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>>>

3-groups

2-crossed module (L Sl G, > {_, _}p)

Groups G, H, and L;

maps 0 and 0 (96 =1¢g);

an action > of the group G on all three groups;
a map {_,_}, called the Peiffer lifting:

{_,_}p:HxH-L.

Certain axioms hold true among all these maps:

. 5({h1,h2}p)=<h1,h2)p, Vhl,hQEH,

[l1,l2] = {6(11),8(12) }p» Vli,ls € L. Here, the notation [I,k]=1kl"tk™! is
used;

{h1ha, hs}p = {h1, hahsh51},0(h1) > {h2, hs}p, Vhi,ho,hs € H;
{h1,hah3}p = {h1,ha}p{h1, h3}p{(h1, h3)5",0(h1) > ha}p, Vhi,ha,hs € H;
(6, yp{h,6()}p = U(B(R) > 17Y),  VheH, VieL.
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>>> 3-gauge theory

* Curves are labeled with the elements of (, and the elements are composed as

g1 92 9192

* Surfaces are labeled with the elements h e H. We split the boundary into two
curves, the source curve g € G and the target curve g2 € G,

so that the surface h € H satisfies:

* Volumes are labeled with the elements [e€ L. We split the boundary into the
source surface 95(l) = h1 and the target surface 93 (l) =h2, and the common
boundary of h; and hy we split into the source curve 9,(l)=g1 and the target
curve 93 (1) = g2,

g1 g1
%/I[\\ 1 %/1[\\
° hi ¢ = e hy e |
/ /
g2 g2
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>>> 3-gauge theory
B One can compose 2-morphisms (gi,h1) and
(g2,h2) vertically, when they are compatible, when 83 (h1) =95 (h2),
g
/‘\ 91
o ‘U’hl /‘\u\
o <————— o = ° hohy o
\W \—/
93

g3
results in a 2-morphism (gi1,h2h1),
(92, h2)#2(g1,h1) = (g1, h2h1). (&Y

* One can whisker a 2-morphism h with a morphism g; by attaching the
whisker g1 to the surface h from the left, such that 97 (g1) =95 (h),

92 9192
g1 = || T~ — || T
= ° \lk/ °=° \&ibh/ *
’ ’
9o 9192
One can whisker go to a surface h from the right, such that 97 (h) =07 (92),
g1 9192
| T~ g2 | T
¢ \M/ Tt \&/ °
’
91 9192
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>>> 3-gauge theory
* . The upward composition of 3-morphisms (gi,hi1,l1) and
(91,h2,l2), when they are compatible, when Bg(ll) =03 (l2),

g1 g1 g1

91
/ﬂ\\ I k/ﬂ\\ TN /ﬂ\ 12l k/\
° hiy ¢ = e hy ¢ = e hz e = o hy e hz e
> L% L L4 \_/
92 92 92 92
(g91,h2,12)#3(91,h1,11) = (91, h1,l201) . )

. The vertical composition of two 3-morphisms (gi1,h1,l1)
and (g2,h2,l2), when they are compatible, when 93 (l1) =95 (l2),

g1 g1
£ Um N 1 PN
o< e = o< — o
92 92
92 > 92
¢ <=—0 = P <=—20 5
Yhz S~
93 93

results in a 3-morphism (gi,hohi,l2(ha > 11)),
91

g3

g1

g3

(92, h2,72)##z(91,h17l1) = (g1, hahy,l2(ha > 11)). (€))
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>>> 3-gauge theory

. Whiskering of a 3-morphism by a
morphism from the left is the composition of a volume [ € L and curve g; € G
from the left, when they are compatible, when 07 (1) = 97 (g1),

*

92 92 9192 9192
91 /ﬂ\ l 91 l/ﬂ\ /ﬂ\ g1l /ﬂ/\
o <——o hy ®& = e<——e ho ® = @ g1>hy = g1>ha B
\\/
g5 g5 9195 9195
g1#1(92,h1,1) = (9192,91 > h,g1 > ). (4)

One can whisker a 3-morphism by a morphism from the right, when they are
compatible, 97 (1) =97 (g2),

g1 9192 9192

) | | >

o hf @e<——eo = o hy € <—— @ = @ hy e = e ho e
91 g1 9192 9192
(91, h1,0)#192 = (9192, h1,1) . (5)
[7/46]
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>>> 3-gauge theory

* . Whiskering of a 3-morphism with a
2-morphisms from below, when they are compatible, 03 (l) =05 (h2), is formed as
a vertical composition of 3-morphisms (g1,h1,l) and (g2,h2,1p,),

91 g1
2 m N VAN

L] [ ] L] L]
g2 g2
g2 Thy g2

P <—0 = =<0 5
2 2
93 93

which results in a 3-morphism

91 91
/ﬂ\ hov'l
° hoh, © = Hé(hng)hghl . .
\_/
93 93
(91, h1,0)#2(g2, h2) = (g1, hahi, ha b 1). (6)
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>>> 3-gauge theory

* Whiskering a 3-morphism by 2-morphism from above, when they are compatible,
when 95 (1) =903 (h1),

91 91
/’hl\ 1n /’hl\
° <7‘U/ ° 31 ° <7‘U/ °
g2 g2
92 l 92
O <—0 = 6 <—0 B
s ™~
93 93
results in a 3-morphism,
91 91
RN
. hohy © = e 5()hahy °
93 93

(g1, h1)#2(g2,h2,1) = (g1, h2h1,1).

(7
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>>> 3-gauge theory

* . The horizontal composition of two 2-morphisms hj
and hy, when they are compatible, when 9] (h1) =97 (h2),

‘Z"’”ELN\‘\\ ‘z”'jfi‘“\\\

4 4
91 &
that results in a 3-morphism [, with source surface

95 (1) = ((g1, h1)#195)#2 (9141 (g2, h2)),
and target surface

95 (1) = (91#1(g2, h2) ) #2( (91, h1)#192) ,

9192 9192

91 92
° ‘U’hl ° ‘U/hz ° = Q\Mo $ .\M. 5
D A S i
91 95 9195 9195
One obtains,
(91,h1)#1(g2,h2) = (9192, h1g1 > ha,1), (€))

where the 3-morphism [ is Peiffer lifting {hl,glb-hg}gl.
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>>> 3-gauge theory

Lemma

Let us consider a triangle, (jk¢). The edges (jk),j<k, are labeled
by group elements g,z € G and the triangle (jk{),j<k</{, by element
hjkg eH.

9kt 9jk 1. 9kt 9jk 9kt 9jk
le ke o) = le ‘U””M le ke o) = le ke LY
S~V 1
\W A(hym) ﬂ oy thf“
gt GRiGik O(hjk1) grrgjk
€))
The curve <) = gxegjr is the source and the curve 72 =g,¢ is the
target of the surface morphism X :7; — 72, labeled by the group
element hjie,
gje = O(Pjke) Gregjr - (10)
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>>> 3-gauge theory

Lemma
Let us consider a tetrahedron, (jklm).

ke 9jk
Gem

SN P .
me <—— el ok i = (gem8je lejom)#2(gem#1(gregin: hijie) ) = (9emregin, hiem (Gem & hjke)) -

h;
ﬂh_;hn ‘U’ ke
9

gim

(11)

gem ke

L~ e~ gn
me ol ok ~— Gy = (.(/kmgjlm h]'km)#?((gfmgkh hké‘m)#lgjk') = (g£7rbgk€gjks hjkmhkl’m) .
U,/bkim N}hkm

gim

(12)

Moving from surface shown on the diagram (11) to the surface shown
on the diagram (12) is determined by the group element [ljiem ,

hjkmhkfm = 6(ljk2m)hj£m(g€m > hjk‘é) . (13)
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>>> 3-gauge theory

Lemma (dr,)
We consider a 4-simplex, (jkfémn). We cut the 4-simplex volume along the surface
/7//7//1,(]//111 > (N/(mf/(rn > /[//v()'

* We move the surface from hjp,Gem > Rjke to hjkmhren with the 3-arrow [jxe, -

* To compose the resulting 3-morphism with surface hj;,, one must first whisker
it from the left with gmn .

* The obtained 3-morphism (gmnGem3kedjk Imn > (hjemGem > hjke)s gmn > Likem) can
be whiskered from below with the 2-morphism (gmngjm,hjmn)-

* The resulting 3-morphism is

!
‘ (,(/m/z,(]1'7/1,(]/«1',(///«- h/umffmu > (/’v/(m.(/(m > ]7/1»'1 )s ]’/mu > (gmn > /‘/Mm )

L1 = B2, 31 =hjmngmn > (Rjem9em > hjre) and 3o = hjmngmn > (Rjembrem) -

9mn gem ke 9jk

Pimn®> (gmn>likem)
=
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>>> 3-gauge theory

Lemma (dr,)

Let us move the surface to Ajnnlimngme > Prem -

* We consider the 3-morphism (gmn9gkm3jk,>Pjmngmn > Pjkmsljkmn) With the source
surface Njmngmn > Njk, and target surface hjpnhpmn -

* This 3-morphism can be whiskered from above with the 2-morphism
(gmn9e19ke9ik, Gmn > hiem) -

* The obtained 3-morphism is

(gmnGem ke 9iks hjmmngmn > (hv/l, ol 0in)s [//umn )

31 >3, ¥y = h]m’ngmn > (hjkmhklm) and g = h]knhkmng’mn > hklm'

gmn Iem ke 9jk gmn 9em 9ke ik
e l P P

jkmn

ne

9jn 9jn

(15)
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>>> 3-gauge theory

Lemma (dr,)

Next, we want to move the surface hjpphrmngmn > hrem to surface hjpnhrenhemn -

* We whisker the 3-morphism (gmn9em9kes Pkmngmn > Rkem, lkemn ), with the source
surface hgmngmn > hgen and target surface hpgnhpmp, with the morphism gz
from the right.

* The obtained the 3-morphism (gmngem3redjk> Pimngmn > Pkem, lkemn) We whisker
with the 2-morphism (grngjk,Rjkn) from below.

* We obtain the 3-morphism

!
‘ (gmngemIregjk: NjknPkmngmn > hkem s Rjkn > lkemn ) ‘

31—, Y1 = hjknhk:mngmn > hklm and g = hjknhklnhlmn °

gmn 9em 9ke 9jk , gmn 9em 9ke 9jk
L hjkn® lkemn P
E4

9jn jn
(16)
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>>> 3-gauge theory

Lemma (dr,)

We map the surface hjpnhrenhemn to the surface hjpngen > hjrehemn -

* The 3-morphism with the appropriate source and target is constructed by
whiskering the 3-morphism (glngklgjkvhjknhk:lnzl]_']ien) with 2-morphism
(gmngem3redjxs hemn) from above.

* The obtained 3-morphism is

cln

-1
’ (9mngemgredir: Rjknhrenhemns Ui ) ‘

Y1 = X2, 31 =hjgnhrenhemn and X2 = hjengen > Rjgehemn -

Imn 9em ke 9jk

1 gmn 9em ke 9jk
Uiken Py Py
E

9jn

gjn

an
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>>> 3-gauge theory

Lemma (dr,)

Next we map the surface hjg,gen D Rjgehemn to the surface hjgnhemn(gmngem) > Rjke-

We use the inverse interchanging 2-arrow composition to map the surface

9en > Njgehemn to the surface hypmpn(gmngem) > hjke, resulting in the 3-morphism
(gmngémgkégjk)gln > hjkﬁhlmn) {hémnz (gmngEm) > hjkﬁ}p) o

Next, we whisker the obtained 3-morphism with the 2-morphism (g¢ngje,hjen) from
below.

The obtained 3-morphism with the appropriate source and target surfaces is

’
(,(///m,‘//m,’//,/,(/v//, » h/!nf/(n > /’//,'/]1/ mn»h;/ n > { hemn s (gmnge m) > h,/l,/ }‘p)

X1 — X2, 31 =hjiemGen > hjrehemn and 32 = hjenhomn (Gmngem) > hjke -

gmn Jem ke
R

gmn 9em 9ke 9jk ’
e s~ hjen>{hemn:(g9mngem)>hjke}p
=

ok o)
&h]kf

ne om ol

\\/limn

9jn

9in
(18)
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>>> 3-gauge theory

Lemma

Finally, we construct the 3-morphism that maps the surface hjsnhmn(gmngem) > Rjke
to the starting surface hjmngmn > (Rjem9em > Pjke) -

* To obtain the 3-morphism with the appropriate source and target surfaces we
first move the surface hjsp,hpm, to the surface hjmngmn > hjoy with the
=1l
3-arrow (gmngémgjla hjénhémnv ljgmn) .
* Next, we whisker the 3-morphism (gmnggmgjg,hjgnhgmn,l]’.}mn) with the
2-morphism (gmngem9redjk> (9mngem) > hjke) from above.

* The obtained 3-morphism

-1
‘ (gmngem3redix, Mjenhemn (9mngem) > Pikes o) ‘

Y1 = X2, 31 =hjemhemn(gmngem) > hjre and 32 = Ajmngmn > (Rjemgem > hjke) -

gmn 9gem ke 9jk gmn gem ke 9jk
P

-1
min
S
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>>> 3-gauge theory

Lemma (dr,)
After the upward composition of the 3-morphisms given by the
diagrams (14)-(19), the obtained 3-morphism is:

(gmngﬂm,gk:fgjlm h’jfnhfm,n(gm,ngém) > hjk,b l;élfmn)#3

(g'm'nglmgk@gjkv Gon > hjki,hémnv hjfn [>/ {hlmnv (g’mng[m) > hjk‘f}p)#'&

(gm7zgl7ngklgjk7 hjknhklnhimny lj_']ien)#B

(gnzn,gém,gkégjk7 hjknhkmngmf > Ak, hjk‘n >’ ljkmn)#B

(gmnglmgkfgjkv hfjmngmn > (hjkmhklm)v ]7kmn)#3

(gmngémgk:@gjk: hjmn.gmn > (hjfmgém > hjk’f): hjmn D, (gmn > ljkém))

= (g'mngk'rngklgjkv hjmng'mn > (hjl,'mgfm > hjk‘l,)y lj_‘elynn hjln [>l {hl’mn: (g'mngém) > hjké}p

J_']i[n(hjkn [>’ lklmn)ljkmnhjmn [>, (g'mn > ljklm)) .
(20)
The obtained 3-morphism is the identity morphism with source and
target surface Vi =Vs = RjmnGmn > (RjemGem > hjke)

l;glmn hjén = {hﬁmvu (gmngém) > hjkl}p l;li[n(hjkn >’ lk‘émn)ljkmnhjmn >’ (gmn > ljkﬂm) =€.
(21)
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>>> The 3BF theory

One can now generalize the notion of parallel transport from curves
to surfaces and volumes.
* Given a 2-crossed module, one can define a 3-commection, an
ordered triple («,(,7), where a, B, and v are algebra-valued
differential forms,

a=a%, o da*, ae AL(My,g),
B =% tada? Ada”, B e A%(My,h), (22)
’y:’yAWpTAd:L'“/\dx”/\d:L'p, v eA3(My,l).

* Then introduce the line, surface and volume holonomies,

g:PexpLa, h:Pexp[Sﬁ, Z=P€Xp/V7~ (23)

* The corresponding fake 3-curvature (F,G,H) is defined as:

.7::dOé+O(/\O(—8/)), g:d6+06/\bﬁ_67a (24)
H=dy+anr” v+ {BABYp-
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>>> The 3BF theory

At this point one can construct the so-called 3BF theory.

* For

a manifold M, and the 2-crossed module

(LngG,D,{_,_}pf), that gives rise to 3-curvature (F,G,H),

one

defines the 3BF action as
Sggpz/M4<BAf>g+<cAg),,+(DAH)[. (25)

* 3BF theory is a topological gauge theory,
* it is based on the 3-group structure,
* it is a generalization of an ordinary BF theory for a given Lie

group G.
physical interpretation of the Lagrange multipliers C' and

the h-valued 1-form C can be interpreted as the tetrad field if
if H =R* is the spacetime translation group,
C —e=e",(z)tdz” (26)

the [-valued O-form D can be interpreted as the set of real-valued
matter fields, given some Lie group L:

D> ¢=¢"(2)Ta. 27

[3. C:\Program Files\Preliminaries\3 BF theory.d11]$ _ [21/46]



>>> Constrained 3BF action

* Physically relevant models - The constrained 2BF actions describing the
Yang-Mills field and Einstein-Cartan gravity, and constrained 3BF actions
describing the Klein-Gordon, Dirac, Weyl and Majorana fields coupled to
Yang-Mills fields and gravity in the standard way are formulated.

* Gravity and SU(N) Yang-Mills theory

* A crossed-module (HgG,b):
* G =S80(3,1)x SU(N), H=R*,
*MabDPc=[Mab7Pc]7 TI>FPa=0,

3 B(T[) =0.
* The 2-connection (a,f): ‘azwabMab+AITI, B=B"Pa.
* The 2-curvature (F,G): ’f:RabMab+FITI7 G=VBP,.

*

SZBF:f B®ARu+ B AFr+e, AVB".
My

* The constrained action:

1
S = B ARy + BIAFr +eq AVBY = Agp A (Bab =@ A ed)
My 167rl127

12
+ )\I A (B[ - ;Mablea A eb) + CabI(MabI&‘cdefec A ed Aec A ef - gIJFJ Aeq N eb) o
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>>> Constrained 3BF action

* Real Klein-Gordon field

5 .8
* A 2-crossed module (L—>H ->G,>,{_,_}):
x G =S80(3,1), H=R*, L=R,
& MabDPC:[MalﬂPC]» Map>Th =0,

w 8(Pa):0’ 6(TA):07 {Paan}ZO'
* The 3-comnection (a,f3,7): ‘a:wabMab, B=B"P,, fy:ry]l_‘
* The 3-curvature (F,G,H): ‘.7—"=R“bM,1b, G=VBP,, H:dfy.‘

S3BF = f B® A Ry + €a AVB* +pdy.
My

* The constrained action:

1
S = fM4 B ARy +eq AVBY + ¢dy — Aap A (Bab - @gabc%c A ed)

1
- ﬁmzqﬁ%abcdea neb necned.

1 ) ,
+AA ('y - EHabce“ Aneb A ec) + A% A (Habcs°defed NeeAep—doneq A eb)
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>>> Constrained 3BF action

* Weyl spinor fields | D =tho PY + %Py ‘

* A 2-crossed module (L—5>H—B>G,l>,{_,_})i
* G =80(3,1), H=R*, L=R4G),

* Mgp > Pe = [Map, Pe], Mgy > P* = 2(0ap)*gPP,  Map v Pa =
3(5ab)P 5Py,
w3 B(Pa)=0, J(TA)=0, {Pa’Pb}zo'

* The 3-connection (a,f3,7):
a=w’My, B=BPa, Y=7P*+7Ps.

F=R"May, G=VB"Pa,

1 a o &, L _abya _f 2z e ~E\a
H:(dfya+§w *(0*)Parys) P* + (d¥ + Hwan(@ *)% 477 )Ps = (V7)aP* + (3V)*Pa.

S3Br = [M B® A Rap +€a AVB* +9% A (67)04 + s A ('75)(5‘ .
4

We construct the constrained 3BF action corresponding to the full Standard
Model coupled to Einstein-Cartan gravity.
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>>> Quantization of the topological 3BF theory

We want to construct a state sum model from the classical Ss3pp
action by the usual spinfoam quantization procedure.

Z:/DanDx DBDC DD (,\\'])(/f (/;Af)ﬂ+<(,’Ag>[,+</)AH>[).
My -

(28)
<> The formal integration over the Lagrange multipliers B, C, and D leads to:
Z:/\"'/’Dm’Df’D: 5(F)5(G)S(H). (29)

<> Discretization of the 3-connection:

» ae A (My,g) » ge € G coloring the edges €= (jk) € Ay,

» Be A%2(My,b) = ha € H coloring the triangles A = (jkf) € Aa,

» ye A3(My,l) — I, € L coloring the tetrahedrons 7 = (jkém) e Az.

| Do — [ (jkyen; Jq 995k
/DB > I (jkeyens S e —

[ Dy > T (kemyens [ djkem
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>>> Quantization of the toplogical 3BF theory

< The condition §(F) is disretized as

§(F)= TI dalgjre), 56 (g5ne) = 0G(0(hjke) gre sk 957 ) - (30)
(jk€)eAs

— The condition 6(G) on the fake curvature 3-form reads

5G) = II du(hjkem), (31)
(jkem)eAs
88 (hjkem) = 85 (8(Ljkem)hjem (Gem > Pjke) Rigpm hj_km) . (32)
< The condition §(?) is disretized as
dH)= TI  dlikemn), (€5))
(jkfmmn)eAy

1, (Uikemn) = 6L (L fn Mjen > {hemn, (Gmngem) > hikeyp G (Rikn > lemn)lkmnhjmn > (gmn > Likem)) -

(34)

_[dg;k ]dh]kl IT ]dl]kem( II Jc(g]u))( II JH(th))( JL(ljk:lmn))~
(_/k)i/\l & (k)N 7y (jkém)eAs 7. (jkE)eAs (jkém)eAs (jkbmn)eAy

[€5))

This expression can be made independent of the triangulation if one appropriately
chooses the constant factor N .
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Definition
Let M, be a compact and oriented combinatorial 4-manifold, and

) )
(L-H—>G,>,{_,_}pt) be a 2-crossed module. The state sum of
topological higher gauge theory is defined by

_ —[Aol+HA1l=|Az]| 7l Aol=[A1+A2|=[As] | 7 =[Aol+A1|=|A2]+[As|=|A4]
Z = |G| |H| L]

x H(Jk)elx.!d!l(;k) (H(Jk[)s/\»;}{dh]ki)(ﬂ(]k[m)e/\g{dljkém)

| TT(jkeyens 0 (OChjne) gre gi y;}))(l_[(jmn,)m_, 611 (8(Ljkem ) Pjem (gem © hijke) hipy, h}/im))

-1 ’ -1 ’ ’
X(H(Jkymn)ah 8L Pitn o {homns (GmnGemy > Piketp Gin (Pikn > lhemn)ikmnPimn > (gmn > l]k[rn,))) 5

(36)
Here |Ag| denotes the number of vertices, |Ai| edges, |As| triangles,

|A3] tetrahedrons, and |A4| 4-simplices of the triangulation.

[4. C:\Program Files\Quantization of the topological 3 BF theory.d11]1$ _ [27/46]



>>> 1 < 5 Pachner move

©)) (€))

= (4) . iiiigg!!é‘(4)

() )
(5) los (5)

[ Lo [ r.h.s
Mo | | (1)
M | \ (12), (13), (14), (15), (16)
My | \ (123), (124), (125), (126), (134), (135), (136), (145), (146), (156)
M3 | | (1234),(1235),(1236), (1245), (1246), (1256), (1345), (1346), (1356), (1456)
My | (23456) | (13456), (12456), (12356), (12346), (12345)
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>>> 1 < 5 Pachner move

| L Aol | JAdl | Asl | JAs] | A4
1.h.s. 5 10 10 5 1
r.h.s 6 15 20 15 5
Right side
Zige = |G =L [ dg;k dhjre dljim
o /" (jlcl)_eIMl ! /H“’ (WQMQ ! /Lm (ﬂczgem !
(37)
( I1 5G(!/]k[))( I1 5H(hjum))( I1 5L(ljk£mn))
(jk€)eMo (jkém)eMs (jkémn)eMy
Left side
15 =51 77017 -1
Zrge = |G PIH[P|IL| 6L (l23456)
The denotes the part of the state sum that is the same on both sides of
the move, and thus irrelevant for the proof of invariance.
[29/46]
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>>> Proof of 1<+ 5 Pachner move invariance

On the left hand side of the move there is the integrand 4y (l23456):

61 (l23as6) = 61 (l2346 " (hase b’ 13456)l2356has6 > (956 > l2345)l2456 - hoae > {hase, (956945) > hasa}p)-
(39)
Let us examine the 7right hand side of the move, given by the equation (37).

* First, one integrates out ¢i> using , §13 using > J14 using
, and g5 using

* One integrates out /123 using , N124 using , hi25 using
, hi134 using , hi135 using , and /145 using
* Next, one integrates out /(235 using , l1236 using , l1246
using , and /345 using
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>>> Proof of 1<+ 5 Pachner move invariance

* The J-functions on the group G now read 5g(e)6. First, for dg(gi2s) one
obtains

dc(g124) 8¢ (8(h124) 924 912 917 )
= 6G(0(h124) 924 933 O(h123) " 913 914 )
= 6c(0(h124) 924 953 934 O(h23a) " O(h124) "' (h134) 934 913 914 )
= 6 (0(h124) 924 923 954 (934 933 924) O(h124) " €)
= da(e),

Similarly, dg(g125) = 0 (g126) = dc(9135) = 0 (g136) = dc(g146) = 0 (e)-

(40)
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>>> Proof of 1<+ 5 Pachner move invariance

* Let us now show that the remaining d-functions on the group H equal dp(e)?.
First, dg(hi235) becomes:

S (h123s5)= 511 (8(l1235) ha3s (g35>h123 ) hasshiss )
= 511(5((h125>72345)11245h145D'(g45>l1234)ZI§45h135>’{h345,(g45934)>h123}p)hlss(gssbhlzs)h§§5h155)
= 511((h1255(1234s)h1§55(l1245)h145(945>5(11234))h1155(11345)’lh1355({h345,(g45934)>h123}p)h1§5)

h135(935>h423)h§§5h135)

= L% (h235 h345 (945> h334) hais i35 k25 heas (945> 124) s hias (945> (hazahasa (934> hi33) higa))
a5 (145 (g9a5>ha34) hiads h[§5)h1355({h345,(945934)l>h123}p)h[§5h135(g35‘>h123)h§§5)

= 811 (hsas ((945934) 133 ) hiats0 ({hsas,(945934)>hi23}p) (gastha2s).-

(41)
Here, one uses the following identity

8{h1,h2}p(d(h1) > ha)hihy'hi' = €. (42)

Substituting ¢35 = O(h345)g45934, and applying the (42) identity for hi = h3ss
and hg = (ga5934) > h123, one obtains

0 (h123s5) =0 (e). (43)

Similarly, one obtains for &g (hi236) = dm (hi1246) =0 (hi346) = o (e).
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>>> Proof of 1<+ 5 Pachner move invariance

* The remaining d-function on the group L 5L(ll2356), after substituting the
equations for l1235, l1236, l1246, and lj346, reads:

01 (l12356)= 5L(f113f51>'{hs467(946934)l>h123};,1(h136>’13456)11356/1156>’(g561>11345)l14sff1
h146>’{h456;(956945)>h134}ph146'>,(g46‘>l1234)_1h146>,{h456y(g56945)'>h124}1_31[1456

1562 (956511245) " 11356 (h126> l2a56) T (ha26> l23a6 ™" ) (R126 12356 ) 1256

1565 (956> ((h125> T2345) 1245 145> (gas>li234) 1345 h135> {h345,(9a5934)>h123 1))

lizse ™ “hise>’{hase, (956935 )>h123}p)<

(44)
Using the identity
{hiha, h3}p = (h1 b’ {h2,h3}p){h1,0(h2) > h3}p, (45)
the delta function &7 (l12356) becomes:
81, (l12356)= 5L((h136‘>/l3456)11356h156‘>/(956>11345>
h146>,{h4561(956945)>h134}ph146l>,(!]46>l1234)71h146|>l{h4567(956945)'>h124};1
5(h156>" (g56>l1245) “JD'(((‘(/um) ‘hl26)DI(154}56l5§4612356)hl5ﬁ‘>/(956‘>(h125>112345)))

156>’ (956> (h1as>’ (9a5>11234)11345) ) 1356~ (h1zshaas)> {h3ig h35ﬁg56D’L3451(g5Gg45g34)D}LIQ‘S}p)-

(46)
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>>> Proof of 1 <> 5 Pachner move invariance
One obtains
0. (l12356)= 6L((h156‘>’<956‘>5(l1245)71)6(11256>71h126)D’(l§i5615§4612356h256‘>’(956”2345))
1565 (956> (haast’ (gasbliasa) ;\',))]1356_1(h136h346)'>’{hgiGhBSGIJSGDh;MSa(956!745_¢]34)>’7r123}p @n
h136>' 1345601356 11565 (95611345 ( h146)>’ ({hase,(g56945)>h13a }p )
( h146)>" ((gas>li234) ™" ) ( h146)‘>,{h456a(956945)‘>h124};l)'
The tetrahedron (3456) is part of the integrand on both sides of the move, so using
the condition (32) for dp(hssse) one can write
-1 -1 ’ -1
h316M356956 > h3as = hgge > 0(l3456) hase-
Then, using the identity (45) one obtains that

-1 -1 -1
{h316h356956 > h34s, (956945934) > h123}p =  h3is > 13156{h4a56, (956945934) > h123}p 5
=il
((g46934) > h123h346) > l3456
where in the last row the definition of the action >’ is used. Substituting the
equation (48) in the equation (47) one obtains
31, (li2356)= 5L((h156>’(956>5(l124s)_1)5(11255)_1h1265(l2456)_1)l>/(15314512356h256>'(956>12345)154156)
h1se>’ (g56> (R1as> (gas>li234))) (1565 (95650 (li3a5)  )8(l1356)  h13ed(I3456) " haae )b’
({ha56,(956945934)>h123 o (946934 )>h123)5 15456 ) (6 (11456 ) haae >’ ({hase, (956945 ) hasatp )
(5(l1456)71h146)D’((g46911234)71)(5(11456)71h146)D/{h4561(g56945)>h124};1)»

(49)
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>>> Proof of 1 <> 5 Pachner move invariance
Commuting the element l3456 to the end of the expression, one obtains
0 (hasse)= O ((haseb’ (95620 (l1245) " )0 (l12s6) ™ ha260 (l2as6) ™" )b (1234602356 has6> (95612345 ) 2456 )
1565’ (956> (h1as>’ (gas>li234))) (hiser’ (95650 (l13as) ™1 )0 (lss6) ™ hased(lsase) ™ haas)s’
({has6,(956945934)>h123}p ) (0(l1456) " haae)>’ ({hase, (956945 )>haza}p)  (50)
(6(11a56) ™ h1ae)>’ ((9a6>l1234) ") (8(l1as6) ™" haae)>' {hase, (956945 )>ha2a )y
(h156956>h145h246ga6>hazahsig)> L5 156))-
Acting to the whole expression with
(h156 >/ (956 > 6([1245)_1)5([1256)_1h1265(l2456)_1)_1 [>/, one obtains,
61 (112356 )= 01, (1234612356 256’ (956>12345 ) 2156 (h246 hase (956945 )>h s, >

((gssg45)>11234((gsag4s)>h134h1516)‘>/ (51)
51
hise>’ his6>946l1234 (ha3e9a6>h124 )b {hase, (956945)>hiz }p)
(h246946>ha3ah316)> 3456

Using the identity

for {hase,(956945) > (h134934 > h123)}p,
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>>> Proof of 1<+ 5 Pachner move invariance

one obtains:
01 (l12356) = 61 (1334602356 hase & (56 > l2345) 2456
haa6 >’ ((h456(956945) > hisg) > ((y56945) > l123ahiage b’ {hase, (956945) > (h131g3s > his)}p  (54)
136 > 946 >1I§34){h456,(gseg45) > hI%4}p)(h246946 > hasahzig) o l3ase -

Using the identity (52) for {h456,(g56g45) > (h1%46(l1234)h134g34 l>h123)}p one obtains
the terms featuring li234 cancel,

61, (l12356)= or, (l§§4gl2356h256>'(956>l2345 Wotaa
246> {has6,(956945)> (h1340(l1234) h13agsabhi23) }p (h2a6ga6>hasahzic )> laase

(¢:1))

= 0r(l23a6" 2356 hase>’ (95612345 ) 2456~ haae' {hase, (956945 )>hasa }p (3 (l2346) " hase )>'lsas6) )
- 1, (l23as6) |

The delta function dp (l12356) on the r.h.s. reduces to the delta function dy (l23456)
of the 1.h.s. The integrations over 1234, l1245, l1256, 1345, li356, and li456 are
trivial, and finally one obtains,

r.h.s. = (5(;((’,)6511((’)/16[‘(/2;;4_')(5) = |(;‘O‘H‘] (;L ([23'-156) g (56)

The prefactors |G| '}|H|™*|L|! on the r.h.s. and |G|7®|H|°|L|! on the 1.h.s.,

compensate for left-over factors.
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>>> 2 <> 4 Pachner move

2 3 2 @
D) ) (1) € 1-X%-r>» (6)

@) (5 94 @) (5
[ 1l.h.s [ r.h.s

Mo ‘ ‘

My ‘ ‘ (16)

My | \ (126), (136), (146), (156)

M3 | (2345) | (1236), (1246), (1256), (1346), (1356), (1456)

My | (23456),(12345) | (12346), (12356), (12456), (13456)
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>>> 2 <> 4 Pachner move

| | Aol | MGl | Aol | Al | [Ad |
1.h.s. 6 14 16 9 2
r.h.s. 6 15 20 14 4
Right side
Zﬁ;ﬁ =|GI8[H[TH LT [, dl234‘r’6H(h2345>(n(jkl’mn)el\l4 5L(l]k15mn)) (567)
Left side

Za *|G\_11|H\_3|L|_1[Gd916 fH4 dh126dh136dh146dh156/Ldl1236d11246d11256d11346d11356d11456

right —
( l—I 6G(gjké)) ( H 6H(hjk2'rn))( H 6L(ljklm,n))

(jkL)eMy (jklm)eMs (jkbmn)eMy
(58)

[5. C:\Program Files\Pachner moves.dl1]$ _ [38/46]



>>> Proof of 2 <> 4 Pachner move invariance

* On the left hand side of the move one has the following integrals and the

integrand,
fLdl23455H(h2345)5L(lz3456)5L(112345)- (59)
We integrate out /5345 using . The §-function &y (ha345) now reads,
Om(h23as) = dm(e). (60)

The remaining d-function 4y (l23456), reads

01, (l23456) = oL (1245671123467112356(}7]256956 > h12s ™) o' gs6 & L1235 (has6gs6 & hi2s ™' gse & hass) o’
((935 > hi123h33g) &' lsase){gs6 > haas, (956945934) > h123}y' (956 > hsas (g56945) > (hi2shaza)hide) o
{hase, (956945) > h'234}p)(h256956 > hias 1) b’ g56 b L1345

(h256956 > h125™ " gs6 > has) > ((956945) > l1234) " (hasegse > hi2s™") &' gs6 & lI§45)<
(61)
Finally, the 1.h.s. reads:

l.h.s. = 6H(e)5L(l23456) = ‘H|5L(l23456) ‘ (62)
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>>> Proof of 2 <> 4 Pachner move invariance

* On the right hand side of the move there is the integral

degw [1{4 dh126dh136dh146dh156fLdl1236dll246dl1256dl1346dll356dl1456

(83)
( 11 6G(9jkl))( IT 5H(hjum))( IT 6L(ljkémn))-
(jke)eMs (jkem)eMs (jkemn)eMy
* One integrates out ¢is using , hi126 using , hi3e
using , and /45 using
* One integrates out /1233 using , L1246 using » l1346
using c

* The remaining J-functions on the group G reduces to 5@(6)3,

dc(g136) = 0c(giae) = dc(g156) = I (e).

* One obtains that the remaining J-functions on H reduce on 5H(e)3,

O (hizse) = 0rr (hasse) = 0 (hiase) = om (e)-
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>>> Proof of 2 <> 4 Pachner move invariance

* For the remaining J-function dr(l12356),

01, (l12356) = oL (1245671l23467l12356(h256956 > hias 1) &’ gse & li2ss (hasegse > hi2s ' gse > hiss) o
(935 > h123hgag) B’ 13456) {956 > h3as, (956945934) > h123} 5" (956 > haas (956945) > (R123hass )hase) >

p
{has6, (956945) > h234}p)(h256956 > hias ™) b’ gs6 > 1345

(h2s6956 > h125™ " gs6 > h1as) >’ ((956945) > l1234) " (hasegse & hazs ™) &’ gs6 > 112145)4
(64)
which is precisely the equation (61).
The remaining integration over the element his¢ H and remaining integrations

over the three elements li246, l1256, and l1356, are trivial, yielding the
result of the r.h.s. to:

r.h.s. =0c(e)® 6 (e)? 5L (li2sse) = |G [H[? 61, (l12356) |- (65)

The prefactors are |G

t;II‘ 1‘/“ I on the 1.h.s., and |G| H‘/I‘ ;%‘/‘ I on the
r.h.s. compensate for the left-over factors.
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>>> 3 «» 3 Pachner move

4 @ 4 (@
(1) €)) (1) ¢))
6 (3 363 6 (3
[ 1.h.s [ r.h.s
Mo | {
M| |
My | (456) \ (123)
Mz | (1456),(2456),(3456) |  (1234),(1235),(1236)
My | (23456),(13456), (12456) | (12356), (12346), (12345).
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>>> 3 «» 3 Pachner move

Left side

Zi578 = [ dhase [1s dliasedlzasedlsasedc (9456) Sr (haase) S (h2ase )6 r (h14s6)dr (123456 )01 (113456) 5L (112456 ) Zrenainges

(G))
Right side
Z350 = [y dhazs [1s dlizsadlizssdlinasdc (g123) S (h1234) 6k (hi23s5) 0 (ha236) 8L (L2356 )01 (112346) 0L (L12345) Zrenniner
(67)
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>>> Proof of 3 < 3 Pachner move invariance

* Let us first investigate the r.h.s. of the move:

S dhi23 [} 3 dliazadliazsdliazeda(9123) 0r (hi123a)0m (hi1235) 0 (hi236 )0 (112356 )9 L (112346 )01 (l12345) -
(68)

* First, one integrates out the l1235, using 6L(112345), one integrates
out li1236, using d5(l12356), and one integrates out his3, using
0 (l1234) -
Similarly, one obtains that 0m(hi235) = dm (hi23s) = 0m(e).
The remaining d-function dr(l12346) reads

01 (lh23a6) = 01 ((h1a6gas > hasa) b’ {hiais hase (gse > haas), (gs6ga5) > (hizahiaahasa) )y lisaslisss (69)

hass o' (gs6 > lizas)hase o (gs6 & lizas) " (Rasegss & hizs) > (gse > laaas )liasshizs o l23se (hizs b lasa6)l1246) -

One obtains that the integration over li234 is trivial, and the r.h.s. of the
move finally reads

r.h.s. = 5 (€)dr ()20 (hass b’ (gs6 > l1245) ™ hase b (956 > (h12s >’ l2345)) ™" 11356 h126 b’ 13356 (h126 > l2346)

l1246(h146946 > hasa) b {h3ig hase (956 > haas), (956945) > (hi§4h124h234)};1lI§4611356}1156 >’ (g6 & 11345) .

(70)
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>>> Proof of 3 < 3 Pachner move invariance

* The integral of the l.h.s. reads

[ dhase [13 dliasedlzasedlzasedc (9ase) Or (haase)dm (haase )dm (h14s6)0L (123456 )01 (113456 )91 (12456 ) -
(71)

* One integrates out the l1456, exploiting 6L(l13456), one one integrates out
the l2456, exploiting O (l23456), and one integrates out hgse, exploiting
0n (h3as6) -

* Using this we obtain

6 (ga56) = 6c(e) - )

* Similarly as done for the right-hand side of the move, one shows

0p (h1as6) = 0r (h2ase) = dm (e).
* The remaining dr (l12456) now reads
61, (l12456) = 5L(1I%46h126 >’ Ia346 " ha2e b’ la3s6(h126hass) B (956 > 12345)) 1256156 B (956 > l1245)
hase > (g56 > 11345) " 135611346 (h146946 & h13a) ' {hase, (956945) > (R13ah124h234)}p) -
(73)
One obtains that the integral over l34s¢ is now trivial and 1.h.s. of the move
finally reduces to:
Lh.s. = G (€01 (€)?0L (haae o’ lagaslizas (h1a6gas > haza) o {hase, (956945) > (h1zaha24hasa) }y 1346
liase hase > (956 > 11345) hase & (956 > 11245) " (h1segse > hi2s) & (956 > l2345) ™" Lia56 ha2e > 13356 ) -
(74)
The expressions (70) and (74) are the same, which proves the invariance of the
state sum (10) under the Pachner move 3 <> 3. The numbers of k-simplices agree on
both sides of the 3 <> 3 move for all k, and the prefactors play no role in this

case.
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>>>

Synopsis

2-crossed modules and 3-gauge theory

Physically relevant models -The constrained 2BF actions

describing the Yang-Mills field and Einstein-Cartan gravity,
and constrained 3BF actions describing the Klein-Gordon,
Dirac, Weyl and Majorana fields coupled to Yang-Mills fields
and gravity in the standard way.

Starting from the notion of Lie 3-groups, we generalize the
integral picture of gauge theory to a 3-gauge theory that
involves curves, surfaces, and volumes labeled with elements of
non-Abelian groups.

The definition of the discrete state sum model of topological
higher gauge theory in dimension d=4.

We prove that the state sum is well defined, i.e., invariant
under the Pachner moves and thus independent of the chosen
triangulation.
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involves curves, surfaces, and volumes labeled with elements of
non-Abelian groups.
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