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Introduction

Introduction

Lot of recent activity in the study of supersymmetric and superconformal theories
in various dimensions in closely related contexts

e A deeply interconnected web of supersymmetric theories arising from branes,
most often strongly coupled, related by various types of dualities.

e Progresses in the evaluation of exact quantum observables. Related to
localization and the study of supersymmetry in curved space.

e Many results on indices and counting problems that can be also related to
BH physics.
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Introduction

Introduction

One of the success of string theory is the microscopic counting of micro-states for
a class of asymptotically flat black holes [vafa-stromingeros]

e The black holes are realized by putting together D-branes, extended objects
that have gauge theories on the world-volume

e The entropy is obtained by counting states in the corresponding gauge theory
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Introduction

Introduction

No similar result for AdS black holes in d > 4 was known until very recently. But
AdS should be simpler and related to holography:

e A gravity theory in AdSy41 is the dual description of a CFT4

The entropy should be related to the counting of states in the dual CFT. People
tried hard for AdSs black holes (states in N=4 SYM). Still an open problem.

For AdS, black holes this problem can be solved by using localization techniques
that allow to evaluate exact quantities in supersymmetric gauge theories.
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Introduction

Based on

F. Benini-AZ; arXiv 1504.03698 and 1605.06120

F. Benini-K.Hristov-AZ; arXiv 1511.04085 and 1608.07294
S. M. Hosseini-AZ; arXiv 1604.03122

S. M. Hosseini-A. Nedelin-AZ; arXiv 1611.09374

and also: Yoshida-Honda, arXiv 1504.04355; Closset-Cremonesi-Park, arXiv 1504.06308;
Closset-Kim arXiv 1605.06531; Closset-Kim-Willet arXiv 1701.03171.
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SCFT

PART I : FIELD THEORY PERSPECTIVE
e Localization

e The topologically twisted index
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Localization

Localization

Exact quantities in supersymmetric theories with a charge Q% = 0 can be
obtained by a saddle point approximation

7 = e—S _ e—5+f{Q7V} = e—§|c/ass X detrermions
t>1 detbosons

8.7 = /{o«, vie STHAVY _ ¢

Very old idea that has become very concrete recently, with the computation of
partition functions on spheres and other manifolds supporting supersymmetry.
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Localization

Localization

Localization ideas apply to path integral of Euclidean supersymmetric theories

e Compact space provides IR cut-off, making path integral well defined

e Localization reduces it to a finite dimensional integral, a matrix model
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Localization

Localization

Localization ideas apply to path integral of Euclidean supersymmetric theories

e Compact space provides IR cut-off, making path integral well defined

e Localization reduces it to a finite dimensional integral, a matrix model

Ny N> H 2 ui—up s 2 Vi—V
._.sinh sinh ;
i< 2 2 ik 2_ 2
/”du;”dvj J R e4w(ZU, =)
- - - - [];.;cosh® ==~
i=1 j=1 1<Jj 2

ABJM, 3d Chern-Simon theories, [Kapustin,Willet, Yakoov;Drukker,Marino, Putrov]
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Localization

Localization

Carried out recently in many cases

e many papers on topological theories

o 52, T2

S3, S3)7y, S% x S1, Seifert manifolds
S, S*)Zy, S® x St ellipsoids

e S° S*x S Sasaki-Einstein manifolds

with addition of boundaries, codimension-2 operators, ...

Pestun 07; Kapustin,Willet,Yakoov; Kim; Jafferis; Hama,Hosomichi,Lee, too many to count them all - - -
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Localization

Localization

In all cases, it reduces to a finite-dimensional matrix model on gauge variables,
possibly summed over different topological sectors

Zm(y) ZZ/CdXzim(X,y;m)

with different integrands and integration contours.

When backgrounds for flavor symmetries are introduced, Zy(y) becomes an
interesting and complicated function of y which can be used to test dualities

@ Sphere partition function, Kapustin-Willet-Yakoov; - - -
® Superconformal index, Spironov-Vartanov; Gadde,Rastelli,Razamat,Yan; - - -

® Topologically twisted index, Benini,AZ; Closset-KIm; - - -
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The topological twist

Consider a very old idea: an A/ = 2 gauge theory on 52 x St
ds? = R?(d6? +sin® 0 dp?) + 52dt?
with a magnetic background for the R-symmetry:

1 1
AR = —Zcosfdp = —Zw'?,
2 LA
In particular AR is equal to the spin connection so that
Dy = O+ Swtbrppe — AR =0 — = const
€ = Oue + JWp Vabe — iAj € = € = cons

This is just a topological twist. [witten 'ss]
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The twisted index

The partition function

The path integral on S? x S reduces by localization to a matrix model
depending on few zero modes of the gauge multiplet V = (A,, o, A\, AT, D)

e A magpnetic flux on S2 m= % fsz F in the co-root lattice
e A Wilson line A; along S!

e The vacuum expectation value o of the real scalar

The path integral reduces to an r-dimensional contour integral of a meromorphic

form
1 .
W Z %Z;nt(u,m) u=A;+io
mely ¢
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The twisted index

The partition function

e In each sector with gauge flux m we have a meromorphic form

Zint(u7 m) = chasszl—loop

CS _ _km _ iu
chass =X X=e
p/2 1p(m)—q+1
chiral X
Zl-loop = H [m q= R Charge
PER .

Zfeee = 1 (1 =x*) (i du)

acG

e Supersymmetric localization selects a particular contour of integration C
and picks some of the residues of the form Z,.(u, m).

[Jeffrey-Kirwan residue - similar to Benini,Eager,Hori, Tachikawa '13; Hori,Kim,Yi '14]
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The twisted index

The partition function

We can introduce background fluxes p and fugacities y for flavor symmetries
xP = xP yP", p(m) = p(m) + pf(n)
where pr is the weight under the flavor group,

F F
AF = —% cosfdy = —%wlz

and

.7 y:eF7 u:At+07 UF:AtF—f—O'F

The path integral becomes a function of a set of magnetic charges p and
chemical potentials y.
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A topologically twisted index

The path integral can be re-interpreted as a twisted index: a trace over the
Hilbert space H of states on a sphere in the presence of a magnetic background
for the R and the global symmetries,

Try ((fl)Fe"JFAFe*BH>

Q?=H-oF U

holomorphic in uf

where Jr is the generator of the global symmetry.
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A Simple Example: SQED

The theory has gauge group U(1) and two chiral Q and Q

7 — X%y% m+n X*%y% —m+n
Z/me 1—xy) (1—x—1y)

| UM  UMa  Ug
1 1 1

-1 1 1

D10

Consistent with duality with three chirals with superpotential XYZ

1

_ y 2n—1 y_g —n+1 y_2 —n+1
_(1—y2> (l—y—l) (1—y‘1>

1
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Dualities and generalizations
Many generalizations
e We can add refinement for angular momentum on S2.

e We can consider higher genus S? — ¥, [also Closset-Kim 16]
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Dualities and generalizations
Many generalizations
e We can add refinement for angular momentum on S2.

e We can consider higher genus S? — ¥, [also Closset-Kim 16]

82 lo Zin €
Zine(u,m) = Zing (v, m) det (ﬁ)

relation to Gauge/Bethe correspondence [Nekrasov-Shatashvili; Okuda-Yoshida; Gukov-Pei]
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Dualities and generalizations
Many generalizations
e We can add refinement for angular momentum on S2.

e We can consider higher genus S? — ¥, [also Closset-Kim 16]
We can go up and down in dimension and compute

e amplitudes in gauged linear sigma models for (2,2) theories in 2d on 52 fiso

Cremonesi-Closset-Park "15]

e an elliptically generalized twisted index for A" = 1 theory on 52 x T2 [ako
Closset-Shamir '13;Nishioka-Yaakov '14;Yoshida-Honda '15]
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Dualities and generalizations
Many generalizations
e We can add refinement for angular momentum on S2.

e We can consider higher genus S? — ¥, [also Closset-Kim 16]
We can go up and down in dimension and compute

e amplitudes in gauged linear sigma models for (2,2) theories in 2d on 52 fiso

Cremonesi-Closset-Park "15]

e an elliptically generalized twisted index for A" = 1 theory on 52 x T2 [ako
Closset-Shamir '13;Nishioka-Yaakov '14;Yoshida-Honda '15]

The index adds to and complete the list of existing tools (superconformal indices,
sphere partition functions) for testing dualities: Aharony; Giveon-Kutasov in 3d;
Seiberg in 4d,--- .
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AdS Black Holes

PART Il : AdS, black holes

e Magnetically charged AdS4 black holes
e localization for ABJM

= = = E nae
Alberto Zaffaroni (Milano-Bicocca) HoloBH



AdS, black holes

Consider BPS asymptotically AdS, static dyonic black holes
ds? = —e2Y0de? + e2Y0) (dr? + V(r)?ds)

X' = X'(r)

e vacua of N = 2 gauged supergravities arising from M theory on AdSs x S
e electric and magnetic charges for U(1)* C SO(8)

e preserving supersymmetry via an R-symmetry twist

(Vy —iAL)e = 0ye = € = cost

[Cacciatori,Klemm; Gnecchi,Dall'agata; Hristov,Vandoren;Halmagyi;Katmadas]
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AdS, black holes and holography

AdS black holes are dual to a topologically twisted CFT on 52 x S! with
background magnetic fluxes for the global symmetries

dr?
dss+1 = +(r2ds§4d+0(r)) A= Au,+ O(1/r)

Entropy of black holes
Counting of microstates
2772

Partition function of twisted QM fixed point

3d CFTon S,X S,
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Dual Field Theory Perspective

The boundary is S x R or S? x S in the Euclidean, with a non vanishing
background gauge field for the global symmetries on 52

A

AN = —% cosf0d¢

e The magnetic charges p” corresponds to a deformation of the boundary
theory, which is topologically twisted, with a magnetic charge for the
R-symmetry and for the global symmetries of the theory.

e The electric charges g gives sub-leading contributions at the boundary.
They are a VEV in the boundary theory, meaning the the average electric
charge of the CFT states is non zero.

Everything is easily generalized to S — ¥,.
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Magnetically charged AdS, black holes

Dual Field Theory Perspective

It is then natural to evaluate the topologically twisted index with magnetic
charges p for the R-symmetry and for the global symmetries of the theory

boundary

52 ﬂ/ H,
St QM

ZEsted(p, A) = Try ((—1)FeBeFHr)

A:Af+ioF
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Dual Field Theory Perspective

It is then natural to evaluate the topologically twisted index with magnetic
charges p for the R-symmetry and for the global symmetries of the theory

boundary

ZEE8(p, A) = Try ((—1)FeBe= )

A:Af+ioF

This is the Witten index of the QM obtained by reducing S? x S! — S!.

e magnetic charges p are not vanishing at the boundary and appear in the
Hamiltonian

e electric charges q can be introduced using chemical potentials A
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Magnetically charged AdS, black holes

Dual Field Theory Perspective

It is then natural to evaluate the topologically twisted index with magnetic
charges p for the R-symmetry and for the global symmetries of the theory

boundary
@ | A
v
St QM

ZEsted(p, A) = Try ((—1)FeBeFHr)

A:Af+ioF

The BH entropy is related to a Legendre Transform of the index [genini-Hristov-AZ]
d7
dA

[similar to Sen’s formalism, OSV, etc]

Sgr(q,n) =ReZ(A) = Re(log Z(p, A) — iAq), 0
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Localization for ABJM

The dual field theory

The dual field theory to AdSs x S” is known: is the ABJM theory with gauge
group U(N) x U(N)

with quartic superpotential

W = A1 BiA2Bs — A1BoAsBy

with R and global symmetries

U(1)* € SU(2)a x SU(2)g x U(1)g x U(1)gr C SO(8)
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Localization for ABJM

The dual field theory

It is useful to introduce a basis of four R -symmetries R,, a=1,2,3,4

|R. R Ry R
A2 0 0 o0
Alo 2 0 o0
B.l0o 0 2 0
B,|0 0 0 2

A basis for the three flavor symmetries is given by J, = %(Ra — Ry). Magnetic

fluxes n, and complex fugacity y, for the symmetries can be introduced. They
satisfy

4

Z pa =2, supersymmetry
a=1

4
H Ya=1, invariance of W
a=1
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ABJM twisted index

The ABJM twisted index is

Z /H 2:);;,- ;jx ™ & H (1 B *) (1 B ;J) *

mmGZ’V i#j
N Xi R~ 1 Xi R~ 1
( % b1 mj—m;—p1+ % Y2 m;—m;—po+
<[] (5 L
1—x 1—x
ij=1 & /1 52

( %y3 )ﬁj—mi—szrl( %}/4 )fﬁj—mi—erl
_% _%
1—-3 s 1-3va

Ilivi=1, >Xpi=2
iAi are fugacities and n; the
magnetic fluxes for the three independent U(1) global symmetries

where m, m are the gauge magnetic fluxes, y; = e
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ABJM twisted index

We need to evaluate it in the large N limit. Strategy:

e Re-sum geometric series in m,m.

Z_/ dX,' d)?,‘ f(X,‘,)?,')
2mix; 2mwiK; HjAlzl(eiB’ —1) Hj"’zl(eif% ~1)
e Step 1: find the zeros of denominator e5 = e/ =1 at large N
e Step 2: evaluate the residues at large N
Z ~ Z —f(Xi(O)7)?i(0))
detB

[Benini-Hristov-AZ]

[extended to other models Hosseini-AZ; Hosseini-Mekareeya]
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The large N limit

Step 1: solve the large N Limit of the algebraic equations e5 = €6 = 1 giving

the positions of poles

N ! 1-ywt) 1 —ya)
k X ~k X X,
1=x11 71'/’- 7112- =511 l ,1&

! X p —1%
Jj=1 (17}/1 7/‘)(1*)/2 )T/) i=1 (17)’1 7’[)(17}@ Xf)

e We call them Bethe Ansatz Equations because the same expressions can be
reintepreted in the 2d Integrablhty approach [Nekrasov-Shatashvili; Okuda-Yoshida; Gukov-Pei]

e They can be derived by a BA potential Vga

iB: B dVga VBa
iB, iB,
= =1 et = = 0
€ € dx; dx;
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The large N limit

Step 1: the Bethe Ansatz equations can be solved with the ansatz

up = I'\/Nt,'—i-v,', log L'],'ZI'\/Nt,'—i-V,' ( = el N':e'ui)

which has the property of selecting contributions from / ~ j and makes the

problem local.
1 di

Ndt’

T/\% :/dt [tp(t)(Sv )+p(t) ( > e (0v()+8,)— ) g—(5v(t)_Aa))

a=3,4 a=1,2

p(t) =

(5V(t) =v,—V

where g1 (u) = %3 FIur+ %2u.
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Localization for ABJM
The large N limit

Step 1: the equations can be then explicitly solved
up = I'\/Nt; + v,

log i; = iVNt; + ¥;

and

dv(t)
Vea ~ N3\ /A1 A A3 A,
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The large N limit

Step 2: plug into the partition function. It is crucial to keep into account
exponentially small corrections in tail regions where y;x; /% =1

N
log Z = N*/2(finite) + Z log(1 — y;xi/%;) yixi/% =1+ e NV
i=1

O(N)
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The large N limit

Step 2: plug into the partition function. It is crucial to keep into account
exponentially small corrections in tail regions where y;x; /% =1

N
log Z = N*/2(finite) + Z log(1 — y;xi/%;) yixi/% =1+ e NV
i=1

O(N)

One can by-pass it by using a general simple formula [Hosseini-AZ; arxiv 1604.03122]

0Vea

logZ == ) Pagn_

a
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Localization for ABJM

The final result

The Legendre transform of the index is obtained from Vga ~ VA1 A AzAy:

1 dy . i
I(A) = §N3/2 Za (_pa dABA - ’Aaqa> Ya=¢€ A
a

log Z

This function can be extremized with respect to the A, and

| Z|crie = BH Entropy(ps, 9.)

| Dalerie ~ X(ry) |

[Benini-Hristov-AZ]
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AdS, black holes

o Notice that the explicit expression for the entropy of the AdS; x S7 black
hole is quite complicated. In the case of purely magnetical black holes with
just

1 2

pt=p>=yp°

is given by

S= \/—1 + 6p1 — 6(p1)? + (=1 + 2p!)3/2y/—1 + 6p!
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The attractor mechanism

The BPS equations at the horizon imply that the gauge supergravity quantity

OF

_ N _ A _
R = (Fap" — X"aa) , Fan = axh

with (g,n) electric and magnetic charges, is extremized with respect to the scalar
fields at the horizon and its critical value gives the entropy.

Under XM — AN

F = iVXOX1IX2X3 ~ Vga(A) = /A18:034,
R = XN dv iA =7(A
Z Z ]3 dXA —aqa ~ Z —ParAa —i0sq, | =Z(A)

The previous discussion can be extended to higher genus, again with perfect
agreement [Benini-Hristov-AZ].
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Comments and discussions

Part 11l : Comments and discussions
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A. Statistical ensenble

A, can be seen as chemical potential in a macro-canonical ensemble defined by
the supersymmetric index

Z = Try(—1)FelBele=FH

so that the extremization can be rephrased as the statement that the black hole
has average electric charge

0

e Similarities with Sen’s entropy formalism based on AdS,.

e Similarly to asymptotically flat BH, (—1)F does not cause cancellations at
large N. What's about finite N7
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Comments and discussions

B. R-symmetry extremization

Recall the cartoon

Entropy of black holes
Counting of microstates
2

QM fixed point

Partition function of twisted

3d CFTon S,X S,
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Comments and discussions

B. R-symmetry extremization

The extremization reflects exactly what's going on in the bulk. Consider no
electric charge, for simplicity. The graviphoton field strength depends on r

Tow = "X Fp

suggesting that the R-symmetry is different in the IR and indeed

Ailerie ~ X' (rn)
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Comments and discussions

B. R-symmetry extremization

The twisted index depends on A; because we are computing the trace
Z(A) = Try(—1)F e = Tryy (—1)RA)

where R(A) = F + A;J; is a possible R-symmetry of the system.
For zero electric charges, the entropy is obtained by extremizing log Z(A).

Some QFT extremization is at work?
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Comments and discussions

B. R-symmetry extremization
The extremum log Z(A) is the entropy.

e symmetry enhancement at the horizon AdS;:

R(A) is the exact R-symmetry at the superconformal point

all the BH ground states have R(A) = 0 because of superconformal
invariance (AdS;)

Z(A) = Try(~1)F@) = 31 = gentrony

and the extremum is obtained when all states have the same phase (—1)F

Z is the natural thing to extremize: in even dimensions central charges are
extremized, in odd partition functions...
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Comments and discussions

Conclusions

The main message of this talk is that you can related the entropy of a class of

AdS, black holes to a microscopic counting of states.

e first time for AdS black holes in four dimensions

e similar results can be found for black strings in AdSs [Hosseini,Nedelin,AZ]
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Comments and discussions

Conclusions

The main message of this talk is that you can related the entropy of a class of
AdS, black holes to a microscopic counting of states.

e first time for AdS black holes in four dimensions

e similar results can be found for black strings in AdSs [Hosseini,Nedelin,AZ]

But don't forget that we also gave a general formula for the topologically twisted
path integral of 2d (2,2), 3d A/ =2 and 4d A = 1 theories.

e Efficient quantum field theory tools for testing dualities.

e With many field theory questions/generalizations
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Comments and discussions

Thank you for the attention !
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