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For details ( inthe Arkiv since october 2021) :

«Rdionolcongigurolions in V3smgaces and simply -
Connected pg= 1 superespor K

? 1
, 2,3, 4, §,6,7, 8,9

»

( joint with Javier Reyes)

Preliminares !

• A K3 surgoce is a nonsüugulor projective
Complex surface which is simply- connected
and the canonical class is trivial

.

Exomples :
• nonsimgulor hypersurgoces in PZ of degree 4
( e. g . { ✗"+ y

" + z
"
+ W
"
= o } )

• Doble covers og P} bronched dong on
sentir ( e. g. when sextio is formed by
tuo adsics

, producimos con elhptie qhrotion )

• A 1-m) - aime MC ✗ = nousuigulorproj . surface
is a PI such that M . M = - m .

Examples :
• Sn the blow- up of a point a C-1) - Curve
is contactad

.

• The only l- m) - Curves in a K3 surface
are (-2 ) - Curves .



• A Chain of PI is

-by - ba - b
,

• • •

-be, - b
,

C thoushiugulor
surface

Mein example : Jg esq < m orecopiune , then

3- = bi
-bfg =:[bss . . .

>
be]

"
-be

when bi > 2 ti (Hirzebruch - Jung cont. . póct.) .
Then

,

-by - ba - b
,

• • •

-be, - b
,

→ •
singular

1m47) point

when 1m49) is the geum at (go) ogtheguolieut
of E by E- E , cripto (343%7)
with y primitivo mthrootog 1 . ( c. g. 1.)



• A Wahl singularity is a c. g. s . ogtype ¥1 , na
- 1)

when o< a < n are copiarme . A wohl chain
is the chain of PI epomthewunimol resolution .

Example : 1%(1,21-1)=4111,1) is the smallest
Wohl suiguloiuty , when 1- = El] .

All wahl chains can be constructo pour [4] . . .

✓[4] [bn , . . .

, bs] ✓ ✓
Y

[+5,2] • [Z, b , , . . , bs - , , bst1]
← →

[6/2,2] [2/5,3] •[britt ,br , . . , bs , 2]

← \. ← \.
✓

[7/32,2] [2,6>2,3] 13,5,3,2] [2,2, 5,4]

: : : :

Wohl süugulaities are the c. q. s . which
admita smoothimg whose Mirror ejlser
has and Betti member equalto zero.
•

Y
- "

¥ -¥: - . . .

End og preliminares !



×
.lsiutobeenonsiug. wohlchoins

projectivesurgoce)

µ
(controctionogwohl

(coutroctionog chains )
anti) - curves) #

•

¥.io?--w(singdorproj.smg)
v :( Ii) kwóuplelkwgiven

19
7 } PglwtuomtS

qcwz) "

I.
Infames

szmpeeclie
%??

smoothing smoothingelwt)

www..fm?!:iii-rwlirthno & exotic & surgocesogt
estructuras genaaltype

Anomgement
ogrotiouolcurves
( = +(wohlchoins> =/ ¢ )



✗ ] -- - - u Y
-2

.

-

-2 -4
-4 ⇒

-3

Ti
,

!

HHHo
K

u

✗ •
•

Aa
•

4 4

☐,

B
, Bas

• (8)%Í Wkwomple
1 \ q

Kui - 2

ConfigurationS Complexsurgocesof
ogtz- ames genaaltypewith(AKB surface)

pg-1,4=1 > K£-2



A brig historical occouut : (missingmany nones here!!!)
- J

.
Wahl 11981) and simg . ñrthsmoottuiuep µ= o .

- Kollór - Shepherd - Barron (1988) : use og Moritheouy
to define compoctyrcotion ognroduliogsurgoces
and Day ( Inuit) ) via P- resolution .

- Fintushel- Stern (1997) : Ridiomd blow- down [5.Park (1997)] .

- M
.
Manetti (2001) : Components ogmoduliiothgxeddiggtype .

- J . Park (2005) : Exotic CIIPZ# 7-EPI .
- J

. Park (2007) : Exotic 368211=8GET .
- Y

.
Lee - 3.Park (2007) : T, = 1 , pero , K?2 surf . gen. .Type

- Lee- Pork- H .Pork-D
.
Shin -et : Many others for pg=0,1 ,

Horikawa
,
etc

.

- P.Hacking - Itevelev - - 12013) : MMP and other developments .

- ETC
,
etc . . .



TÚ , Pá Mi

Saki ,
. . .

, % } CS =K3smsoce.f.jp/-SNConomgementog1P1conly
Hodes !

At just , what can we soy about the onongement
in relotion to our goal W ?

r = # C-2)- Curves

tz = # og modas
P = # Wahl Chains = #singularis inW
KZ = KZW

Then one con show :

21-2 _ zr = 4-2 = 2K 2 (1st logchan#)

24 + tz - Zr = Iz = 24 - P - K
?

(2nd log chan#)

K2 f 14 - 15-(312-2) ( log BMY inequdity )

and so : r = Pt 2K
'

tz = 3K
?
+P

High K
?
⇒ high EYE , r , ta and KZE 13

Te ensene complex degounotions by no local-to- global
destruction we need { r, , . . .

,Mr } independent inthe
Neron- Severi group

⇒ Picard numdserog y r =P+ 2K
'

K3 smgoce



Then KZ E 9 in this Case
,
since PIK3) S 20

.

Hence increosimg KZ malos the ouaugemeut and the
K3 surface more special .
CAUTION ! Existence og the ouaugerneut in a K3surgoce
aloes not guaron.tn the existence og a W .

What is the rightcombinatorios for
splines in K3 sensores ?

I. e. given K2 and P
,
which are the onougemeuts

og SNC spheres (or more general !) which
produce W úrth Kw ample , kwa = KZ, Pwohlsing?

We do not know on omnes
,
but :

• we have an algorithm to do computer searchers
( J . Reyes) , and we have goundthousonds og
exomples with several particular properties .

• Jn papers , there is a jungle of example
of ICE#MEAT and 3AM# MCITPZ with exotic
structure

,
butmany not from Rat. blow

-downs
and stillson how m '

s are missing .



¥ :(Javier Reyes , - 2021) (inthe arxiv)
1-W with KZW = 1,213,45 , 6,7, 8,9 which produce
(20-242) - dimensional gomilies ognousimgulos
projective virgenes og generalType with ample
canonical class

, pg= 1 and it, = 1 .
Jn particular

they produce 3er# (19- KZ) EM with Complex structure .

observations
.

• For K2= 7,9 there were NO eeoruples .

• Fork? 8 there was No such goimly .

• cosa KE 9 shows a. moduli space which is
a surface !

• we got dromotviallytoomouyexomples ,
diggiculttoonahyzealloyttrem!

• Frecuentes we seethat one cougiguraution
produce moretón 1 W with same invariantes .

• me closetheunobstmcteol rouge !
• Forthistheorern

, allcougigurahous me use
come from one configuration with 32 C-2)- curvas

.
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Teorema? (JavierReyes, _ 2021) (notovialobleyet)
-

I W with Kaw = 10, 11,12 and Kw ample
Yproducimos exotic 31cm# 98,7 CITY
TE

observations :
.

• we have goundveuygeurincompáuson
( soy between to and so example for each ! )

• Agoin , soma conguguratious produce momy .
Ju KZ= 12

, we
have one onaugeureut whichA-267721

produces 4 dislinctexomples !1=27
• For SNC we have the bound 13 but

imposible so for . More general amenazamentes produce no BMY bound for K?
• ] 3ER# M EPZ gor m

= 6
, 5,4 ( Akhnredooe, Park

(2010) (2008) ; Boylan- Kostanay (2017) me6) no
→ not blow- down here

. Not known : m = 3,2 ,
1

Huygens ! ( k' = 16,17, 18)
°

Aport : For GIP
?
#MOTI we have m= 4 vio procesos obove .

Agoin , M= 3,2 are also known by morbus
anormal 2008-2011 (veuygeur! ) . m-I.is slill

open .

Show ART
.


