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Start with a map
u:-M-—N

where M, N are “geometric spaces” (Riemannian manifolds,
metric measure spaces, metric spaces, etc.).

The energy of the map u is taken by
@ Measuring the stretch of the map at each point p € M.

@ Integrating this quantity over M.
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Harmonic Maps

For u: (M, g) — (N, h) (Riemannian manifolds) the energy is

E(u) = /M |duf2ax

where du € T(T*M @ f*TN) is the differential and
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Definition

For Riemannian manifolds M, N, the map u: M — N'is
harmonic if it is a critical point for the energy functional E.
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Definition

For Riemannian manifolds M, N, the map u: M — N'is
harmonic if it is a critical point for the energy functional E.

Restricting to Euclidean case, this means for all v € Cyo(Q2, R)
with E[v] < oc:
im Elu+tv] - E[u] _
t—0 t
More generally, the Euler-Lagrange Equation is: 2
" ou*  ouP Y-
Dol + G4 5705 -0 =0 Aw =0
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Harmonic maps

Smooth Examples

@ harmonic functions

@ geodesics

@ isometries

@ ftotally geodesic maps

@ minimal surfaces

@ holomorphic maps between Kéhler manifolds
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Harmonic maps into CAT(x) spaces

Today we consider maps

u:X — (X,d)where

@ ¥ is a Riemann surface
@ (X, d) is a compact locally CAT(x) space:
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Harmonic maps into CAT(x) spaces

Today we consider maps

u:X — (X,d)where

@ ¥ is a Riemann surface
@ (X, d) is a compact locally CAT(x) space:
e (X,d) is a geodesic space.
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Harmonic maps into CAT(x) spaces

Today we consider maps

u:X — (X,d)where

@ ¥ is a Riemann surface K70 lase
@ (X, d)is a compact locally CAT (k) space; —_—

e (X,d) is a geodesicspace.

° ({))(: d) has curvature < k. Q Lk‘fb
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Harmonic maps into CAT(x) spaces

Definition (Korevaar-Schoen)
Letu: Q c C — (X, d). For u € L2(Q, X), we let

unf_ 1 d?(u(z), u(())
e4(2) /a o e

- 2me €
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Harmonic maps into CAT(x) spaces

Definition (Korevaar-Schoen)
Letu: Q c C — (X, d). For u € L2(Q, X), we let

Uiy . ] d?(u(2), u(€))
el(z) = e o2 6—2d«9.

Then the energy of u is defined

——

E[u] :== sup limsup [ ¢(z)e’(z)dxdy. —;ée_,

¢eCF(Q) =0 JQ S .
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Harmonic maps into CAT(x) spaces

If E[u] < oo then there exists a function e¥ € L'(Q,R) such that
—l)

e’(z)dxdy — e ( )dxdy (weakly as measures).

T W) =e )
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Harmonic maps into CAT(x) spaces

If E[u] < oo then there exists a function e¥ € L'(Q,R) such that

e(z)dxdy — eY(z)dxdy (weakly as measures).

Definition
A map u: Q — Xis harmonic if it is locally energy minimizing.
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Motivation - Uniformization

@ Uniformization Theorem For Riemann Surfaces [Koebe,
Poincaré]

Every simply connected Riemann surface is conformally
equivalent to the open disk, the complex plane, or the
Riemann sphere.
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Motivation - Uniformization

@ Uniformization Theorem For Riemann Surfaces [Koebe,
Poincaré]

Every simply connected Riemann surface is conformally
equivalent to the open disk, the complex plane, or the
Riemann sphere.

@ A consequence:

Every smooth Riemannian metric g defined on a closed
surface S is conformally equivalent to a metric of constant
Gauss curvature.
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Non-smooth Uniformization
= Hz2) -
H c.;? ) Q& H MQMM

@ Measurable Riemann Mapping Theorem
[Moorey ‘38, Ahlfors-Bers ‘60]

Let i : C — C be an L function with ||u||;« < 1. Then
there exists a unique homeomorphism 7 : C — C such that
051(2) = 1(2)0:1(2). &— waln .,

_ 14u(2) difechen
The dilatation of f at z is H(z) := {5 P mdrt/

ek ke
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Non-smooth Uniformization

Other non-smooth uniformization results:
@ Reshetnyak ‘93

@ Bonk-Kleiner ‘02
@ Rajala ‘17

@ Lytchak-Wenger ‘20
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Non-smooth Uniformization

Other non-smooth uniformization results:
@ Reshetnyak ‘93

@ Bonk-Kleiner ‘02
@ Rajala ‘17

@ Lytchak-Wenger ‘20

We use global existence and branched covering results to
show:
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Non-smooth Uniformization

Other non-smooth uniformization results:
@ Reshetnyak ‘93

@ Bonk-Kleiner ‘02
@ Rajala ‘17
@ Lytchak-Wenger ‘20

We use Qlobal existenc% and branched covering results to

show:

@ For (S, d) a locally CAT (k) sphere, there exists a harmonic
homeomorphism h: S — (S, d) which is

i o seure)
.1-a¢,
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G@al Existence

Theorem (B.-Fraser-Huang-Mese-Sargent-Zhang, ‘20)

Let Y be a compact Riemann surface and (X, d) be a compact,
locally CAT (k) space. Let ¢ : ¥ — X be a finite energy,
continuous map. Then either:

@ there exists a harmonic map u : ¥ — X homotopic to ¢
or

@ there exists an almost conformal harmonic map
v:S? - X.
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Global Existence

Theorem (B.-Fraser-Huang-Mese-Sargent-Zhang, ‘20)

Let Y be a compact Riemann surface and (X, d) be a compact,
locally CAT (k) space. Let ¢ : ¥ — X be a finite energy,
continuous map. Then either:

o there exists a harmonic map u : = — X _homotopicto ¢
or —

@ there exists an almost conformal harmonic map
v:S? - X.
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Global Existence

@ Generalizes Sacks-Uhlenbeck existence of minimal two
spheres.

@ No PDE available.
@ Exploits local convexity properties of CAT(x) spaces.

@ Existence and regularity of Dirichlet solutions required.

@ Produce harmonic map via harmonic replacement.
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Local analysis

Definition
We will say a harmonic map v : ¥ — (X, d) from a Riemann

surface into a locally CAT (k) space is\non-degenerate|if, at
every point, infinitesimal circles map to infinitesimal ellipses.
(That is, tangent maps of u do not collapse along any ray.)

o'
'L>
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Local analysis

Theorem (B.-Mese ‘20)

A proper, non-degenerate harmonic map from a Riemann
surface to a locally CAT(x) surface is a branched cover.
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Alexandrov Tangent Cones

Definition

Given a geodesic space (X, d), the Alexandrov Tangent Cone
of X at q is the cone over the space of directions £y given by

TgX :=10,00) x &/ ~
with metric

5((s, 1) (t, 12l) =2 +_8* — 2st cos([11], [12).
—
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Alexandrov Tangent Maps

Letu: D — X be a harmonic map into a CAT (k) space (X, d).
Let

log, : (X,dy) = (TgX,9)

N = e —
such that log,.(q') := (d,(q,q').[vg])- Then for maps u, which
converge to a tangent map ofu)the maps R

Wy
08, Uy B—> TgX
converge to what is called an Alexandrov tangent map of u.
e —— /l
Ve
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@ In general, tangent cones need not be well behaved. We

prove: M» (S‘d) S @ QAT( K) Surfuc. ﬂlﬁ
TS s amine ane ous o finike ot
¥ g cied cane.

@ In general, Alexandrov tangent maps need not be
harmonic. We prove:

kows - (4) haemanie & ()
ey Tl woalohd, than its A fupunt
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Kuwert classified homogeneous harmonic maps from C into an
NPC cone (C, ds?) where

S2 — 62‘Z|2(1 7,8)0122

For a non-degenerate, harmonic u, tangent maps are
the form

cz*/% with /3 € N,
v.(2) = c(% (k‘%zo‘ +k%20>)1/ﬁ,
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Application: Almost conformal harmonic maps

A non-trivial almost conformal harmonic map u : * — (S, d) ¢
from a Riemann surface to a locally CAT(x) surface is
non-degenerate.
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Application: Uniformization

Theorem (B.-Mese ‘20)
If (S, d) is a locally CAT(x) sphere, then there exists a map
h:S? — (S, d) such that
@ h is an almost conformal harmonic homeomorphism.
@ handh=' are 1-quasiconformal.
@ his unique up to a Médbius transformation.

@ the energy of h is twice the Hausdorff 2-dimensional
measure of (S, d).
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Application: Uniformization

@ There exists a finite energy map.

ConNUF ?ww.\‘n
@ Use global existence and local analysS to find almost

conformal, harmonic branched cover u.

@ Use u to define an equivalence relation on S? and a
complex structure on the quotient space Q. )‘, (
e . ek P~3fr ulp/>u 7“).
U . idoT = .
1T ‘ il M‘wrpk;m
s dyotke

vV ¢ 2, -
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