4Tty4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmFpoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwhHNzP/4YlrIxJ1j+OUBzEdKBEJRtFK/qAnHuu9csWtunOQVeLlpAI5mr3yV7efsCzmCpmkxnQ8N8VgQjUKJvm01M0MTykb0QHvWKpozE0wmR87JWdW6ZMo0bYUkrn6e2JCY2PGcWg7Y4pDs+zNxP+8TobRVTARKs2QK7ZYFGWSYEJmn5O+0JyhHFtCmRb2VsKGVFOGNp+SDcFbfnmVtGpV76Jau6tXGtd5HEU4gVM4Bw8uoQG30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/cd2OcQ==</latexit>

g
Nlayer

i
<latexit sha1_base64="bpvk12iPD9aOTHrKrwBL3Xoz/AM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNR0GPQiyeJYBZI4tDTqSRNeha6a8Q4DP6KFw+KePU/vPk3dpaDJj4oeLxXRVU9P5ZCo+N8WwuLS8srq7m1/PrG5ta2vbNb01GiOFR5JCPV8JkGKUKookAJjVgBC3wJdX9wOfLr96C0iMJbHMbQDlgvFF3BGRrJs/d7nrhLr70WwgOmkg1BZZlnF5yiMwadJ+6UFMgUFc/+anUingQQIpdM66brxNhOmULBJWT5VqIhZnzAetA0NGQB6HY6vj6jR0bp0G6kTIVIx+rviZQFWg8D33QGDPt61huJ/3nNBLvn7VSEcYIQ8smibiIpRnQUBe0IBRzl0BDGlTC3Ut5ninE0geVNCO7sy/OkViq6J8XSzWmhfDGNI0cOyCE5Ji45I2VyRSqkSjh5JM/klbxZT9aL9W59TFoXrOnMHvkD6/MHc5WV3w==</latexit>

g
Nlayer�1
i

<latexit sha1_base64="IdmhkpWjTcUFv6m5WTvOMbGBkQc=">AAAB/3icbVDJSgNBEO2JW4zbqODFy2AQvBhmoqDHoBdPEsEskIxDT6eSNOlZ6K4RwzgHf8WLB0W8+hve/Bs7y0ETHxQ83quiqp4fC67Qtr+N3MLi0vJKfrWwtr6xuWVu79RVlEgGNRaJSDZ9qkDwEGrIUUAzlkADX0DDH1yO/MY9SMWj8BaHMbgB7YW8yxlFLXnmXs/jd+m110Z4wFTQIcjs2Mk8s2iX7DGseeJMSZFMUfXMr3YnYkkAITJBlWo5doxuSiVyJiArtBMFMWUD2oOWpiENQLnp+P7MOtRKx+pGUleI1lj9PZHSQKlh4OvOgGJfzXoj8T+vlWD33E15GCcIIZss6ibCwsgahWF1uASGYqgJZZLrWy3Wp5Iy1JEVdAjO7MvzpF4uOSel8s1psXIxjSNP9skBOSIOOSMVckWqpEYYeSTP5JW8GU/Gi/FufExac8Z0Zpf8gfH5A1zRllE=</latexit>

⇠(2,1)
ij

<latexit sha1_base64="1wUdGX52UsDwTW5aZhYTHKXpPak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0W3bisYB/QxjCZTtqxkwczk2IJ+RM3LhRx65+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ub4+pkCwK79Ukpk6AByHzGcFKS65p9p7YQ1qpndmnmZuyx8w1y1bVmgEtEzsnZcjRcM2vXj8iSUBDRTiWsmtbsXJSLBQjnGalXiJpjMkID2hX0xAHVDrp7PIMnWilj/xI6AoVmqm/J1IcSDkJPN0ZYDWUi95U/M/rJsq/clIWxomiIZkv8hOOVISmMaA+E5QoPtEEE8H0rYgMscBE6bBKOgR78eVl0qpV7fNq7e6iXL/O4yjCERxDBWy4hDrcQgOaQGAMz/AKb0ZqvBjvxse8tWDkM4fwB8bnD37Vkuw=</latexit>

⇠(3,2)
ij

<latexit sha1_base64="1UzpmQsOwwYXa4XwQYVes/1DLDE=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqSElaQY9FLx4r2A9oY9hsN+3azSbsbool5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5fsyoVLb9baysrq1vbBa2its7u3v75sFhS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Gbqt8dESBrxezWJiRuiAacBxUhpyTPN3hN9SMu18+pZ5qX0MfPMkl2xZ7CWiZOTEuRoeOZXrx/hJCRcYYak7Dp2rNwUCUUxI1mxl0gSIzxCA9LVlKOQSDedXZ5Zp1rpW0EkdHFlzdTfEykKpZyEvu4MkRrKRW8q/ud1ExVcuSnlcaIIx/NFQcIsFVnTGKw+FQQrNtEEYUH1rRYeIoGw0mEVdQjO4svLpFWtOLVK9e6iVL/O4yjAMZxAGRy4hDrcQgOagGEMz/AKb0ZqvBjvxse8dcXIZ47gD4zPH4Htku4=</latexit>

⇠(4,3)
ij

<latexit sha1_base64="08H8gNB/bf9PiOoheU8Xip1tkII=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGIIGEmCegx6MVjBLNAMg49nZ6kTc9Cd08wDPMnXjwo4tU/8ebf2FkOmvig4PFeFVX1vJgzqSzr28itrW9sbuW3Czu7e/sH5uFRS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ub4+pkCwK79Ukpk6AByHzGcFKS65p9p7YQ1qqXVTPMzdlj5lrFq2yNQNaJfaCFGGBhmt+9foRSQIaKsKxlF3bipWTYqEY4TQr9BJJY0xGeEC7moY4oNJJZ5dn6EwrfeRHQleo0Ez9PZHiQMpJ4OnOAKuhXPam4n9eN1H+lZOyME4UDcl8kZ9wpCI0jQH1maBE8YkmmAimb0VkiAUmSodV0CHYyy+vklalbFfLlbtasX69iCMPJ3AKJbDhEupwCw1oAoExPMMrvBmp8WK8Gx/z1pyxmDmGPzA+fwCFBZLw</latexit>

⇠
(Nlayer,Nlayer�1)
ij

<latexit sha1_base64="cq++T+GFibmkBOGzX5kjMrwp6bY=">AAACFXicbVBNS8NAEN3Ur1q/oh69BItQoZakCnoUvXiSClaFtobNdtKu3XywOxFDyJ/w4l/x4kERr4I3/43b2oNVHwy8fW+GnXleLLhC2/40ClPTM7NzxfnSwuLS8oq5unahokQyaLJIRPLKowoED6GJHAVcxRJo4Am49AbHQ//yFqTiUXiOaQydgPZC7nNGUUuuWW3f8euscuq2Ee4wEzQFmVcnnzvOdu5m/CZ3zbJds0ew/hJnTMpkjIZrfrS7EUsCCJEJqlTLsWPsZFQiZwLyUjtREFM2oD1oaRrSAFQnG12VW1ta6Vp+JHWFaI3UnxMZDZRKA093BhT76rc3FP/zWgn6B52Mh3GCELLvj/xEWBhZw4isLpfAUKSaUCa53tVifSopQx1kSYfg/D75L7mo15zdWv1sr3x4NI6jSDbIJqkQh+yTQ3JCGqRJGLknj+SZvBgPxpPxarx9txaM8cw6mYDx/gWvl5/F</latexit>

x1
i (t)

<latexit sha1_base64="O6FruRRYQvZHYJoMMEwmmsSFf9k=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JrGR2mIUJsw9neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLi6XQaNvfVm5ldW19I79Z2Nre2d0r7h80dZQoxhsskpFqe1RzKULeQIGSt2PFaeBJ3vJG11O/9ciVFlF4h+OYuwEdhMIXjKKR2k89ce+U8bRXLNkVewayTJyMlCBDvVf86vYjlgQ8RCap1h3HjtFNqULBJJ8UuonmMWUjOuAdQ0MacO2ms3sn5MQofeJHylSIZKb+nkhpoPU48ExnQHGoF72p+J/XSdC/dFMRxgnykM0X+YkkGJHp86QvFGcox4ZQpoS5lbAhVZShiahgQnAWX14mzWrFOatUb89LtassjjwcwTGUwYELqMEN1KEBDCQ8wyu8WQ/Wi/Vufcxbc1Y2cwh/YH3+ACcGj2I=</latexit>

x2
i (t)

<latexit sha1_base64="mGZYV1Ie4tYyTEOcivGglA1ljzg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QxrLZbtqlm03cnYgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEUdagkYhU2yeaCS5ZAzkK1o4VI6EvWMsfXU/91iNTmkfyDscx80IykDzglKCR2k89fl8t42mvWHIqzgz2MnEzUoIM9V7xq9uPaBIyiVQQrTuuE6OXEoWcCjYpdBPNYkJHZMA6hkoSMu2ls3sn9olR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hg0ku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomogKJgR38eVl0qxW3LNK9fa8VLvK4sjDERxDGVy4gBrcQB0aQEHAM7zCm/VgvVjv1se8NWdlM4fwB9bnDyiNj2M=</latexit>
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Figure 1: (A) The connectivity diagram of the fully-connected network. The synaptic weights are
described by the symmetric matrix WIJ . (B) The connectivity diagram of the layered network. Each
layer can have a different number of neurons, different activation function, and different time scales.
The feedforward weights and feedback weights are equal.

⌧I , which in general can be different for every neuron. This network has a global energy function

E =
NX

I=1

xIgI � L � 1

2

NX

I,J=1

gIWIJgJ (3)

where the first two terms represent the Legendre transform of the Lagrangian function with respect
to the neurons’ activities. The temporal derivative of this energy function can be computed on the
dynamical trajectories leading to (see Appendix A for details)

dE

dt
= �

NX

I,K=1

dxI

dt
MIK

dxK

dt
 0, where MIK = ⌧I

@2L

@xI@xK
(4)

The last inequality sign holds provided that the matrix MIK (or its symmetric part) is positive semi-
definite. If, in addition to this, the energy function is bounded from below the non-linear dynamical
equations are guaranteed to converge to a fixed point attractor state. The advantage of formulating
this network in terms of the Lagrangian functions is that it makes it possible to easily experiment
with different choices of the activation functions and different architectural arrangements of neurons.
For all those flexible choices the conditions of convergence are determined by the properties of the
matrix MIJ and the existence of the lower bound on the energy function.

It was shown in [3, 4, 5, 6] that the memory storage capacity of this system can be decoupled from
the dimensionality of the input space, unlike the classical Hopfield Network. For certain choices of
the Lagrangians (activation functions) this memory storage capacity can be made very large, provided
that there is a sufficiently large number of hidden neurons available.

3 Hierarchical Layered Networks

This section uses the general theory for fully connected networks presented in the previous section
and organizes neurons in layers so that every neuron in a given layer has the same activation function
and the same dynamic time scale. It is assumed that there are no horizontal connections between
the neurons within the layer (lateral connections) and there are no skip-layer connections. Although
these architectural features can be easily added, and the resulting dynamical equations and the energy
function can be derived from (2) and (3). A layered arrangement of neurons in networks with
symmetric feedback weights (and an energy function) has been previously studied in [7, 21]. Also, a
layered network with feedback, but without an energy function has been studied in [22].

4

Consider an architecture consisting of Nlayer layers of recurrently connected neurons with the states
described by continuous variables xA

i and the activation functions gA
i , index A enumerates the layers

of the network, and index i enumerates individual neurons in that layer. The activation functions in
general can depend on the activities of all the neurons in the layer. The network diagram is shown
in Fig.1B. Every layer can have a different number of neurons NA. These neurons are recurrently
connected with the neurons in the preceding and the subsequent layers. The matrices of weights that
connect neurons in layers A and B are denoted by ⇠(A,B)

ij (the order of the upper indices for weights
is the same as the order of the lower indices, in the example above this means that index i enumerates
neurons in the layer A, and index j enumerates neurons in the layer B). The feedforward weights and
the feedback weights are equal, which is a consequence of the symmetry of the weights in equations
(2) and (3). The dynamical equations for the neurons’ states can be written as

⌧A
dxA

i

dt
=

NA�1X

j=1

⇠(A,A�1)
ij gA�1

j +

NA+1X

j=1

⇠(A,A+1)
ij gA+1

j � xA
i (5)

with boundary conditions
g0

i = 0, and g
Nlayer+1
i = 0 (6)

The main difference of these equations from the conventional feedforward networks is the presence
of the second term, which is responsible for the feedback from higher layers. These top-down signals
help neurons in lower layers to decide on their response to the presented stimuli.

Following the general recipe from the previous section it is convenient to introduce a Lagrangian
function LA({xA

i }) for the A-th hidden layer, which depends on the activities of all the neurons in
that layer. The activation functions in that layer can be defined as partial derivatives of the Lagrangian

gA
i =

@LA

@xA
i

(7)

With these definitions the general energy (Lyapunov) function (3) for the network (5) reduces to

E =

NlayerX

A=1

h NAX

i=1

xA
i gA

i � LA
i

�
Nlayer�1X

A=1

NA+1X

i=1

NAX

j=1

gA+1
i ⇠(A+1,A)

ij gA
j (8)

If the Lagrangian functions, or equivalently the activation functions, are chosen in such a way that
the Hessians for each layer are positive semi-definite and the overall energy is bounded from below,
this system is guaranteed to converge to a fixed point attractor state. In Appendix A it is shown that
the temporal derivative of this energy function is given by

dE

dt
= �

NlayerX

A=1

⌧A

NAX

i,j=1

dxA
j

dt

@2LA

@xA
j @xA

i

dxA
i

dt
 0 (9)

Thus, the network shown in Fig.1B is indeed an attractor network with the global energy function.
This network is described by a hierarchical set of synaptic weights ⇠(A+1,A)

ij that can be learned for
each specific problem.

The network (5) has a structure of a recurrent network with a degree of biological plausibility. Each
neuron in this network collects signals from the neurons in the layer above it, and below it, and
produces its own state. In the limit when the Lagrangian functions in each layer are additive for
individual neurons

LA =
NAX

i=1

F (xA
i ) (10)

the axonal output of each neuron becomes a non-linear function of that neuron’s activity

gA
i = F 0(xA

i ) (11)

In this limit the network has only pair-wise interactions between the individual neurons. Thus, it
has the same degree of biological plausibility as the single hidden layer Hopfield Network (modern
or classical). This network also has an unbiological aspect, common to any Hopfield Network,
which is that the feedforward weights and the feedback weights should be equal. If this constraint is
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or classical). This network also has an unbiological aspect, common to any Hopfield Network,
which is that the feedforward weights and the feedback weights should be equal. If this constraint is

5

definition of the activation function 
through the Lagrangian function 

energy function

equations for neuron’s state update



i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

i = 1...N2
<latexit sha1_base64="j/orhW420yp+dpJHvREq1QgqSXE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcdyvdUtlzvRnIMvFzUoYctW7pq9NLWBZzhUxSY9q+l2IwphoFk3xS7GSGp5QNaZ+3LVU05iYYz26ekFOr9EiUaFsKyUz9PTGmsTGjOLSdMcWBWfSm4n9eO8PoKhgLlWbIFZsvijJJMCHTAEhPaM5QjiyhTAt7K2EDqilDG1PRhuAvvrxMGhXXP3crDxfl6k0eRwGO4QTOwIdLqMId1KAODFJ4hld4czLnxXl3PuatK04+cwR/4Hz+ANEmj5Y=</latexit>

i = 1...N3
<latexit sha1_base64="DznBHinLNLvoxMGqkGrBvWvGKew=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgadlNBL0IQS+eJIJ5QLKE2clsMmR2dpmHEJb8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hyprTnfTuFtfWNza3idmlnd2//oHx41FKJkYQ2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HN/O/PYTlYol4lFPUhrEeChYxAjWVuqxa+Qj13XRfb/WL1c815sDrRI/JxXI0eiXv3qDhJiYCk04Vqrre6kOMiw1I5xOSz2jaIrJGA9p11KBY6qCbH7zFJ1ZZYCiRNoSGs3V3xMZjpWaxKHtjLEeqWVvJv7ndY2OroKMidRoKshiUWQ40gmaBYAGTFKi+cQSTCSztyIywhITbWMq2RD85ZdXSavq+jW3+nBRqd/kcRThBE7hHHy4hDrcQQOaQCCFZ3iFN8c4L86787FoLTj5zDH8gfP5A9Kqj5c=</latexit>

i = 1...Nlayer
<latexit sha1_base64="1u4kn0EFYH2hJ0FlZlJeRsDevmU=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8DTMREEvQtCLJ4lgFkiG0NOpJE16FrprxDDMxV/x4kERr36GN//GznLQxAcFj/eqqKrnx1JodJxvK7e0vLK6ll8vbGxube8Ud/fqOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+vx37jAZQWUXiPoxi8gPVD0ROcoZE6xQNxSV1q2za97bQRHjGVbAQq6xRLju1MQBeJOyMlMkO1U/xqdyOeBBAil0zrluvE6KVMoeASskI70RAzPmR9aBkasgC0l04eyOixUbq0FylTIdKJ+nsiZYHWo8A3nQHDgZ73xuJ/XivB3oWXijBOEEI+XdRLJMWIjtOgXaGAoxwZwrgS5lbKB0wxjiazggnBnX95kdTLtntql+/OSpWrWRx5ckiOyAlxyTmpkBtSJTXCSUaeySt5s56sF+vd+pi25qzZzD75A+vzB7J9lTk=</latexit>

g1i
<latexit sha1_base64="P8WsZuELazy/SjNqeGzcN93O9ug=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUHPb5o9cvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TgZcITNiYgllittbCRtRRZmx+ZRsCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCAw7P8ApvjnRenHfnY9FacPKZY/gD5/MHbVGObg==</latexit>

g2i
<latexit sha1_base64="PH1dyAOm79xf3x37UorzsD8bN18=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSSP+iJx1qvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fbtWObw==</latexit>

g2i
<latexit sha1_base64="PH1dyAOm79xf3x37UorzsD8bN18=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94DjlQUwHSkSCUbSSP+iJx1qvXHGr7hxklXg5qUCORq/81e0nLIu5QiapMR3PTTGYUI2CST4tdTPDU8pGdMA7lioacxNM5sdOyZlV+iRKtC2FZK7+npjQ2JhxHNrOmOLQLHsz8T+vk2F0HUyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lzVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aIAPDAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fbtWObw==</latexit>

g3i
<latexit sha1_base64="BPITYoXJRA7MrGAGEtjmFxrJndQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJH/TEY61XKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXi1SrV+8ty/SaPowCncAYX4MEV1OEOGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPcFmOcA==</latexit>

g3i
<latexit sha1_base64="BPITYoXJRA7MrGAGEtjmFxrJndQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWMF0xbaWDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIecJzyIKYDJSLBKFrJH/TEY61XKrsVdw6ySryclCFHo1f66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXi1SrV+8ty/SaPowCncAYX4MEV1OEOGuADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPcFmOcA==</latexit>

g4i
<latexit sha1_base64="CrqOJoYttveiWowDWbydZQ4Tty4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmFpoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwhHNzP/4YlrIxJ1j+OUBzEdKBEJRtFK/qAnHuu9csWtunOQVeLlpAI5mr3yV7efsCzmCpmkxnQ8N8VgQjUKJvm01M0MTykb0QHvWKpozE0wmR87JWdW6ZMo0bYUkrn6e2JCY2PGcWg7Y4pDs+zNxP+8TobRVTARKs2QK7ZYFGWSYEJmn5O+0JyhHFtCmRb2VsKGVFOGNp+SDcFbfnmVtGpV76Jau6tXGtd5HEU4gVM4Bw8uoQG30AQfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/cd2OcQ==</latexit>

g
Nlayer

i
<latexit sha1_base64="bpvk12iPD9aOTHrKrwBL3Xoz/AM=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNR0GPQiyeJYBZI4tDTqSRNeha6a8Q4DP6KFw+KePU/vPk3dpaDJj4oeLxXRVU9P5ZCo+N8WwuLS8srq7m1/PrG5ta2vbNb01GiOFR5JCPV8JkGKUKookAJjVgBC3wJdX9wOfLr96C0iMJbHMbQDlgvFF3BGRrJs/d7nrhLr70WwgOmkg1BZZlnF5yiMwadJ+6UFMgUFc/+anUingQQIpdM66brxNhOmULBJWT5VqIhZnzAetA0NGQB6HY6vj6jR0bp0G6kTIVIx+rviZQFWg8D33QGDPt61huJ/3nNBLvn7VSEcYIQ8smibiIpRnQUBe0IBRzl0BDGlTC3Ut5ninE0geVNCO7sy/OkViq6J8XSzWmhfDGNI0cOyCE5Ji45I2VyRSqkSjh5JM/klbxZT9aL9W59TFoXrOnMHvkD6/MHc5WV3w==</latexit>

g
Nlayer�1
i

<latexit sha1_base64="IdmhkpWjTcUFv6m5WTvOMbGBkQc=">AAAB/3icbVDJSgNBEO2JW4zbqODFy2AQvBhmoqDHoBdPEsEskIxDT6eSNOlZ6K4RwzgHf8WLB0W8+hve/Bs7y0ETHxQ83quiqp4fC67Qtr+N3MLi0vJKfrWwtr6xuWVu79RVlEgGNRaJSDZ9qkDwEGrIUUAzlkADX0DDH1yO/MY9SMWj8BaHMbgB7YW8yxlFLXnmXs/jd+m110Z4wFTQIcjs2Mk8s2iX7DGseeJMSZFMUfXMr3YnYkkAITJBlWo5doxuSiVyJiArtBMFMWUD2oOWpiENQLnp+P7MOtRKx+pGUleI1lj9PZHSQKlh4OvOgGJfzXoj8T+vlWD33E15GCcIIZss6ibCwsgahWF1uASGYqgJZZLrWy3Wp5Iy1JEVdAjO7MvzpF4uOSel8s1psXIxjSNP9skBOSIOOSMVckWqpEYYeSTP5JW8GU/Gi/FufExac8Z0Zpf8gfH5A1zRllE=</latexit>

⇠(2,1)ij
<latexit sha1_base64="1wUdGX52UsDwTW5aZhYTHKXpPak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0W3bisYB/QxjCZTtqxkwczk2IJ+RM3LhRx65+482+ctllo64ELh3Pu5d57vJgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ub4+pkCwK79Ukpk6AByHzGcFKS65p9p7YQ1qpndmnmZuyx8w1y1bVmgEtEzsnZcjRcM2vXj8iSUBDRTiWsmtbsXJSLBQjnGalXiJpjMkID2hX0xAHVDrp7PIMnWilj/xI6AoVmqm/J1IcSDkJPN0ZYDWUi95U/M/rJsq/clIWxomiIZkv8hOOVISmMaA+E5QoPtEEE8H0rYgMscBE6bBKOgR78eVl0qpV7fNq7e6iXL/O4yjCERxDBWy4hDrcQgOaQGAMz/AKb0ZqvBjvxse8tWDkM4fwB8bnD37Vkuw=</latexit>

⇠(3,2)ij
<latexit sha1_base64="1UzpmQsOwwYXa4XwQYVes/1DLDE=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqSElaQY9FLx4r2A9oY9hsN+3azSbsbool5J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5fsyoVLb9baysrq1vbBa2its7u3v75sFhS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Gbqt8dESBrxezWJiRuiAacBxUhpyTPN3hN9SMu18+pZ5qX0MfPMkl2xZ7CWiZOTEuRoeOZXrx/hJCRcYYak7Dp2rNwUCUUxI1mxl0gSIzxCA9LVlKOQSDedXZ5Zp1rpW0EkdHFlzdTfEykKpZyEvu4MkRrKRW8q/ud1ExVcuSnlcaIIx/NFQcIsFVnTGKw+FQQrNtEEYUH1rRYeIoGw0mEVdQjO4svLpFWtOLVK9e6iVL/O4yjAMZxAGRy4hDrcQgOagGEMz/AKb0ZqvBjvxse8dcXIZ47gD4zPH4Htku4=</latexit>

⇠(4,3)ij
<latexit sha1_base64="08H8gNB/bf9PiOoheU8Xip1tkII=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGIIGEmCegx6MVjBLNAMg49nZ6kTc9Cd08wDPMnXjwo4tU/8ebf2FkOmvig4PFeFVX1vJgzqSzr28itrW9sbuW3Czu7e/sH5uFRS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c3Ub4+pkCwK79Ukpk6AByHzGcFKS65p9p7YQ1qqXVTPMzdlj5lrFq2yNQNaJfaCFGGBhmt+9foRSQIaKsKxlF3bipWTYqEY4TQr9BJJY0xGeEC7moY4oNJJZ5dn6EwrfeRHQleo0Ez9PZHiQMpJ4OnOAKuhXPam4n9eN1H+lZOyME4UDcl8kZ9wpCI0jQH1maBE8YkmmAimb0VkiAUmSodV0CHYyy+vklalbFfLlbtasX69iCMPJ3AKJbDhEupwCw1oAoExPMMrvBmp8WK8Gx/z1pyxmDmGPzA+fwCFBZLw</latexit>

⇠
(Nlayer,Nlayer�1)
ij

<latexit sha1_base64="cq++T+GFibmkBOGzX5kjMrwp6bY=">AAACFXicbVBNS8NAEN3Ur1q/oh69BItQoZakCnoUvXiSClaFtobNdtKu3XywOxFDyJ/w4l/x4kERr4I3/43b2oNVHwy8fW+GnXleLLhC2/40ClPTM7NzxfnSwuLS8oq5unahokQyaLJIRPLKowoED6GJHAVcxRJo4Am49AbHQ//yFqTiUXiOaQydgPZC7nNGUUuuWW3f8euscuq2Ee4wEzQFmVcnnzvOdu5m/CZ3zbJds0ew/hJnTMpkjIZrfrS7EUsCCJEJqlTLsWPsZFQiZwLyUjtREFM2oD1oaRrSAFQnG12VW1ta6Vp+JHWFaI3UnxMZDZRKA093BhT76rc3FP/zWgn6B52Mh3GCELLvj/xEWBhZw4isLpfAUKSaUCa53tVifSopQx1kSYfg/D75L7mo15zdWv1sr3x4NI6jSDbIJqkQh+yTQ3JCGqRJGLknj+SZvBgPxpPxarx9txaM8cw6mYDx/gWvl5/F</latexit>

unfolding in time

x1
i (t)

<latexit sha1_base64="O6FruRRYQvZHYJoMMEwmmsSFf9k=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JrGR2mIUJsw9neo1kw0948aAxXv0db/6NA+xBwUo6qVR1p7vLi6XQaNvfVm5ldW19I79Z2Nre2d0r7h80dZQoxhsskpFqe1RzKULeQIGSt2PFaeBJ3vJG11O/9ciVFlF4h+OYuwEdhMIXjKKR2k89ce+U8bRXLNkVewayTJyMlCBDvVf86vYjlgQ8RCap1h3HjtFNqULBJJ8UuonmMWUjOuAdQ0MacO2ms3sn5MQofeJHylSIZKb+nkhpoPU48ExnQHGoF72p+J/XSdC/dFMRxgnykM0X+YkkGJHp86QvFGcox4ZQpoS5lbAhVZShiahgQnAWX14mzWrFOatUb89LtassjjwcwTGUwYELqMEN1KEBDCQ8wyu8WQ/Wi/Vufcxbc1Y2cwh/YH3+ACcGj2I=</latexit>

x2
i (t)

<latexit sha1_base64="mGZYV1Ie4tYyTEOcivGglA1ljzg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QxrLZbtqlm03cnYgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tnIrq2vrG/nNwtb2zu5ecf+gqaNEUdagkYhU2yeaCS5ZAzkK1o4VI6EvWMsfXU/91iNTmkfyDscx80IykDzglKCR2k89fl8t42mvWHIqzgz2MnEzUoIM9V7xq9uPaBIyiVQQrTuuE6OXEoWcCjYpdBPNYkJHZMA6hkoSMu2ls3sn9olR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hg0ku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomogKJgR38eVl0qxW3LNK9fa8VLvK4sjDERxDGVy4gBrcQB0aQEHAM7zCm/VgvVjv1se8NWdlM4fwB9bnDyiNj2M=</latexit>

x3
i (t)

<latexit sha1_base64="7pi0ADcRF2fmOX3K+pWXk8Qc7oI=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSStoMeiF48V7Ae0sWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rZXVtfWNzdxWfntnd2+/cHDY1FGiKGvQSESq7RPNBJesgRwFa8eKkdAXrOWPrqd+65EpzSN5h+OYeSEZSB5wStBI7acev6+W8KxXKDplZwZ7mbgZKUKGeq/w1e1HNAmZRCqI1h3XidFLiUJOBZvku4lmMaEjMmAdQyUJmfbS2b0T+9QofTuIlCmJ9kz9PZGSUOtx6JvOkOBQL3pT8T+vk2Bw6aVcxgkySeeLgkTYGNnT5+0+V4yiGBtCqOLmVpsOiSIUTUR5E4K7+PIyaVbKbrVcuT0v1q6yOHJwDCdQAhcuoAY3UIcGUBDwDK/wZj1YL9a79TFvXbGymSP4A+vzByoUj2Q=</latexit>

x
Nlayer

i (t)
<latexit sha1_base64="pegRt+PenFAN+/C/ZfyNxlMKnKk=">AAACAHicbVDJSgNBEO1xjXGLevDgZTAI8RJmoqDHoBdPEsEskIxDT6cmadKz0F0jCcNc/BUvHhTx6md482/sLAdNfFDweK+KqnpeLLhCy/o2lpZXVtfWcxv5za3tnd3C3n5DRYlkUGeRiGTLowoED6GOHAW0Ygk08AQ0vcH12G8+glQ8Cu9xFIMT0F7Ifc4oasktHA5d/pDeuh2EIaaCjkBmWQlP3ULRKlsTmIvEnpEimaHmFr463YglAYTIBFWqbVsxOimVyJmALN9JFMSUDWgP2pqGNADlpJMHMvNEK13Tj6SuEM2J+nsipYFSo8DTnQHFvpr3xuJ/XjtB/9JJeRgnCCGbLvITYWJkjtMwu1wCQzHShDLJ9a0m61NJGerM8joEe/7lRdKolO2zcuXuvFi9msWRI0fkmJSITS5IldyQGqkTRjLyTF7Jm/FkvBjvxse0dcmYzRyQPzA+fwBC/pbT</latexit>

x
Nlayer

i (t = 0)
<latexit sha1_base64="ndkbt3wUQxQmVFRSmNvHuyKmvTA=">AAACAnicbVDJSgNBEO1xjXGLehIvg0GIlzATBb0IQS+eJIJZIBmHnk4ladKz0F0jCcPgxV/x4kERr36FN//GznLQxAcFj/eqqKrnRYIrtKxvY2FxaXllNbOWXd/Y3NrO7ezWVBhLBlUWilA2PKpA8ACqyFFAI5JAfU9A3etfjfz6A0jFw+AOhxE4Pu0GvMMZRS25uf2By++TG7eFMMBE0CHINC3ghXXs5vJW0RrDnCf2lOTJFBU399Vqhyz2IUAmqFJN24rQSahEzgSk2VasIKKsT7vQ1DSgPignGb+QmkdaaZudUOoK0ByrvycS6is19D3d6VPsqVlvJP7nNWPsnDsJD6IYIWCTRZ1YmBiaozzMNpfAUAw1oUxyfavJelRShjq1rA7Bnn15ntRKRfukWLo9zZcvp3FkyAE5JAVikzNSJtekQqqEkUfyTF7Jm/FkvBjvxsekdcGYzuyRPzA+fwBFdZdU</latexit>

x3
i (t = 0)

<latexit sha1_base64="vwmdPoTIahOqbrYHN0AjU7FOnXw=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSStoBeh6MVjBfsBbSyb7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZ58eCa3Scb2tldW19YzO3ld/e2d3bLxwcNnWUKMoaNBKRavtEM8ElayBHwdqxYiT0BWv5o5up33pkSvNI3uM4Zl5IBpIHnBI0Uvepxx/S6qSEV85Zr1B0ys4M9jJxM1KEDPVe4avbj2gSMolUEK07rhOjlxKFnAo2yXcTzWJCR2TAOoZKEjLtpbObJ/apUfp2EClTEu2Z+nsiJaHW49A3nSHBoV70puJ/XifB4NJLuYwTZJLOFwWJsDGypwHYfa4YRTE2hFDFza02HRJFKJqY8iYEd/HlZdKslN1quXJ3XqxdZ3Hk4BhOoAQuXEANbqEODaAQwzO8wpuVWC/Wu/Uxb12xspkj+APr8wfp25Dx</latexit>

x2
i (t = 0)

<latexit sha1_base64="6+IgYaRY2oh8f0WBy3aKTCXzJ1A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgl6EohePFewHtLFstpt26WYTdidiCf0bXjwo4tU/481/47bNQVsfDDzem2Fmnh8LrtFxvq3cyura+kZ+s7C1vbO7V9w/aOooUZQ1aCQi1faJZoJL1kCOgrVjxUjoC9byRzdTv/XIlOaRvMdxzLyQDCQPOCVopO5Tjz+k1UkZr5zTXrHkVJwZ7GXiZqQEGeq94le3H9EkZBKpIFp3XCdGLyUKORVsUugmmsWEjsiAdQyVJGTaS2c3T+wTo/TtIFKmJNoz9fdESkKtx6FvOkOCQ73oTcX/vE6CwaWXchknyCSdLwoSYWNkTwOw+1wximJsCKGKm1ttOiSKUDQxFUwI7uLLy6RZrbhnlerdeal2ncWRhyM4hjK4cAE1uIU6NIBCDM/wCm9WYr1Y79bHvDVnZTOH8AfW5w/oUZDw</latexit>

x1
i (t = 0)

<latexit sha1_base64="rT/igXRoupryNbzMklTmbIHctD8=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoRgl48RjAPSNYwO5lNhsw+mOkVw5Lf8OJBEa/+jDf/xkmyB00saCiquunu8mIpNNr2t5VbWV1b38hvFra2d3b3ivsHTR0livEGi2Sk2h7VXIqQN1Cg5O1YcRp4kre80c3Ubz1ypUUU3uM45m5AB6HwBaNopO5TTzykzqSMV/Zpr1iyK/YMZJk4GSlBhnqv+NXtRywJeIhMUq07jh2jm1KFgkk+KXQTzWPKRnTAO4aGNODaTWc3T8iJUfrEj5SpEMlM/T2R0kDrceCZzoDiUC96U/E/r5Ogf+mmIowT5CGbL/ITSTAi0wBIXyjOUI4NoUwJcythQ6ooQxNTwYTgLL68TJrVinNWqd6dl2rXWRx5OIJjKIMDF1CDW6hDAxjE8Ayv8GYl1ov1bn3MW3NWNnMIf2B9/gDmx5Dv</latexit>

How can we train such hierarchical networks?



Can we make Hopfield Networks convolutional? 

i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

yµ
<latexit sha1_base64="MBqGlyzIqGNmldRqDP2nGnMPnh8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vZv73SeqNIvlo8kSGgg8lixiBBsr+dlwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBDmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hpq11m0RRxnO4BwuwYNraME9tMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucP8u6Oxg==</latexit>

µ = 1...N2
<latexit sha1_base64="s1kabSiZn95FjWGppL2jHblBfu4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4WnaroBeh6MWTVLAf0C4lm2bb0CS7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29/dLBYUPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg79ZsjqjSL5aMZJzQQuC9ZxAg2Vgo6IkXXyHdd975b6ZbKnuvNgJaJn5My5Kh1S1+dXkxSQaUhHGvd9r3EBBlWhhFOJ8VOqmmCyRD3adtSiQXVQTY7eoJOrdJDUaxsSYNm6u+JDAutxyK0nQKbgV70puJ/Xjs10VWQMZmkhkoyXxSlHJkYTRNAPaYoMXxsCSaK2VsRGWCFibE5FW0I/uLLy6RRcf1zt/JwUa7e5HEU4BhO4Ax8uIQq3EEN6kDgCZ7hFd6ckfPivDsf89YVJ585gj9wPn8AD9qQVQ==</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

softmax(�yµ)
<latexit sha1_base64="DB/1Rv8jNcr8fwFLTyJJYOejVtE=">AAACBHicbVA9SwNBEN2L3/Hr1NJmMQixCXdR0FK0sVQwUcgdYW8zFxd3747dOUk4Utj4V2wsFLH1R9j5b9x8FJr4YODx3gwz86JMCoOe9+2U5uYXFpeWV8qra+sbm+7WdtOkuebQ4KlM9W3EDEiRQAMFSrjNNDAVSbiJ7s+H/s0DaCPS5Br7GYSKdRMRC87QSm13N0DoYWHSGBXrDapBBMhovx2o/KDtVryaNwKdJf6EVMgEl233K+ikPFeQIJfMmJbvZRgWTKPgEgblIDeQMX7PutCyNGEKTFiMnhjQfat0aJxqWwnSkfp7omDKmL6KbKdieGemvaH4n9fKMT4JC5FkOULCx4viXFJM6TAR2hEaOMq+JYxrYW+l/I5pxtHmVrYh+NMvz5JmveYf1upXR5XTs0kcy2SX7JEq8ckxOSUX5JI0CCeP5Jm8kjfnyXlx3p2PcWvJmczskD9wPn8AEBmYVw==</latexit>

A B C

i = 1...N1
<latexit sha1_base64="C3DFVeUC4YssdJJQeR/smmUVNds=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4CkkV9CIUvXiSCvYD2lA22027dLMJuxOhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0ylMOh5387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4Mh7dTv/nEtRGJesRRyoOY9pWIBKNopY64Jj5xXZfcd/1uqey53gxkmfg5KUOOWrf01eklLIu5QiapMW3fSzEYU42CST4pdjLDU8qGtM/blioacxOMZzdPyKlVeiRKtC2FZKb+nhjT2JhRHNrOmOLALHpT8T+vnWF0FYyFSjPkis0XRZkkmJBpAKQnNGcoR5ZQpoW9lbAB1ZShjaloQ/AXX14mjYrrn7uVh4ty9SaPowDHcAJn4MMlVOEOalAHBik8wyu8OZnz4rw7H/PWFSefOYI/cD5/AM+ij5U=</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

yµ
<latexit sha1_base64="MBqGlyzIqGNmldRqDP2nGnMPnh8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4rmLbQhrLZbtqlu5uwuxFC6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vZv73SeqNIvlo8kSGgg8lixiBBsr+dlwINJhtebW3QXQOvEKUoMC7WH1azCKSSqoNIRjrfuem5ggx8owwumsMkg1TTCZ4jHtWyqxoDrIF8fO0IVVRiiKlS1p0EL9PZFjoXUmQtspsJnoVW8u/uf1UxPdBDmTSWqoJMtFUcqRidH8czRiihLDM0swUczeisgEK0yMzadiQ/BWX14nnUbdu6o3Hpq11m0RRxnO4BwuwYNraME9tMEHAgye4RXeHOm8OO/Ox7K15BQzp/AHzucP8u6Oxg==</latexit>

z↵
<latexit sha1_base64="lzrQHBlNYARhHXu/eZwBnwiLj3I=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lMl20y7dbOLuRqihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemRK81jem3HC/AgHkoecorFS+6nXRZEMsVcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGkBBwDO8wpvz4Lw4787HvHXFyWeO4A+czx8lP5AJ</latexit>

softmax(�2yµ)
<latexit sha1_base64="tkEtbydKt9Y3p044ira/wlW81fI=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GITbiLgpZBG0sFo4FcOPY2c8ni7t2xOycJRyob/4qNhSK2/gY7/42bmEITHww83pthZl6YSmHQdb+cufmFxaXlwkpxdW19Y7O0tX1jkkxzaPBEJroZMgNSxNBAgRKaqQamQgm34d35yL+9B21EEl/jIIW2Yt1YRIIztFJQ2vMR+pibJELF+sOKHwKyoEYHga+yw6BUdqvuGHSWeBNSJhNcBqVPv5PwTEGMXDJjWp6bYjtnGgWXMCz6mYGU8TvWhZalMVNg2vn4jSE9sEqHRom2FSMdq78ncqaMGajQdiqGPTPtjcT/vFaG0Wk7F3GaIcT8Z1GUSYoJHWVCO0IDRzmwhHEt7K2U95hmHG1yRRuCN/3yLLmpVb2jau3quFw/m8RRILtkn1SIR05InVyQS9IgnDyQJ/JCXp1H59l5c95/WuecycwO+QPn4xtLKJj8</latexit>

softmax(�3z↵)
<latexit sha1_base64="mwZOb9saVoREx3SHrGe20c1M1ic=">AAACCXicbVA9SwNBEN3z2/gVtbRZDII24c4IWoo2lgrGBHLhmNvMmcW9D3bnxHiktfGv2FgoYus/sPPfuIkpNPHBwOO9GWbmhZmShlz3y5manpmdm19YLC0tr6yuldc3rkyaa4F1kapUN0MwqGSCdZKksJlphDhU2AhvTgd+4xa1kWlySb0M2zFcJzKSAshKQZn7hHdUmDSiGO76u36IBEGN3wc+qKwLe0G54lbdIfgk8UakwkY4D8qfficVeYwJCQXGtDw3o3YBmqRQ2C/5ucEMxA1cY8vSBGI07WL4SZ/vWKXDo1TbSogP1d8TBcTG9OLQdsZAXTPuDcT/vFZO0VG7kEmWEybiZ1GUK04pH8TCO1KjINWzBISW9lYuuqBBkA2vZEPwxl+eJFf7Va9W3b84qByfjOJYYFtsm+0yjx2yY3bGzlmdCfbAntgLe3UenWfnzXn/aZ1yRjOb7A+cj2+bzppA</latexit>

softmax(�2yµ)
<latexit sha1_base64="tkEtbydKt9Y3p044ira/wlW81fI=">AAACBnicbVA9SwNBEN3zM8avqKUIi0GITbiLgpZBG0sFo4FcOPY2c8ni7t2xOycJRyob/4qNhSK2/gY7/42bmEITHww83pthZl6YSmHQdb+cufmFxaXlwkpxdW19Y7O0tX1jkkxzaPBEJroZMgNSxNBAgRKaqQamQgm34d35yL+9B21EEl/jIIW2Yt1YRIIztFJQ2vMR+pibJELF+sOKHwKyoEYHga+yw6BUdqvuGHSWeBNSJhNcBqVPv5PwTEGMXDJjWp6bYjtnGgWXMCz6mYGU8TvWhZalMVNg2vn4jSE9sEqHRom2FSMdq78ncqaMGajQdiqGPTPtjcT/vFaG0Wk7F3GaIcT8Z1GUSYoJHWVCO0IDRzmwhHEt7K2U95hmHG1yRRuCN/3yLLmpVb2jau3quFw/m8RRILtkn1SIR05InVyQS9IgnDyQJ/JCXp1H59l5c95/WuecycwO+QPn4xtLKJj8</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

µ = 1...N2
<latexit sha1_base64="s1kabSiZn95FjWGppL2jHblBfu4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4WnaroBeh6MWTVLAf0C4lm2bb0CS7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29/dLBYUPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHg79ZsjqjSL5aMZJzQQuC9ZxAg2Vgo6IkXXyHdd975b6ZbKnuvNgJaJn5My5Kh1S1+dXkxSQaUhHGvd9r3EBBlWhhFOJ8VOqmmCyRD3adtSiQXVQTY7eoJOrdJDUaxsSYNm6u+JDAutxyK0nQKbgV70puJ/Xjs10VWQMZmkhkoyXxSlHJkYTRNAPaYoMXxsCSaK2VsRGWCFibE5FW0I/uLLy6RRcf1zt/JwUa7e5HEU4BhO4Ax8uIQq3EEN6kDgCZ7hFd6ckfPivDsf89YVJ585gj9wPn8AD9qQVQ==</latexit>

� = 1...N3
<latexit sha1_base64="JZfFxTbzWMgbQSJt7GHh1eZK5KY=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0haQS9C0YsnqWBtoQ1hst20SzebsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5oUpZ0q77rdVWlvf2Nwqb1d2dvf2D+zDoyeVZJLQFkl4IjshKMqZoC3NNKedVFKIQ07b4eh25rfHVCqWiEc9Sakfw0CwiBHQRgpsuwc8HQK+xp7jOPdBPbCrruPOgVeJV5AqKtAM7K9ePyFZTIUmHJTqem6q/RykZoTTaaWXKZoCGcGAdg0VEFPl5/PLp/jMKH0cJdKU0Hiu/p7IIVZqEoemMwY9VMveTPzP62Y6uvJzJtJMU0EWi6KMY53gWQy4zyQlmk8MASKZuRWTIUgg2oRVMSF4yy+vkqea49Wd2sNFtXFTxFFGJ+gUnSMPXaIGukNN1EIEjdEzekVvVm69WO/Wx6K1ZBUzx+gPrM8fwvmRyQ==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

cin
<latexit sha1_base64="HRRBJ9cxe0CZmdTyLNgU8apr5e4=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY0kxmSO2IZ+hluXCji1q9x59+YtrPQ1gOBwzn3kntOkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ilLuv3kD9hJtS0X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzkKTmzyoCEsbZPIZmrvzcyGhkziQI7GVEcmWVvJv7ndVMMr32bJ0mRK7b4KEwlwZjM8pOB0JyhnFhCmRb2VsJGVFOGtqWSLcFbjrxKWrWqd1Gt3V9W6jd5HUU4gVM4Bw+uoA530IAmMIjhGV7hzUHnxXl3PhajBSffOYY/cD5/ANehkZ4=</latexit>

cout
<latexit sha1_base64="aBtDGgQIJbJRxRcPZEnbKCKbpGU=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A/oLiWbpm1oNlmSiViW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvTgU34PvfXmFtfWNzq7hd2tnd2z8oHx61jLKasiZVQulOTAwTXLImcBCsk2pGkliwdjy+nfntR6YNV/IBJimLEjKUfMApASeFtBcCe4JMWZj2yhW/6s+BV0mQkwrK0eiVv8K+ojZhEqggxnQDP4UoIxo4FWxaCq1hKaFjMmRdRyVJmImy+c1TfOaUPh4o7UoCnqu/JzKSGDNJYteZEBiZZW8m/ud1LQyuo4zL1AKTdLFoYAUGhWcB4D7XjIKYOEKo5u5WTEdEEwouppILIVh+eZW0atXgolq7v6zUb/I4iugEnaJzFKArVEd3qIGaiKIUPaNX9OZZ78V79z4WrQUvnzlGf+B9/gDE9ZIp</latexit>
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<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

}
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Z
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N3
<latexit sha1_base64="O7iYOI2X+rYYrmBeFcgAHvBpmWk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmgh6DXjxJRPOAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWjzhOuB/RgRKhYBSt9HDXq/aKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arlyf1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHz/uNfA==</latexit>

 
<latexit sha1_base64="T32n3jwRd7ziP2podiueZUAVG6g=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUBnKJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJEsG1cZxvtLa+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1A6KZ4JK1DDeCdRPFSBQI1gnGd7nfmTCleSwfzTRhfkSGkoecEmMl34uIGQVh5jU1n/UrVafmzIFXiVuQKhRo9itf3iCmacSkoYJo3XOdxPgZUYZTwWZlL9UsIXRMhqxnqSQR0342Dz3D51YZ4DBW9kmD5+rvjYxEWk+jwE7mIfWyl4v/eb3UhDd+xmWSGibp4lCYCmxinDeAB1wxasTUEkIVt1kxHRFFqLE9lW0J7vKXV0m7XnMva/WHq2rjtqijBKdwBhfgwjU04B6a0AIKT/AMr/CGJugFvaOPxegaKnZO4A/Q5w8W7pJO</latexit>  T

<latexit sha1_base64="fmfXnTFGMyG1H2lo653a4EtVMco=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0GXRjcsKfUETy2Q6aYdOJmFmItTQL3HjQhG3foo7/8ZJm4W2Hhg4nHMv98wJEs6Udpxva219Y3Nru7RT3t3bP6jYh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaT29zvPlKpWCxaeppQP8IjwUJGsDbSwK54EdbjIMy8pmIPrdnArjo1Zw60StyCVKFAc2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ2VvVTRBJMJHtG+oQJHVPnZPPgMnRlliMJYmic0mqu/NzIcKTWNAjOZx1TLXi7+5/VTHV77GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTYluMtfXiWdes29qNXvL6uNm6KOEpzAKZyDC1fQgDtoQhsIpPAMr/BmPVkv1rv1sRhds4qdY/gD6/MH8SaTRQ==</latexit>
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and the corresponding activation functions can be computed using definition (3). With these notations
the general dynamical equations (1) reduce to
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where the activation function f(·) is a softmax along the channel dimension µ̃, p(·) is a softmax
along the dimension of vector Z, and conv2d_T is a 2d transposed convolution [11]. Assuming that
the input images have the size L ⇥ L and the feature maps in the first convolutional layer have the
size L̃ ⇥ L̃, the dimensions of all the tensors in the above equations are given by

X : [L, L, cin]
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The expression for the energy function for this model with convolutional layers can be derived by
substituting definitions (12) into the general expression (4). I will write it in the adiabatic limit, so
that ⌧1 � ⌧2 � ⌧3, and assuming that ⌧3 = 0 so that the neurons in the top layer instantaneously
react to the inputs from the second layer. In this case the equation for Z↵ can be analytically solved.
In this limit the energy function (4) reduces to
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x̃,ỹ,µ̃

f
�
�2Yx̃,ỹ,µ̃
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Note, that although matrix  does not appear explicitly in this expression, the energy function
implicitly depends on it through the dynamical variables. This energy function is guaranteed to
decrease on the dynamical trajectory described by the equations (13).

Matrix � is sparse (mostly white) and encodes the assembling rules, matrix ⇠ encodes primitives that
are used for assembling the memories of digits.

Having the general formalism for network with generic connectivity (1, 4), and the 3-layer example
explicitly written in terms of convolutional arithmetic it is straighforward to stack an arbitrary large
number of convolutional and dense layers on top of each other and write down the equations for the
dynamics and the energy functions for those deeper models.

4 Conclusions

The main contributions of this work are the following: I propose a family of recurrent neural networks
that have both feedforward and feedback connections and an associated energy function that decreases
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�
conv2d

h
X,⌅, s

i

x̃,ỹ,µ̃
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Figure 2: (A) Modern Hopfield Network with one hidden layer. The output of the input layer is a
linear function, the output of the hidden layer is a softmax with inverse temperature �. (B) HAM
network with two hidden layers. The output of the input layer is a linear function, the output of the
second layer is a softmax with inverse temperature �2, the output of the third layer is a softmax with
inverse temperature �3. (C) Convolutional HAM model with two hidden layers (convolutional and
dense).

violated it is impossible to derive an energy function, and, for this reason, the network can have more
complicated dynamical trajectories than simple fixed-point attractors.

In the additive limit the Hessian in equation (9) becomes a diagonal matrix. The condition of positive
semi-definiteness reduces to the requirement that the activation functions are monotonically growing.
Thus, in this simple limit the HAM model reduces to the model studied in [7].

3.1 Hierarchical Time Scales, Adiabatic Limit

Fixed points of the dynamical equations (5) and the energy function (8) are independent of the time
constants ⌧A. Thus, for a given set of weights the network will eventually arrive at the same fixed
point (if the same initial conditions are given) regardless of the specific values of the time constants.
At the same time, the dynamical trajectories (how the network arrives at that fixed point) can strongly
depend on the choice of the time constants.

Consider for example a self-supervised task, so that at the initial moment of time t = 0 a noisy input
is presented to the network, and the network has to remove the noise from the input as dynamics
progresses. A possible way to solve this task is to initialize the input layer with the noisy input, and
the hidden layers with zeros. Then let the network evolve with time until a fixed point is reached, and
adjust the weights so that the activities of neurons in the input layer at the fixed point match the initial
uncorrupted input. In order for this network to operate as an associative memory, the information
about the initial condition, noisy input presented at t = 0 to the input layer, should have enough
time to propagate through all the hidden layers. For this reason, it is convenient to assume that the
dynamics of the hidden neurons in higher layers is always faster than the dynamics of the neurons in
the lower layers, so that

⌧1 � ⌧2 � ... � ⌧Nlayer (12)

In physics jargon the input neurons evolve in time adiabatically (slowly) so that for every state of the
input neurons hidden neurons have enough time to equilibrate. In most situations, see examples in
the next section, it even makes sense to assume that the neurons in the top layer are instantaneously
adjusting to the signals from the layer below, so that ⌧Nlayer = 0 (or very small). In this limit the
expressions for the energy function can be simplified.
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As always, the starting point is the choice of the Lagrangian functions, which fully determine the
dynamical equations and the energy function. They are given by
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log

✓ X

µ̃

e�2Yx̃,ỹ,µ̃
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and the corresponding activation functions can be computed using the definition (7). While the
equations for L1 and L3 are very similar to the dense case from the previous section, the equation
for L2 is different (notice the arrangement of summations). With this choice of the Lagrangian the
softmax activation is taken at every position in the feature map plane Y with respect to the channels.
Thus at every position the channels (or filters corresponding to different channels) compete with each
other. With these notations the general dynamical equations (5) reduce to
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where the activation function f(·) is a softmax along the channel dimension µ̃, p(·) is a softmax
along the dimension of vector Z, and conv2d_T is a 2d transposed convolution [23]. Assuming that
the input images have the size L ⇥ L and the feature maps in the first convolutional layer have the
size L̃ ⇥ L̃, the dimensions of all the tensors in the above equations are given by

X : [L, L, cin]

Y : [L̃, L̃, cout], with L̃ =
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The expression for the energy function for this model with convolutional layers can be derived by
substituting definitions (20) into the general expression (8). I will write it in the adiabatic limit, so
that ⌧1 � ⌧2 � ⌧3, and assuming that ⌧3 = 0 so that the neurons in the top layer instantaneously
react to the inputs from the second layer. In this case the equation for Z↵ can be analytically solved,
and the energy function (8) reduces to

E =
1

2

X

x,y,µ

X2
x,y,µ +

X

x̃,ỹ,µ̃
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Note, that although matrix  does not appear explicitly in this expression, the energy function
implicitly depends on it through the dynamical variables. This energy function is guaranteed to
decrease on the dynamical trajectory described by the equations (21).

Having derived the general formalism for networks with arbitrary large depth (5, 8), and the 3-layer
example explicitly written in terms of convolutional arithmetic it is straightforward to stack an
arbitrary large number of convolutional or dense layers on top of each other and write down the
equations for the dynamics and the energy functions for those deeper models.

Pooling Layer. It is also possible to introduce an average pooling operation (but not max-pooling).
The logic is similar to the convolutional layer, and the relationship between conv2d and conv2d_T
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where the activation function f(·) is a softmax along the channel dimension µ̃, p(·) is a softmax
along the dimension of vector Z, and conv2d_T is a 2d transposed convolution [23]. Assuming that
the input images have the size L ⇥ L and the feature maps in the first convolutional layer have the
size L̃ ⇥ L̃, the dimensions of all the tensors in the above equations are given by
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The expression for the energy function for this model with convolutional layers can be derived by
substituting definitions (20) into the general expression (8). I will write it in the adiabatic limit, so
that ⌧1 � ⌧2 � ⌧3, and assuming that ⌧3 = 0 so that the neurons in the top layer instantaneously
react to the inputs from the second layer. In this case the equation for Z↵ can be analytically solved,
and the energy function (8) reduces to

E =
1

2

X

x,y,µ

X2
x,y,µ +

X

x̃,ỹ,µ̃

Yx̃,ỹ,µ̃f
�
�2Yx̃,ỹ,µ̃

�
� 1

�2

X

x̃,ỹ

log

✓ X

µ̃

e�2Yx̃,ỹ,µ̃

◆

� 1

�3
log

✓ X

↵

e�3Z↵

◆
�

X

x̃,ỹ,µ̃

f
�
�2Yx̃,ỹ,µ̃

�
conv2d

h
X,⌅, s

i

x̃,ỹ,µ̃

(23)

Note, that although matrix  does not appear explicitly in this expression, the energy function
implicitly depends on it through the dynamical variables. This energy function is guaranteed to
decrease on the dynamical trajectory described by the equations (21).

Having derived the general formalism for networks with arbitrary large depth (5, 8), and the 3-layer
example explicitly written in terms of convolutional arithmetic it is straightforward to stack an
arbitrary large number of convolutional or dense layers on top of each other and write down the
equations for the dynamics and the energy functions for those deeper models.

Pooling Layer. It is also possible to introduce an average pooling operation (but not max-pooling).
The logic is similar to the convolutional layer, and the relationship between conv2d and conv2d_T

9
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ABSTRACT

We introduce a modern Hopfield network with continuous states and a correspond-
ing update rule. The new Hopfield network can store exponentially (with the
dimension of the associative space) many patterns, retrieves the pattern with one
update, and has exponentially small retrieval errors. It has three types of energy
minima (fixed points of the update): (1) global fixed point averaging over all pat-
terns, (2) metastable states averaging over a subset of patterns, and (3) fixed points
which store a single pattern. The new update rule is equivalent to the attention
mechanism used in transformers. This equivalence enables a characterization of
the heads of transformer models. These heads perform in the first layers preferably
global averaging and in higher layers partial averaging via metastable states. The
new modern Hopfield network can be integrated into deep learning architectures
as layers to allow the storage of and access to raw input data, intermediate results,
or learned prototypes. These Hopfield layers enable new ways of deep learning,
beyond fully-connected, convolutional, or recurrent networks, and provide pooling,
memory, association, and attention mechanisms. We demonstrate the broad appli-
cability of the Hopfield layers across various domains. Hopfield layers improved
state-of-the-art on three out of four considered multiple instance learning problems
as well as on immune repertoire classification with several hundreds of thousands
of instances. On the UCI benchmark collections of small classification tasks, where
deep learning methods typically struggle, Hopfield layers yielded a new state-of-
the-art when compared to different machine learning methods. Finally, Hopfield
layers achieved state-of-the-art on two drug design datasets. The implementation is
available at: https://github.com/ml-jku/hopfield-layers

1 INTRODUCTION

The deep learning community has been looking for alternatives to recurrent neural networks (RNNs)
for storing information. For example, linear memory networks use a linear autoencoder for sequences
as a memory (Carta et al., 2020). Additional memories for RNNs like holographic reduced represen-
tations (Danihelka et al., 2016), tensor product representations (Schlag & Schmidhuber, 2018; Schlag
et al., 2019) and classical associative memories (extended to fast weight approaches) (Schmidhuber,
1992; Ba et al., 2016a;b; Zhang & Zhou, 2017; Schlag et al., 2021) have been suggested. Most
approaches to new memories are based on attention. The neural Turing machine (NTM) is equipped
with an external memory and an attention process (Graves et al., 2014). Memory networks (Weston
et al., 2014) use an argmax attention by first mapping a query and patterns into a space and then
retrieving the pattern with the largest dot product. End to end memory networks (EMN) make this
attention scheme differentiable by replacing argmax through a softmax (Sukhbaatar et al., 2015a;b).
EMN with dot products became very popular and implement a key-value attention (Daniluk et al.,
2017) for self-attention. An enhancement of EMN is the transformer (Vaswani et al., 2017a;b) and its
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Rolls, E.T. The storage and recall of memories in the hippocampo-cortical system. Cell Tissue Res 373, 577–604 (2018)
Dostrovsky 1971). Place cells are found in regions CA3 and
CA1 (with smaller place fields in the dentate granule cells;
Neunuebel and Knierim 2012; see Fig. 2a for the architecture

of the hippocampus). The representation is allocentric (as
contrasted with egocentric) in that the neurons fire whenever
the rat is in the place field, typically independently of the head
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RELATING TRANSFORMERS TO MODELS AND NEURAL
REPRESENTATIONS OF THE HIPPOCAMPAL FORMATION

James C.R. Whittington⇤

University of Oxford & Stanford University
Joseph Warren, Timothy E.J. Behrens
University of Oxford & University College London

ABSTRACT

Many deep neural network architectures loosely based on brain networks have re-
cently been shown to replicate neural firing patterns observed in the brain. One
of the most exciting and promising novel architectures, the Transformer neural
network, was developed without the brain in mind. In this work, we show that
transformers, when equipped with recurrent position encodings, replicate the pre-
cisely tuned spatial representations of the hippocampal formation; most notably
place and grid cells. Furthermore, we show that this result is no surprise since
it is closely related to current hippocampal models from neuroscience. We addi-
tionally show the transformer version offers dramatic performance gains over the
neuroscience version. This work continues to bind computations of artificial and
brain networks, offers a novel understanding of the hippocampal-cortical interac-
tion, and suggests how wider cortical areas may perform complex tasks beyond
current neuroscience models such as language comprehension.

1 INTRODUCTION

The last ten years have seen dramatic developments using deep neural networks, from computer
vision (Krizhevsky et al., 2012) to natural language processing and beyond (Vaswani et al., 2017).
During the same time, neuroscientists have used these tools to build models of the brain that explain
neural recordings at a precision not seen before (Yamins et al., 2014; Banino et al., 2018; Whitting-
ton et al., 2020). For example, representations from convolutional neural networks (Lecun et al.,
1998) predict neurons in visual and inferior temporal cortex (Yamins et al., 2014; Khaligh-Razavi &
Kriegeskorte, 2014), representations from transformer neural networks (Vaswani et al., 2017) predict
brain representations in language areas (Schrimpf et al., 2020), and lastly recurrent neural networks
(Cueva & Wei, 2018; Banino et al., 2018; Sorscher et al., 2019) have been shown to recapitulate
grid cells (Hafting et al., 2005) from medial entorhinal cortex. Being able to use models from ma-
chine learning to predict brain representations provides a deeper understanding into the mechanistic
computations of the respective brain areas, and offers deeper insight into the nature of the models.

As well as using off-the-shelf machine learning models, neuroscience has developed bespoke deep
learning models (mixing together recurrent networks with memory networks) that learn neural rep-
resentations that mimic the exquisite spatial representations found in hippocampus and entorhinal
cortex (Whittington et al., 2020; Uria et al., 2020), including grid cells (Hafting et al., 2005), band
cells (Krupic et al., 2012), and place cells (O’Keefe & Dostrovsky, 1971). However, since these
models are bespoke, it is not clear whether they, and by implication the hippocampal architecture,
are capable of the general purpose computations of the kind studied in machine learning.

In this work we 1) show that transformers (with a little twist) recapitulate spatial representations
found in the brain; 2) show a close mathematical relationship of this transformer to current hip-
pocampal models from neuroscience (with a focus on Whittington et al. (2020) though the same is
true for Uria et al. (2020)); 3) offer a novel take on the computational role of the hippocampus, and
an instantiation of hippocampal indexing theory (Teyler & Rudy, 2007); 4) offer novel insights on
the role of positional encodings in transformers. 5) discuss whether similar computational principles
might apply to broader cognitive domains, such as language, either in the hippocampal formation or
in neocortical circuits.

⇤Correspondence to: jcrwhittington@gmail.com
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Figure 1: (a) Sequence prediction in spatial navigation tasks test abstract spatial understanding since
some sensory predictions can only be done by knowing (generalising) certain rules e.g. North +
East + South + West = 0 or Parent + Sibling + Niece = 0. Note, we use sequences drawn
from much larger graphs. (b) Transformer with recurrent position encodings. (c) Real grid cell
rate-maps (Hafting et al., 2005). (d-f) Learned position embedding rate-maps (i.e. average activity
at each spatial location; plots are spatially smoothed). (d-e) Resembling grid cells with (e) linear
activation or (e) ReLu activation post transition. (f) Resembling band cells (Krupic et al., 2012).

x5 = cat. For simplicity, we treat sensory observations as one-hot vectors, thus the prediction
problem is a classification problem.

When faced with an unseen stimulus-action pair (e.g. x4 = pig, a4 = West above; an action you
have never taken at that stimulus before), successful prediction requires more than just remembering
specific sequences of stimulus-action pairs; knowledge of the rules of space must be known; i.e.
North + East + South + West = 0 allows prediction of x5 = cat. Crucially, such rules
generalise to any 2D spaces and may therefore be transferred to aid prediction in entirely novel
2D environments. This is powerful, since unobserved relations between observed stimuli can be
inferred in a zero-shot manner.

However, these relational rules are not ‘known’ a priori and therefore must be learnt. We therefore
train across multiple different spatial environments which share the same underlying 4-connected
Euclidean structure (Figure 1a) - this means the model must learn and generalise the abstract struc-
ture of space to use for prediction in new environments.

To perform on these tasks, the three modifications to the transformer are:

1. Recall equation 1; yt = softmax(qtK
T

p
dk

)V , where Q = HWq , K = HWk, V =

HWv , and H is a matrix of inputs and position encodings (i.e. its rows are ht = [xt, et]).
We restrict these weight matrices such that queries (Q) and keys (K) are the same; Q, K =
EWe. We refer to this matrix as Ẽ. Thus the keys and queries only focus on position
encodings. Meanwhile, values are exclusively dependent on the stimulus component of H

i.e. V = XWx. We refer to this matrix as X̃ .

yt = softmax(
qtK

T

p
dk

)V ! yt = softmax(
ẽtẼ

T

p
dk

)X̃ (2)

This is an extreme version of the realisation that, in transformers, best performance is when
position encodings are used to compute keys and queries, but not values.

2. We use causal transformers; the key and value matrices contain the projected position en-
codings and sensory stimuli respectively at all previous time-steps (i.e. e<t and x<t).
This is equivalent to causal ‘unmasking’ as the agent wanders the environment accumu-
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Figure 5: TEM-Transformer neural architecture. (a) Krotov & Hopfield (2020) describe a neu-
rally plausible architectural instantiation the ‘Hopfield networks is all you need’ with a separation
between ‘feature’ neurons (i.e. h) and memory neurons (i.e. softmax(qtK

T ). (b-c) This can be
extended for TEM-t, but now the feature neurons are not all updated simultaneously, but only those
across brain regions. (d) Memory neurons resemble hippocampal place cells and (e) remap ran-
domly across environments. (f) A possible architecture where cortical neurons project to feature
neurons in hippocampus which in turn project to memory neurons in hippocampus. (g) Additional
brain regions can be included easily in this architecture with minimal increase in hippocampal neu-
ron number.

neurons are updated (in turn updating x in LEC). In this vein, hippocampal memories link together
cortical representations in potentially disparate brain areas. Thus TEM-t instantiates hippocampal
indexing theory (Teyler & Rudy, 2007), which states that hippocampus provides an index that binds
together cortical patterns across different brain regions.

The randomly remapping place cells described one paragraph ago cannot be the full picture since we
know that place cell remapping is not random; instead individual place cells preferentially remap to
locations consistent particular grid cell firing (as predicted by conjunctive memory cells p in TEM
and verified experimentally in Whittington et al. (2020)). However another mechanism for this
phenomena born from TEM-t could be as follows. Should the feature neurons exist in hippocampus
(Figure 5F) then there will be hippocampal spatial cells g̃ that maintain their relationship to grid
cells across different environment (as they are inherited from g via a projection g̃ = gWg). Thus
across the population of hippocampal cells, there will be those that maintain their relationship to
grid cells (e.g. g̃ and those that don’t (e.g. memory neurons and x̃), but the population effect will
exist, just like what is experimentally observed.

As a note, the particular relationship of our model to the model of Krotov & Hopfield (2020), is
what they refer to as a ‘type B’ model. These are models with contrastive normalisation on the
memory neurons (via a softmax in our case), as opposed to ‘type B’ models which have a power
activation function on the memory neurons. TEM (left hand side of Equation 11) corresponds to a
linear activation function on the memory neurons, and is directly analogous to the original Hopfield
energy. Secondly, the notion that there are two types of feature neurons that can be bound together in
the same memory, was explored in Krotov & Hopfield (2016) where pixel intensities were associated
with labels of those images. In TEM-t, one of the feature vectors, g, is learned via a RNN and
structures itself according to the underlying task structure.

As an additional aside, we note that Krotov & Hopfield (2020) architectures does not solve the
scaling problem of conventional Hopfield networks; the number of memories that original Hopfield
networks could store scaled linearly with the dimensionality of the recurrent attractor network (Amit
et al., 1985). While recent analytical work has shown with exponential power activation functions,
the number of memories that can be stored to scale as 2

N
2 , where N is the dimensionality of the

feature neurons (Demircigil et al., 2017). This is a considerably more favourable scaling. However,
unfortunately the architecture from Krotov & Hopfield (2020) instead requires a growing number of
memory neurons (one for each memory), so the number of memories is still linear with the number
of neurons! We note that mathematically derived scaling law was for an exponential activation
function, not with a softmax as we use here.
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Conclusions
• Modern Hopfield Networks have a large memory storage 

capacity, which scales significantly faster than linearly as 
a function of the number of feature neurons. 

• MHN can be both continuous and binary. 

• The easiest way to mathematically describe these 
networks is through the Lagrangian function.  

• MHN can have many hidden layers with hierarchical 
representations. 

• MHN can have structural architecture, with convolutions, 
attention, average pooling, etc. 


