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Hirzerbruch surfaces

We define the symplectic form ωλ on S2ˆS2 as ωλ :“ λσ‘σ where
σ is the standard symplectic form on S2.Similarly, for CP2#CP2, we
define an analogous form ωλ which gives area 1 to the fibers and area
λ´1 to symplectic sections of self-intersection ´1.
Consider the complex submanifold of CP1ˆCP2 defined by

Wm :“
 

prx1,x2s , ry1,y2,y3sq P CP1ˆCP2 | x1
my2´ xm

2 y1 “ 0
(

Each Wm is equipped with a integrable almost complex structure Jm

When m is even, we can endow CP1ˆCP2 with the symplectic form
pλ´ m

2 qω1‘ω2 and restricting this symplectic form to Wm makes it a
symplectic manifold. We can analogously define the form
pλ´ m`1

2 qω1‘ω2 when m is odd.
Wm endowed with these forms are symplectomorphic to pS2ˆS2,ωλq

when m is even or to pCP2#CP2,ωλq when m is odd.
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Wm admits a holomorphic toric action T2
m given by

pu,vq ¨ prx1,x2s , ry1,y2,y3sq “ prux1,x2s , rumy1,y2,vy3sq

On S2ˆS2, when m ď r2λs´1 these Tm actions are hamiltonian and
Kähler with respect to the the complex structure Jm and symplectic
form ωλ
These integers m characterise all T2 hamiltonian actions on S2ˆS2

and CP2#CP2.
Every hamiltonian circle action on S2ˆS2 and CP2#CP2 extends to
T2 actions.
Every triple of numbers pa,b;mq P ZˆZˆZě0 corresponds to an S1

action (on either S2ˆS2 or CP2#CP2) where (a,b) corresponds to
the embedding

S1 ãÑ T2
m

t ÞÑ pta, tbq

and m corresponds to the torus T2
m the S1 sits inside. We are

interested in only effective S1 actions i.e gcd(a,b)=1.
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Topology of symplectomorphism group

Baby example (Smale): The symplectomorphism group of pS2,ωq is
homotopy equivalent to SO(3).

Idea of proof:

Stabpj0q Ñ Diff`Ñ Jω
SymppS2,ωq Ñ Diff`Ñ Ωvol

rωs

where Ωvol
rωs is the space of all volume forms in the cohomology class of ω.
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Let Jωλ
denote the space of ωλ compatible almost complex

structures. Then

Theorem (Abreu-McDuff)
The space Jωλ

admits a finite decomposition into disjoint Fréchet
manifolds of finite codimensions

Jωλ
“ U0\U2 . . .\U2n

where 2n “ r2λs´1 and where

U2k :“ tJ P Jωλ
| the class pB´kF q is represented by a J-sphere.u

The integrable a.c.s J2k on W2k belong to the strata U2k .
Hence associated to each strata U2k there is a unique Hamiltonian
action of a torus T2

2k . The Hamiltonian T2 actions that pS2ˆS2,ωλq
admits are in one to one correspondance with the strata.
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Let J S1
ωλ

be the space of S1 invariant compatible almost complex
structures and SympS1

h pS2ˆS2q be the space of equivariant
symplectomorphisms that act trivially on homology. We would like to
consider the fibration arising from the natural action

SympS1
h pS2ˆS2q ÝÑ J S1

ωλ
XU2k

ψ ÞÝÑ ψ˚J2k

Not a Serre fibration!
Instead we consider

StabS1
pDq ÝÑ SympS1

h pS2ˆS2,ωλq� SS1
B´kF » J S1

ωλ
XUk
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Theorem 1 (Ch.)
For pa,b;mq ‰ p0,˘1;mq and for each non-empty stratum J S1

ωλ
XUk ,

SympS1
h pS2ˆS2q{T2

k » J S1
ωλ
XUk

and for pa,b;mq “ p0,˘1;mq,

SympS1
h pS2ˆS2q{pS1ˆSOp3qq » J S1

ωλ
XUm

Question
Given a S1pa,b,mq action on S2ˆS2, which strata does the space J S1

ωλ

intersect ?

Suppose that for certain J S1
ωλ

intersects only one strata, say Um, then

t˚u » J S1
ωλ
“ J S1

ωλ
XUm » SympS1

h pS2ˆS2q{stabiliser
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Equivalent question
Given a S1pa,b,mq action on S2ˆS2, which tori Tk does this circle action
extend to?

To answer this question we use Karshon’s classification of S1 actions
on 4-manifolds
An effective Hamiltonian S1-action on a symplectic 4-manifold is
characterized, up to equivariant symplectomorphisms, by a labeled
graph which encodes the essential information about the invariant
spheres and the cohomology class of the symplectic form.

Theorem (Karshon)
The graph determines the Hamiltonian circle action up to equivariant
symplectomorphisms.
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Karshon Graphs

Each component of the fixed point set corresponds to a unique vertex.
Each vertex is labeled by the value of the moment map on the
corresponding fixed point component. If an extremal vertex
corresponds to a symplectic surface S, two additional labels are
attached: the genus of that surface, and its symplectic area.
Two vertices are connected by an edge if and only if the corresponding
isolated fixed points are connected by a Zk -sphere (k ě 2).
Each edge is labelled by the isotropy weight k ě 2 of the
corresponding Zk sphere.
In particular, the classification tells that that it is not important to
keep track of the spheres with trivial isotropy and hence, these
spheres do not appear in the labelled graphs.
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The only action for which J S1
ωλ

intersects 2 strata are for the circles
p˘1,b;mq (b ‰ t˘m,0u). For all other cases the space J S1

ωλ
intersects

only one strata. As J S1
ωλ

is contractible we can read the homotopy
type of SympS1

h pS2ˆS2q.
Consider the graph for the circle p1,b;mq and 2λą |2b´m| and
assume b > m

b

b´m

µ“ b`pλ´ m
2 q

µ“ pλ` m
2 q

µ“ b

µ“ 0
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The above graph corresponds to the following 2 extended graphs.

b

b´m
1

1

This corresponds to the intersection with the strata Um.
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Or it could correspond to the following graph

b

1

1
b´m

This corresponds to the intersection with the strata U|2b´m|.
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Homotopy type of Symplectomorphism group

pa,b;mq λ Number of
strata J S1

ωλ

intersects

Homotopy type of
SympS1

h pS
2
ˆS2

q

p0,˘1;mq m ‰ 0 λą 1 1 S1
ˆSOp3q

p0,˘1;0q or
p˘1,0;0q

λ“ 1 1 S1
ˆSOp3q

λą 1 1 S1
ˆSOp3q

p˘1,˘1,0q λ“ 1 1 T2

p˘1,0;mq m ‰ 0 λą 1 1 T2

p1,˘m;mq m ‰ 0 λą 1 1 T2

p1,b;mq
b ‰ tm,0u

|2b´m| ě 2λě 1 1 T2

2λą |2b´m| ě 0 2 ?

p´1,b;mq,b ‰ t´m,0u |2b`m| ě 2λě 1 1 T2

2λą |2b`m| ě 0 2 ?
All other values of
pa,b;mq

@λ 1 T2
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The case (1,b,m) b ‰ t˘m,0u

As mentioned above we are only interested in the case when
2λą |2b´m|. We would like to first understand the homology of the
group SympS1

h pS2ˆS2q for this specific S1 action.
From the above analysis we have the following 2 fibrations
T2

m ÝÑ SympS1
h pS2ˆS2q ÝÑ SympS1

h pS2ˆS2q{T2
m » J S1

ωλ
XUm

T2
|2b´m| ÝÑ SympS1

h pS2ˆS2q ÝÑ SympS1
h pS2ˆS2q{T2

|2b´m| »

J S1
ωλ
XU|2b´m|

Theorem
The inclusion i : T2

m,T2
|2b´m| ãÑ SympS1

h pS2ˆS2q induces a map which is
surjective in cohomology (with coefficients in any field k).
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Hence by Leray Hirsch theorem we have
H˚pSympS1

h pS2ˆS2qq – H˚pVmqbH˚pT2q

H˚pSympS1
h pS2ˆS2qq – H˚pV|2b´m|qbH˚pT2q

where Vm := J S1
ωλ
XUm and V|2b´m|:= J S1

ωλ
XU|2b´m|.

Assume b ąm ùñ 2b´mąm, then by "Alexander-Eells duality" and the
long exact sequence of pairs we have the following result

Theorem(Eells)
HppV|2b´m|q – Hp`c´1pVmq where c is the real codimension of V|2b´m| in
J S1
ωλ

.
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Calculating the codimension

As b ąm, we would like to calculate the codimension of the space
V|2b´m| “ J S1

ωλ
XU|2b´m| in J S1

ωλ
.

Question
Why is V|2b´m| a "submanifold" ?

Main issue:

MpB´ |2b´m|
2 F ,Jωλ

q

J S1
ωλ

Jωλ

π

i

The maps i and π are not transverse.
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Solution:
Redo construction of universal moduli space under presence of group action

MS1
pB´kF ,J S1

ωλ,lq :“ tpu,Jq | u is equivariant, somewhere injective,
J- holomorphic and represents the class B´kFu

where u : S2 Ñ S2ˆS2 is an equivariant map for the fixed action J S1
ωλ,l is

the space of equivariant C l almost complex structures.
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We have the following projection
MS1

pB´ |2b´m|
2 F ,J S1

ωλ,lq

J S1
ωλ,l

π whose image is V|2b´m|. We can then

argue that the image of π is a smooth banach submanifold
Let IS1

ω,l denote the space of S1 invariant integrable ωλ compatible complex
structures on S2ˆS2. i.e

MS1
pB´ |2b´m|

2 F ,J S1
ωλ,lq

IS1
ω,l J S1

ωλ,l

π

i

Then we have the following theorem
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Theorem (Ch.)
For any of the Hirzerbruch surfaces, and any hamiltonian S1 action

i&π
the infinitesimal complement (i.e the fibre of the normal bundle) of
U|2b´m|,l XJ S1

ωλ
at Jm P IS1

ω,l can be identified with
H0,1pS2ˆS2,T 1.0

Jm
pS2ˆS2qqS

1 .

where H0,1pS2ˆS2,T 1.0
Jm
pS2ˆS2qqS

1 is the space of S1 invariant p0,1q
forms with values in the holomorphic tangent bundle of S2ˆS2 with
respect to the complex structure Jm.

Hence to calculate the codimension we only need to calculate the
dimension of H0,1pS2ˆS2,T 1.0

Jm
pS2ˆS2qqS

1 .
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By a result of Kodaira we have, H0,1pS2ˆS2,T 1.0
Jm
pS2ˆS2qq –Cm´1.

S1pa,b;mq Ă T2
m “ S1ˆS1 Ă S1ˆSOp3q. Let Jm P Um then,

Theorem (Abreu-Granja-Kitchloo)
S1ˆSOp3q acts on H0,1pS2ˆS2,T 1.0

Jm
pS2ˆS2qq via the representation

DetbSymm´2pC2q.

where Det is the standard action of S1 “ Up1q on C, and where
Symm´2pC2q is the representation of SOp3q induced by the action of SUp2q
on the space of all homogeneous polynomial of degree pm´2q on C2.
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Theorem
For the circle action S1p1,b,mq b ąm and 2λą |2b´m|, the
codimension of the strata U|2b´m| in J S1

ωλ
is 2.

Hence we can now calculate the rational homology of the centraliser.

Theorem (Ch.)
For S1p˘1,bq Ă T2

m when (b ‰ 0 or ˘m), and 2λą |2b´m| then we have

HppSympS1
h pS2ˆS2q,Rq “

$

’

&

’

%

R4 p ě 2
R3 p “ 1
R p “ 0
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S1 T 2
|m´2b|

T 2
m P

p1,b1q

p1,bq

H˚pS1;kq H˚pT 2
|m´2b|;kq

H˚pT 2
m;kq H˚pP;kq

H˚pSympS1
h pS2ˆS2,ωλq;kq

p1,b1q

p1,bq
i|m´2b|

im

Υ

We can use the computation of the ranks of homology of
SympS1

h pS2ˆS2q for any field k, to conclude that the map

Υ : H˚pP;kq Ñ H˚pSympS1
h pS2ˆS2,ωλq;kq

is an isomorphism. Hence SympS1
h pS2ˆS2q » ΩS3ˆS1ˆS1ˆS1
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Homotopy type of Symplectomorphism group

pa,b;mq λ Number of
strata J S1

ωλ

intersects

Homotopy type of
SympS1

pS2
ˆS2

q

p0,˘1;mq m ‰ 0 λą 1 1 S1
ˆSOp3q

p0,˘1;0q or
p˘1,0;0q

λ“ 1 1 S1
ˆSOp3q

λą 1 1 S1
ˆSOp3q

p˘1,˘1,0q λ“ 1 1 T2
ˆZ2

p˘1,0;mq m ‰ 0 λą 1 1 T2

p1,˘m;mq m ‰ 0 λą 1 1 T2

p1,b;mq b ‰ tm,0u |2b´m| ě 2λě 1 1 T2

2λą |2b´m| ě 0 2 ΩS3
ˆS1

ˆS1
ˆS1

p´1,b;mq,b ‰ t´m,0u |2b`m| ě 2λě 1 1 T2

2λą |2b`m| ě 0 2 ΩS3
ˆS1

ˆS1
ˆS1

All other values of
pa,b;mq

@λ 1 T2
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Finite cyclic group actions

Ideally we would like to have a uniform approach to understanding the
homotopy type of equivariant symplectomorphisms that works for all
compact abelian group actions. This is the primary reason we use
holomorphic curve techniques rather than moment map techniques in
the S1 case.
Due to work of R.Chiang and L.Kessler we know that every
hamiltonian Zn action on S2ˆS2 and CP2#CP2 extends to
hamiltonian S1 actions. Hence as before we now have a triple of
numbers pa,b; rq arising from each hamiltonian Zn action on these
manifolds.
Most of the techniques we use in the S1 case go through mutatis
mutandis in the Zn case as well and we again have when λą 1 and
r ‰ 0,

SympZn
h pS

2ˆS2q{ IsomZnpωλ,Jkq » J Zn
ωλ
XUk

(Whenever J Zn
ωλ
XUk is non-empty).
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As before we would like to now answer the question

Question
Fix a hamiltonian Zn action. Which strata does J Zn

ωλ
intersect?

In the S1 case, we used momentum map techniques to establish an
equivalent formulation of the above question in terms of extensions of
group actions. Hence, these proofs do not generalise to the Zn case. We
the classification of complex structures to resolve this issue.

Theorem
Fix a Znpa,b,kq action on pS2ˆS2,ωλq, then
SympZnpS2ˆS2,ωλq{ IsomZnpωλ,Jkq » IZn

ωλ
XUk » J Zn

ωλ
XUk .

Theorem
For any Znpa,b; rq action, the space IZn

ωλ
is contractible.
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Question
Fix a hamiltonian Zn action. Which strata does IZn

ωλ
intersect?

Theorem(Ch.)
Let Znpa,b, rq be a symplectic action on pS2ˆS2,ωλq. Then the space of
Zn-equivariant complex structures IZn

ωλ
intersects the strata Ur 1 iff Zn

extends to torus action T2
r 1 .

In the S1 case, we used Karshon graphs to determine when a given
S1pa,b; rq action is symplectomorphic a different S1pa1,b1, r 1q action.
Unfortunately, we do not have such a classification for Zn actions on
S2ˆS2 (and CP2#CP2) up to equivariant symplectomorphisms.
However due to the work of Weimin Chen and D.Wilczynski, there is
a classification of Zn action up to equivariant diffeomorphisms.
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There are 6 standard diffeomorphisms c1, ¨ ¨ ¨ ,c6 which give an equivariant
diffeomorphism between the Hirzerbruch surfaces Wr and Wr 1 , with Zn
actions pa,b; rq and pa1,b1; r 1q respectively provided the triples satisfy the
following conditions:
Type c1: When a1 “´a,b1 “´b and r 1 “ r
Type c2: When a1 “´a,b1 “ b` ra and r 1 “ r
Type c3: When a1 “ a,b1 “´b and r 1 ”´r (mod 2n)
Type c4: When r 1 “ r “ 0, a1 “ b, and b1 “ a
Type c5: When a1 “ a, b1 “ b, and r 1 ” r (mod 2n).
Type c6: When a1 “ a, b1 “ b , and r 1a1 ” 2b´ ra (mod 2n)

Theorem (W.Chen)
Two Zn-Hirzebruch surfaces are orientation-preserving equivariantly
diffeomorphic iff there is a composition of standard equivariant
diffeomorphism between them.

We use the above result to derive a partial result about SympZnpS2ˆS2q
for specific Zn actions.
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Theorem (Ch.)
Consider a Znpa,b; rq action on S2ˆS2 which satisfies the following
numberical conditions n ą 2λą r ą 1, gcdpa,bq “ 1 and r ‰ 0. Then we
have the following cases:

1 If pa,bq P tp˘1,0q,p˘1,˘rqu then SympZn
h pS2ˆS2,ωλq » T2.

2 if pa,bq “ p0,˘1q then, SympZn
h pS2ˆS2,ωλq » S1ˆSOp3q.

3 Further if
§ Either a “ 1, b ‰ t0, ru and 2λą |r ´2b| ą 1 or
§ a “´1, b ‰ t0,´ru and 2λą |r `2b| ą 1

then :
In the first case IZn

ωλ
intersects exactly 2 strata Ur and U|r´2b| and in

the second it intersects the 2 strata Ur and U|r`2b|.

Codimension calculation
WLOG if we assume that IZn

ωλ
XUr is the strata of positive codimension in

IZn
ωλ
. Then the complex codimension of IZn

ωλ
XUr in IZn

ωλ
is given by the

number of k P t1, ¨ ¨ ¨ , r ´1u such that k ” b (mod n).
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We can also work out the cohomology H˚pSympZn
h pS2ˆS2,ωλq,Rq in case

2 of the above theorem.

Theorem (Ch.)
Consider the following Zn actions on S2ˆS2.

(i) a “ 1, b ‰ t0, ru, n ą 2λą 1 and 2λą |2b´ r | ą 1; or
(ii) a “´1, b ‰ t0,´ru, n ą 2λą 1 and 2λą |2b` r | ą 1.

Then, IZn
ωλ

intersects 2 strata. The codimension of the positive codimension
strata in IZn

ωλ
is 2 and hence,

HppSympZn
h pS

2ˆS2,ωλq,Rq “

$

’

&

’

%

R4 p ě 2
R3 p “ 1
R p “ 0

As before we can then show that
SympZn

h pS2ˆS2,ωλq » ΩS3ˆS1ˆS1ˆS1.
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Also, using separate techniques one can also obtain the following result.

Theorem
Under the numerical condition gcdpa,nq ‰ 1, the Hamiltonian finite cyclic
group Znpa,b; rq Ă S1pa,b; rq action can only extend to circles S1pa1,b1, r 1q
with r 1 “ r .

and as a consequence we have,

Theorem(Ch.)
For Hamiltonian finite cyclic groups Znpa,b; rq Ă S1pa,b; rq actions such
that gcdpa,nq ‰ 1, SympZnpS2ˆS2,ωλq » T2

r
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Future directions

Given two Zn actions pa,b; rq and pa1,b1, r 1q on S2ˆS2 or CP2#CP2

when are they equivariantly symplectomorphic to one another? A
classification in this flavour would help us understand the homotopy
type of Zn equivariant symplectomorphisms when gcdpa,nq “ 1.
Proof for the S1 case using only "soft" techniques. This would give us
the homotopy type of S1 equivariant symplectomorphism for all
4-manifolds with hamiltonian S1 actions.
Understand the homotopy type of space of equivariant embeddings.
In particular given a compact group G acting symplectically on
pS2ˆS2,ωλq (and analogously for CP2#CP2q. Let S be a connected
component of the fixed point set. Then is the space of equivariant
symplectic embeddings i : B4prq ãÑ S2ˆS2 such that ip0q P S
connected?
What happens for non-abelian groups?
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