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Modular forms

"Modular forms are
functions on the complex
plane that are inordinately

symmetric.

They satisfy so many
internal symmetries that
their mere existence seem
like accidents.

But they do exist.”
-Mazur
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Modularity

Definition:
f : H — C holomorphic is modular of weight k € Z if for all
(28) €SLa(2)

f (”*b) — (cr+ d) (7).

cT+d
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Modularity

Definition:
f : H — C holomorphic is modular of weight k € Z if for all
(g 2) € SLQ(Z) Weight
art + b k
f = (7).
<C7+d> (cT + d)*f(7)

Kathrin Bringmann Asymptotic properties of modular type objects



Modularity

Definition:
f : H — C holomorphic is modular of weight k € Z if for all
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Modularity

Definition:
f : H — C holomorphic is modular of weight k € Z if for all
(g 2) € SLQ(Z) Weight
art + b k
f = (7).
<C7+d> (cT + d)*f(7)

+ growth condition
Extends to k € Z + 5, multipliers...
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Modularity

Definition:
f : H — C holomorphic is modular of weight k € Z if for all
(g 2) € SLQ(Z) Weight
art + b k
f = (7).
<C7+d> (cT + d)*f(7)

+ growth condition
Extends to k € Z + 5, multipliers...

Weakly holomorphic: f holomorphic, linear exponential growth at
cusps
Notation: I\/I,!(
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Fourier expansion

Holomorphic: bounded at cusps
Notation: M,
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Fourier expansion

Holomorphic: bounded at cusps
Notation: M,

Cusp forms: vanish at cusps
Notation: Sy
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Fourier expansion

Holomorphic: bounded at cusps
Notation: M,

Cusp forms: vanish at cusps
Notation: Sy

Fourier expansion (g := e>™'7, 7 € H)

F(r) =3 cr(n)q”

neZ
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» Dedekind n-function:

n(r)=q% [[(1-¢"
n>1
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» Dedekind n-function:

n(r)=q% [[(1-¢"
n>1

Modularity:

0 +0) =l a(-3) = V=)
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» Dedekind n-function:

1
n(r) =q% [[(1-4q")
n>1
Modularity:

i 1 A
n(r+1) =eln(r), (—) — Vin(r)
» Theta function:

o(r) = Z q”

nez
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|dentity of Gauss

Write

o(r)® =: Z r(n)q".

n>0
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|dentity of Gauss

Write

o(r)® =: Z r(n)q".

n>0

Then
r(n) = 12(H(4n) — 2H(n))
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|dentity of Gauss

Write

o(r)® =: Z r(n)q".

n>0

Then
r(n) = 12(H(4n) — 2H(n))

with the Hurwitz class numbers

H(n) := #{equivalence classes of integral binary quadratic forms

of discriminant n}.
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Partitions

A partition of n € Np is a nonincreasing sequence of positive
integers whose sum is n.
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A partition of n € Np is a nonincreasing sequence of positive
integers whose sum is n.

Let
p(n) := # of partitions of n.
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A partition of n € Np is a nonincreasing sequence of positive
integers whose sum is n.

Let
p(n) := # of partitions of n.

Generating function: (Euler)

P(a) =) _p(me"=]] 1 _1qn

n>0 n>1

L. Euler
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Example: Partitions of 4
4, 3+1, 242, 24141, 1+141+1

so p(4) = 5.

Further values:
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Example: Partitions of 4
4, 3+1, 242, 24141, 1+141+1

so p(4) = 5.

Further values:

p(10) = 42
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Example: Partitions of 4
4, 3+1, 242, 24141, 1+141+1

so p(4) = 5.

Further values:

p(10) = 42

p(50) = 204226
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Example: Partitions of 4
4, 3+1, 242, 24141, 1+141+1

so p(4) = 5.

Further values:

p(10) = 42
p(50) = 204226

p(100) = 190569292
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Fibonacci numbers

Fibonacci numbers:

Fn: n—1+Fn—2
Fo=0 F=1

L. Fibonacci
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Fibonacci numbers

Fibonacci numbers:

Fn: n—1+Fn—2
Fo=0 F=1

First elements:

11 2 35

L. Fibonacci
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Fibonacci numbers

Fibonacci numbers:

Fn: n—1+Fn—2
Fo=0 F=1

First elements:

11 2 35

L. Fibonacci

but

p(5) =7 Fs =8
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Pentagonal Number Theorem

Pentagonal Number Theorem:

[Ta-e)=>(-1¢ %"

n>1 neZ
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Pentagonal Number Theorem

Pentagonal Number Theorem:

[Ta-e)=>(-1¢ %"

n>1 neZ

Recursion:

p(n) = p(n—1)+ p(n—2) — p(n—5) — p(n—7)
+p(n—12)+ p(n—15) — p(n —22) — ...
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Asymptotic behavior

Asymptotic behavior: (Hardy-Ramanujan)

1 x>

p(n) ~ a/3n°

(n — o0)

G. Hardy
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Asymptotic behavior

Asymptotic behavior: (Hardy-Ramanujan)

1 o /2n
n)~ e 3 n — o0
P ~ e (n )
Kloosterman sums:
Ai(n) = Z wh,k(%

h (mod k)*
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Asymptotic behavior

Asymptotic behavior: (Hardy-Ramanujan)

1 x>

p(n) ~ a/3n°

(n — o0)

Kloosterman sums:

some multiplier

Ak(n) := Z wh,ke_@

h (mod k)*
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Exact formula

Bessel function of order «:

JOEDS miT (m i a+1) (;)2'"“‘

m>0
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Exact formula

Bessel function of order «:

()= miT(m i a+1) (;)2””0‘

m>0

Rademacher formula:

N 27 Ak(n), [ m/24n—1
" i K '3< )

H. Rademacher
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|dea of proof

Goal: Determine asymptotic behavior of a(n) as n — oo.
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|dea of proof

Goal: Determine asymptotic behavior of a(n) as n — oo.

Generating function:

A(q) = _a(n)q"

n>0
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|dea of proof

Goal: Determine asymptotic behavior of a(n) as n — oo.

Generating function:

A(q) = _a(n)q"

n>0

Cauchy’s Theorem:

Kathrin Bringmann Asymptotic properties of modular type objects



|dea of proof

Goal: Determine asymptotic behavior of a(n) as n — oo.

Generating function:

A(q) = _a(n)q"

n>0

Cauchy’s Theorem:

_ 1 [A)
an) =55 | gt

C path inside unit circle, surrounding 0 counterclockwise.
If A(q) is modular can approximate it near roots of unity.
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General statement

Kloosterman sums:

K(m, n) _ Z e%(maJrnd)

d (modc)*

with dd =1 (mod c)
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General statement

Kloosterman sums:

K(m,n) = Z o = (md+nd)

d (modc)*

with dd =1 (mod c)

Theorem (Rademacher—Zuckerman)
Let f(1) =), cr(n)q" € /\/I,!( (k € —2Ng). Then for n € N

1—k

m<-—1 c>1
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Asymptotic main term

Corollary
k

1
|npl472 «
)~ e "

where ng < 0 is minimal with cf(ng) # 0.

%e47n/|no|n

)
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Asymptotic main term

Corollary
k

1
|npl472 «
)~ e "

where ng < 0 is minimal with cf(ng) # 0.

%e47n/|no|n

)

Proof Use Ip(x) ~ \/;—% (as x — o0).
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1. Modular forms

2. Mock modular forms

3. (Mixed) False theta functions
4. Non-modular forms

5. Mixed mock modular forms

6. Meromorphic modular forms
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

J. Funke
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

A(F)=0

with (7 =711 + i)

J. Funke
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

A(F)=0

J. Bruinier
with (7 =711 + i)

9?2 9?2 0 0
Ay =72 — + — ik — +ti—
k T2 (8712 + 8722>+I 72 (871 +Ia7'2>

plus growth condition

J. Funke
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Harmonic Maass forms

Definition:
F : H — C real-analytic is a weight k harmonic
Maass form if it is modular of weight k and

A(F)=0

J. Bruinier
with (7 =711 + i)

9?2 9?2 0 0
Ay = 72— + — ik — i
k T2 (8712 + 8722>+I 72 (871 +Ia7'2>

plus growth condition

J. Funke

Notation: H,!(
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Examples

» weight 2 Eisenstein series:

Ex(7) := Ex(1) — 77372

quasimodular form
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» weight 2 Eisenstein series:

Ex(7) := Ex(1) — 77372

quasimodular form

where, with o(n) := 3", d,

Ex(T):=1-24) o(n)q"

n>1
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» weight 2 Eisenstein series:

Ex(7) := Ex(1) — 77372

quasimodular form

where, with o(n) := 3", d,

Ex(T):=1-24) o(n)q"

n>1

» Class number generating function:

~ n i i O(w)
H(T) = H(n)q" + > dw
= 2 e / (—i(r +w))?

n=0,3 (mod4)

Kathrin Bringmann Asymptotic properties of modular type objects



» weight 2 Eisenstein series:

Ex(7) := Ex(1) — 77372

quasimodular form

where, with o(n) := 3", d,

Ex(T):=1-24) o(n)q"

n>1
» Class number generating function:
~ i i O(w)
H(T) = H(n)q" + dw
> 8V2m Jr (—ir + w))?

n=0,3 (mod4)msck modular form
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» weight 2 Eisenstein series:

Ex(7) := Ex(1) — 77372

quasimodular form

where, with o(n) := 3", d,

Ex(T):=1-24) o(n)q"

n>1
» Class number generating function: shadow
~ i i O(w)
H(r) = H(n)q" + dw
2 8V2m Jr (—ir + w))?

n=0,3 (mod4)msck modular form
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Natural splitting

F € H,
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Natural splitting

F € H,

F = F* - F~

holomorphic
part
(mock modular form)

non-holomorphic
part
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Natural splitting

F € H,
F = I—_+ + F-
h0|0’r)na<:£ph|c non-holomorphic
(mock modular form) part
with

F(7) =Y cq (mT(k — 1; 4x[n|2)q"

n>1
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Natural splitting

F € H,
F = I—_+ + F-
h0|0’r)na<:£ph|c non-holomorphic
(mock modular form) part
with

F(7) =Y cq (mT(k — 1; 4x[n|2)q"
n>1 +

incomplete gamma
function
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Alternative representation

The non-holomorphic part has the shape

/ioo F(w)(T + w)* <dw.

—7
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Alternative representation

The non-holomorphic part has the shape

/ii)o F(w)(T + w)* <dw.

4
modular, weight 2 — k (shaddow)
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Alternative representation

The non-holomorphic part has the shape

/ F(w)(T + w)* <dw.
-
modular, weight 2 — k (shaddow)

&-operator: & = 2i7-2k% He — My_y
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Ramanujan’s last letter

"] am extremely sorry for not
writing you a single letter up to
now. | recently discovered very
interesting functions which | call
“Mock” ¥-functions. Unlike the

“False” v¥-functions they enter
into mathematics as beautifully

as the theta functions. | am
sending you with this letter some

examples.”

S. Ramanujan
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Mock theta functions

These mock theta functions are 22 peculiar g-series.
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Mock theta functions

These mock theta functions are 22 peculiar g-series.

Example:
(@)=Y T S ame"
I g{)(—q;q)n nz;_o 7
with
(3 9)n = (a)n = [] (1 — aq™)
m=0
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Dyson’s challenge for the future

"The mock theta-functions give
us tantalizing hints of a grand
synthesis still to be discovered.
Somehow it should be possible to
build them into a coherent
group-theoretical structure,
analogous to the structure of
modular forms which Hecke built
around the old theta functions of
Jacobi. This remains a challenge
for the future...”

F. Dyson
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Mock modularity of f(q)

Theorem (Zwegers)
The function f(q) is a mock modular form.

azs i)

S. Zwegers
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Asymptotics for f(q)

Ramanujan’'s claim:

(_21\)/;41 en\/g

a(n) ~ (n — o0)
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Asymptotics for f(q)

Ramanujan’'s claim:

(_21\)/;+l ew\/g

a(n) ~ (n — o0)

Proved by Andrews—Dragonette (Circle
Method).

G. Andrews

Kathrin Bringmann Asymptotic properties of modular type objects



Asymptotics for f(q)

Ramanujan’'s claim:

(_21\)/;+l ew\/g

a(n) ~ (n — o0)

Proved by Andrews—Dragonette (Circle
Method).

Key: Bound

G. Andrews

[ sinh(at) ~3af? ela
J(a)./o e B ORD]
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Andrews—Dragonette Conjecture

Andrews—Dragonette Conjecture:

oy - (-1l ok (1+(~1)%)
()_(24n—1)ikz>:1 k A2k< 4 )
(V21
* 12n
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Andrews—Dragonette Conjecture

Andrews—Dragonette Conjecture:

. _pla
o(n) = Y

( k(1+(_1)k)) Cm)
XA | N — ———— = I% PR S —

Theorem 1 (B.—Ono)

The Andrews-Dragonette Conjecture is true.
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A general formula

Theorem 2 (B.—Ono)

The Rademacher—Zuckerman exact formula also holds for Hy
(k € —iNp).
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A general formula

Theorem 2 (B.—Ono)

The Rademacher—Zuckerman exact formula also holds for Hy
(k € —iNp).

Idea of proof: For simplicity assume k € —2Ny. Let F € H,.
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A general formula

Theorem 2 (B.—Ono)
The Rademacher—Zuckerman exact formula also holds for Hy
(k € —iNp).

Idea of proof: For simplicity assume k € —2Ny. Let F € H,.

Poincaré series: m € —N

Fk,m = Z ¢k,m|k'}/a

Y€l \SL2(Z)
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|dea of proof

where

oo} ) nes)

L D ormo(22)

_k
Gkom(T) =Ty 2M_i 1k (4|m|T2)e
27 2

2wimTy
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|dea of proof

where

oo} ) nes)

L D ormo(22)

_k )
¢k,m(7’) =T, M ﬂ(47r‘,n’7_2)627r1m7-1
2'72

¥
M-Whittaker function
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Proof cont.

Let

G(r) =Y i (m)Fim(7).

m<0
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Let
G(r) =Y i (m)Fim(7).
m<0
Then
F=0G.
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Let
G(r) =Y i (m)Fim(7).
m<0
Then
F=0G.

Fourier expansion:

M(1— k;4m|m|m)
Fk,m(T)—(1— T ) ™+ bh(n)

n>0

+ ) b (n(1 = k;4mnry)q "
n>1
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Let
G(r) =Y i (m)Fim(7).
m<0
Then
F=0G.

Fourier expansion:

M(1— k;4m|m|m)
Fk,m(T)—(1— T ) ™+ bh(n)

n>0

+ ) b (n(1 = k;4mnry)q "
n>1

In particular for m € N

bi(n) = 2m(—1)'"%

n

m %ZK(m,n;c)/ (47r«/|mn|>
1—k :
c c

c>1
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1. Modular forms

2. Mock modular forms

3. (Mixed) False theta functions
4. Non-modular forms

5. Mixed mock modular forms

6. Meromorphic modular forms
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Rogers false theta functions

Wrong sgn-factors prevent modularity.
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Rogers false theta functions

Wrong sgn-factors prevent modularity.

Example:

Z(—l)"sgn (n + ;) q(nJr%)2

nez
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Unimodal sequences

Definition:
Sequence {a;};_; with
aal<a<...<aZaqp1=>... 2 as

4
peak

and a3 + ...+ as = nis a unimodal sequence (stack).
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Unimodal sequences

Definition:
Sequence {a;};_; with
aal<a<...<aZaqp1=>... 2 as

4
peak

and a3 + ...+ as = nis a unimodal sequence (stack).

Let
u(n) := #unimodal sequences of size n.
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Generating function

Generating function:

n>0 n>1
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Generating function

Generating function:

n>0 n>1

Define
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Generating function

Generating function:

n>0 n>1

Define

Note:
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Completion

Idea:

“Complete” 1 to obtain a function transforming like a modular
form.
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Completion

Idea:

“Complete” 1 to obtain a function transforming like a modular
form.

Completion: w € H

Hrw) =iy e <—im (n - ;)) (—1)gd(n+3)’

nez
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Completion

Idea:

“Complete” 1 to obtain a function transforming like a modular
form.

Completion: w € H

QZ(T, w) = iZerf (—im <n+ ;)) (—1)”q%("+%)2
nez
error fanction
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Completion

Idea:

“Complete” 1 to obtain a function transforming like a modular
form.

Completion: w € H
Hrw) =iy e <—im (n - ;)) (—1)gd(n+3)’

ISV 1
error function

Note that for e > 0

tILrgo P(r, 7+ it +€) = (7).
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Modularity

Remark
Motivation for changing sgn into error function taken from false
theta functions.
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Modularity

Remark

Motivation for changing sgn into error function taken from false
theta functions.

Theorem 3 (B.-Nazaroglu)

The function 15 transforms like a
modular form.

C. Nazaroglu
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Modularity

Remark
Motivation for changing sgn into error function taken from false
theta functions.

Theorem 3 (B.-Nazaroglu)

The function 15 transforms like a
modular form.

Sketch of proof:
Poisson summation.

C. Nazaroglu
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Modularity

Remark
Motivation for changing sgn into error function taken from false
theta functions.

Theorem 3 (B.-Nazaroglu)

The function 15 transforms like a
modular form.

Sketch of proof:
Poisson summation.

Note: Could also view the false theta
functions as Eichler integrals. C. Nazaroglu
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Asymptotics: (Auluck, Wright)

1 n
u(n) ~ 7562”\/; (n — o0)
8-3an4

Blw

Kathrin Bringmann Asymptotic properties of modular type objects



Asymptotics: (Auluck, Wright)

1 7
u(ln) ~ —— e2”\/; (n— o0)
8-34n4

NI

Notation: Ki(n), Kk(n, r) Kloosterman sums
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An exact formula

Theorem 4 (B.—Nazaroglu)
We have

. 2r Ki(n) ™
u(n) = 12n—1kz>:1 P (ﬁvlz”*l)
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An exact formula

Theorem 4 (B.—Nazaroglu)
We have

. 2r Ki(n) ™
u(n) = 12n—1kz>:1 P (ﬁvlz”*l)

™ Ki(n,r)
T 53 3 Z 2
2:V/3(24n + 1) k>1 r (mod2k) k

x/ll (1—x2)% cot (;k (\)/% —r— ;)) Iy (3%/(\/(1 —x2) (24n + 1)) dx.

Slw
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|dea of proof

Write ) .
U(q) = —q #f(7) + qi2g(T)

with

i (1) 1

=20y
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|dea of proof

Write
U(q) = —q % () + qug(7)
with () )
f(r):= R0 (r) = O
Set for p € Q

T+ico+e 3
Eo(T) = / ﬂdz,
4

Vi(z—71)

where the integration path avoids the branch-cut.
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|dea of proof

Write
U(q) = —q~ % (1) + q2g(r)
with
t fr) = 220 gy L
2n(1)* n(7)?
Set for p € Q

gg ) T+ico+e LZ)?)dZ’
=) T

where the integration path avoids the branch-cut.

Lemma
We have, for M = (2 5) € SLy(Z) with ¢ > 0,

F(r) = ¥ () ier ) (£ (£28) - s (25 &2 (223)).
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Mordel-type integrals

For Re(V) >0

— 7 Vx?

i (i 1)? i e
o (0+iV) W%( )"e im Ny Py yewr X

Kathrin Bringmann Asymptotic properties of modular type objects



Mordel-type integrals

For Re(V) >0

i (i 1)? i eV
o (0+iV) W%( )"e im Ny Py yewr X

Write

Ve, (Haiv)=ey (Friv)rey  (F+iv),
k K

K
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Mordel-type integrals (cont.)

where
* h _ i 2ndV n mi(n+l 20
(5 )Ly apete
nezZ
vad —7Vx
X lim dx,
e—0+ / x—(n+3)(1+ie)
—v2d
24/
e ( —|—IV> — 27rdVZ( 1n7rln+)7
77 neZ

—7Vx
X lim dx.
e—>0+ / x—(n+3)(1+ie)
Ix|>v2d
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Mordel-type integrals (cont.)

Error bounds: For 0 < d < %

o (F+1v) = Ollog(h).

El
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Mordel-type integrals (cont.)

Error bounds: For 0 < d < %

y (& +1v) = 0 (log(k).
Write

ieZﬂ'dV

" roo ailre1)2h
ba(Frv) =T X et

r (mod 2k)
V2d

X / cot (g7 (x —r — %)) e ™V dx.
—v2d

Enter the Circle Method.
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1. Modular forms

2. Mock modular forms

3. (Mixed) False theta functions
4. Non-modular forms

5. Mixed mock modular forms

6. Meromorphic modular forms
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Unimodal sequences

Recall:

Sequence {a;}:_; with
a<a<...<aZa1=... 2 as

and a1 + ...+ as = nis a unimodal sequence (stack).
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Shifted stacks

Definition:

A shifted stack of size n € Ny is a stack of size n with the extra
condition that
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Shifted stacks

Definition:

A shifted stack of size n € Ny is a stack of size n with the extra
condition that

aj>aj1—1 for1 <j<r—1,

ajy1+1 forr <j<s-1.

IN IV

9j
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Shifted stacks

Definition:

A shifted stack of size n € Ny is a stack of size n with the extra
condition that

aj>aj1—1 for1 <j<r—1,

ajy1+1 forr <j<s-1.

IN IV

9j

Let
ss(n) := #shifted stacks of size n.

Kathrin Bringmann Asymptotic properties of modular type objects



Shifted stacks

Example: Shifted stacks of size 4 are
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Shifted stacks

Example: Shifted stacks of size 4 are

1+2+1
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Shifted stacks

Example: Shifted stacks of size 4 are

1+2+1 1+1+2
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Shifted stacks

Example: Shifted stacks of size 4 are

1+2+4+1 1+1+2 1+1+1+1.
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Shifted stacks

Example: Shifted stacks of size 4 are

1+2+4+1 1+1+2 1+1+1+1.

Thus ss(4) = 3.
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Generating function

Auluck:
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Generating function

Auluck:

n(n+1)
Ss(q) := Zss n)q" —1—1—2 1(1_ )

n>0 n>1

(log) asymptotic behavior (Wright)

log(ss(n)) ~ QW\/E (n — o)
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Generating function

Theorem 5 (B.-Mahlburg)
We have

ss(n) ~ ;Se 5 (n — o0)

with ¢ the Golden Ratio.

K. Mahlburg
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Key idea of the proof

» Embed into the modular world:

Ss(q) =1+ CTyg }:C }: "q

= (@ 5 (@Dma

CT is the constant term
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Key idea of the proof

» Embed into the modular world:

Ss(q) =1+ CTyg ZC ZC

r>0 (9) m>1 (q)m-1

=14 CTpg (¢ (¢, (€a))

CT is the constant term
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Key idea of the proof

» Embed into the modular world:

Ss(q) =1+ CTyy ZC @ Z g™

>0 m>1 ()m-—1

=14 CTpg (¢ (¢, (€a))

CT is the constant term
» Use Jacobi triple product formula

(—C71) 00 (~¢a)ag (@)oo = —q 3¢ 20 ( +3 2’;)
where

19(2;7') = Z e7rin27'+27rin(z+%).

nEZ-l—%
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Proof continued ...

» Modular inversion:

. ) 1y o
2 L) iy B ey (e D) 2n
2 27T £ 1€ 9
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Proof continued ...

» Modular inversion:

. ) 1y o
2 L) iy B ey (e D) 2n
2 27T £ 1€ 9

> Laurent expansion of quantum dilogarithm Li>({; q) := —Log((¢; ) o)

1

Lip <e—B€<; e—a) = % Lio(¢) + <B — 2) log(1 — ¢) + O(e).
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Proof continued ...

» Modular inversion:

. ) 1y o
2 L) iy B ey (e D) 2n
2 27T £ 1€ 9

> Laurent expansion of quantum dilogarithm Li>({; q) := —Log((¢; ) o)

1

Lip <e—B€<; e—a) = % Lio(¢) + <B — 2) log(1 — ¢) + O(e).

» Saddle point method
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Proof continued ...

» Modular inversion:

. ) 1y o
2 L) iy B ey (e D) 2n
2 27T £ 1€ 9

> Laurent expansion of quantum dilogarithm Li>({; q) := —Log((¢; ) o)

1

Lip <e—B€<; e—a) = % Lio(¢) + <B — 2) log(1 — ¢) + O(e).

» Saddle point method

» Tauberian Theorem
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Ranks and cranks

Definition: For a partition A define

rank(\) := largest part of A — # parts of A,
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Ranks and cranks

Definition: For a partition A define

rank(\) := largest part of A — # parts of A,

largest part of A if o(A) =0,

crank(\) := { _
w(A) — o(A) if o(\) > 0,
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Ranks and cranks

Definition: For a partition A define

rank(\) := largest part of A — # parts of A,

largest part of A if o(A) =0,

crank(\) := { _
w(A) — o(A) if o(\) > 0,

where
o(A) :=+# of 1sin A,

w(A) == #parts > o(A).
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Crank generating function

Let (basically)

M(m, n) := # of partitions of n, crank m,

N(m, n) := # of partitions of n, rank m.
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Crank generating function

Let (basically)

M(m, n) := # of partitions of n, crank m,

N(m, n) := # of partitions of n, rank m.

Andrews—Garvan:

C(¢q) = Z M(m, n)¢™q"

meZ
n>0

(n+1)
2
n

1-C(-D)q
B (q)oo % 1-(q

F. Garvan
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Rank generating function

Atkin—Swinnerton-Dyer:

— 3 N(m )"

meZ
n>0

(3n+1)

1—C
Z —Cq

=

P. Swinnerton-Dyer
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Crank and rank moments (r € Ny) (Atkin—Garvan)

M, (n) := Z m"M(m, n)

meZ

N,(n) := Z m"N(m, n)

meZ

Kathrin Bringmann Asymptotic properties of modular type objects



Crank and rank moments (r € Ny) (Atkin—Garvan)

M, (n) := Z m"M(m, n)

meZ

N,(n) := Z m"N(m, n)

meZ

Note: N2,+1(n) = I\/I2,+1(n) =0
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Asymptotics and inequalities

Theorem 6 (B.—Mahlburg-Rhoades, Garvan)

(1) Asn— o0

Mzk(rl) ~ Nzk(n).

R. Rhoades
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Asymptotics and inequalities

Theorem 6 (B.—Mahlburg-Rhoades, Garvan)
(1) Asn— o0
Mzk(rl) ~ Nzk(n).

(2) Foralln>0

Mzk(n) > Ngk(n).

R. Rhoades

Kathrin Bringmann Asymptotic properties of modular type objects



Asymptotics and inequalities

Theorem 6 (B.—Mahlburg-Rhoades, Garvan)
(1) Asn— o0
Mzk(rl) ~ Nzk(n).

(2) Foralln>0

Mzk(n) > Ngk(n).

R. Rhoades

Important tool: modularity (differentiate with respect to Jacobi
variable)
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Positive moments

Positive crank and rank moments (r € N) (Andrews—Chan—Kim)

M (n) := Z m"M(m, n)

meN

Nt (n) = Z m"N(m, n)

meN

A

B. Kim
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Positive moments

Positive crank and rank moments (r € N) (Andrews—Chan—Kim)

meN
Nt (n) Z m"N(m, n)
meN ]
Note: M (n) = A Moy (n) H. Chan

B. Kim

Kathrin Bringmann
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Asymptotics and inequalities

Theorem 7 (B.-Mahlburg, Andrews—Chan—Kim)

(1) Asn— o0
M (n) ~ N ().
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Asymptotics and inequalities

Theorem 7 (B.-Mahlburg, Andrews—Chan—Kim)

(1) Asn— o0
M (n) ~ N ().

(2) Foralln>0
M (n) > N;"(n).
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|dea of proof

Difficulty: Non-modularity
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|dea of proof

Difficulty: Non-modularity
» Relate generating functions to “false Lerch sums” (¢ € {1,3})

1 (_1)n+1q@+%’
(9)oc 2 (1—qgm)"

n>1
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|dea of proof

Difficulty: Non-modularity
» Relate generating functions to “false Lerch sums” (¢ € {1,3})

1 (_1)n+1q@+%’
(9)oc 2 (1—qgm)"

n>1

» Understand the asymptotic behavior near g = 1.
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|dea of proof

Difficulty: Non-modularity
» Relate generating functions to “false Lerch sums” (¢ € {1,3})

1 (_1)n+1q@+%’
(9)oc 2 (1—qgm)"

n>1

» Understand the asymptotic behavior near g = 1.

» Circle Method
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Non-modular products

Define

o(q) = H (1 - qjk(j%k))_l = Z r(n)q".

Jjk>1 n>0

Counts certain representations of SU(2).
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Non-modular products

Define

o(q) = H (1 - qjk(j%k))_l = Z r(n)q".

Jiok>1 n>0
Counts certain representations of SU(2).
Asymptotics (Romik)
Go 2 3 1 1
r(n) ~ — exp <A1n5 — An1o — Azns — A4n10)
ns

for explicit Cy, A1, Az, A3, Ag.
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Question by Romik

Question (Romik)
What about further terms in the asymptotic expansion?
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Question by Romik

Question (Romik)
What about further terms in the asymptotic expansion?

Theorem 8 (B.—Frake)
Let L € Ng. We have, as n — o0,

2 3 1 1
X exp (A1n5 — Aonio — Azns — A4nT0> ,

where the constants C; do not depend on L and n and can all be

calculated explicitly.
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Question by Romik

Tools:
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Question by Romik

Tools:

» Properties of the Dirichlet series

1
A= 2 Ltk i

kj>1
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Question by Romik

Tools:

» Properties of the Dirichlet series

1
A= 2 Ltk i

kj>1

» Saddle Point Method
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Question by Romik

Tools:

» Properties of the Dirichlet series

1
A= 2 Ltk i

kj>1

» Saddle Point Method
» Circle Method
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1. Modular forms

2. Mock modular forms

3. (Mixed) False theta functions
4. Non-modular forms

5. Mixed mock modular forms

6. Meromorphic modular forms
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Mixed mock modular forms

Definition: A mixed harmonic Maass form has the shape
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Mixed mock modular forms

Definition: A mixed harmonic Maass form has the shape

Mixed mock modular form: holomorphic part

Ht = sz-F.*

J
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Algebraic geometry: an example

Recall

H(r) = Z H(n)q".

Generating function for Euler numbers:

'H|U4(7')
F(7):= E =
(7—) nzolg(n)q 7,’(7.)6 )

where for f(7) = > a(n)q" the U-operator is

flU(T) == a(tn)q"

n
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Notation:

ForkeN, geZ, teR

7'1'2 .
sinhz(%fz—f if 2k1’g,
frg(t) =
2 k2 .
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Kloosterman sums:

Ko(mmk)y= 3 (bt K)e F (%)

h (mod k)*

with hh' = — (mod k)
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Kloosterman sums:

Ke(nym; k) = Z be (h H ok ) 2}:"(hn+#>

h (modk)” mu|t|pl|er

with hh' = — (mod k)
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Kloosterman sums:

Ke(nomik):= > we(h, h’) 2 (152

h (mod k)* mu|t|pl|er

with hh' = —1 (mod k)

Bessel function integral:

Tyg(n) ;:/_llfk,g() < V(an - 1)( 1—t2)> (1-3)%at
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An exact formula

Theorem 9 (B.—Manschot)

L ™ Ko(n,0;k), (m —
B(n) = 6(4,771)%%:1 p /( Van—1 1)

J. Manschot
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An exact formula

Theorem 9 (B.—Manschot)

L ™ Ko(n,0;k), (m —
B(n) = 6(4,771)%%:1 p /( Van—1 1)

1 Ko (n,0; k), (m
+ﬁ(zm—l)%kz21 N, b (VA=)

J. Manschot
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An exact formula

Theorem 9 (B.—Manschot)

™ Ko(n,0;k), /=
n)=— Is (—-v4n—1
Aln) 6(4,7*1)%%:1 k 2<k )
1 Ko (n,0;k) /m
* V2(4n —1)2 gl Vk & (E 4n - 1) J. Manschot
/Cg n g k
e X s
m(4n — k>1 ¢€{0,1}
—k<g<k
g={ (mod?2)
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Sketch of proof

Circle Method.
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Sketch of proof

Circle Method.

Bound integrals of the shape

Tign(w) = eiw"wi/ fg(t)e™ o dt.

—0o0

Negligibable for b < 0. “Principal part integrals” for b > 0.
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Corollary
We have as n — oo

1
B(n) = (96n_ ~ 5

NIw
=
|
I~
—+
)
/N
BI
N
N———
N——
[))
N
3
N
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1. Modular forms

2. Mock modular forms

3. (Mixed) False theta functions
4. Non-modular forms

5. Mixed mock modular forms

6. Meromorphic modular forms
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Ramanujan (Bialek)

For z» > 1:

E4(Z Z /Bn 2winz

n>0
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Ramanujan (Bialek)

For z» > 1:

E4(Z Z an 2winz

n>0

Here

B = (—1)"E6( = >y el =

A (e, d)
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L (cont.)

where
» Ae N h:?s the form
A=37T] pjaj (a €{0,1},pj = 6m+ 1 prime, a; € Ny),
j=1
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L (cont.)

where
» Ae N h:?s the form
A=37T] pjaj (a €{0,1},pj = 6m+ 1 prime, a; € Ny),
j=1

» (c, d) distinct solution to A = ¢ — cd + d?,
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1

£ (cont.)

where
» Ae N h:?s the form
A=37T] pjaj (a €{0,1},pj = 6m+ 1 prime, a; € Ny),
j=1

» (c, d) distinct solution to A = ¢ — cd + d?,
> hioy(n) =1, hpy(n) = (=1)", for A >7

m™n

A
\/gc
— barct .
arctan <2d—c

Kathrin Bringmann Asymptotic properties of modular type objects
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Asymptotic main term

Asymptotic main term:

(n — o00)
Es

i
e3)

/N

Very rapid growth!
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Building blocks

Define

* b 27m :
feg(e) = 3 32 O gy i orime

m>0bczp) N(6)277
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Building blocks

Define

* b 27m :
feg(e) = 3 32 O gy i orime

m>0bczp) N(6)277

where for b = (ci + d) C Z[i]

2mm c
cak(b, m) := cos <N(b)(ac + bd) + 4k arctan <a>) )
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Building blocks

Define

* b 27m :
feg(e) = 3 32 O gy i orime

m>0pczy] N(b)2 ™
where for b = (ci + d) C Z[i]
27

cak(b, m) := cos <N(Z;(ac + bd) + 4k arctan (:)) .

Meromorphic cusp forms: decay like cusp form
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Building blocks

Define

* b 27m :
feg(e) = 3 32 O gy i orime

m>0bczp) N(6)277

where for b = (ci + d) C Z[i]

2mm c
cak(b, m) := cos <N(b)(ac + bd) + 4k arctan <a>) )

Meromorphic cusp forms: decay like cusp form

Notation: Sy
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General theorem

Theorem 10 (B.—Kane)

Let f € Sy_5, with k > 0 with only pole
in SLo(Z)\ H in i. Then

n

2k +n—-1)!
Z Z 2k+n—-1-))!

n>0 j= 0

n
X <J> fokt2njn—j(2)-

Kathrin Bringmann Asymptotic properties of modular type objects



General theorem

Theorem 10 (B.—Kane)

Let f € Sy_5, with k > 0 with only pole
in SLo(Z)\ H in i. Then

expl/cnt
Z zn: 2k +n— 1)'
= o 0 2k+n—-1-))!

n
X <J> fokt2njn—j(2)-
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General theorem

Theorem 10 (B.—Kane)

Let f € Sy_5, with k > 0 with only pole
in SLo(Z)\ H in i. Then

expl/cnt
Z zn: 2k +n— 1)'
= o 0 2k+n—-1-))!

n
X <J> fokt2njn—j(2)-

Remark
Similar for poles at other points.
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Polar harmonic Maass forms

Definition:

F : H — C transforming modular of weight is a polar harmonic
Maass form of weight k if:
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Polar harmonic Maass forms

Definition:

F : H — C transforming modular of weight is a polar harmonic
Maass form of weight k if:

> Ak(F) = 0,
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Polar harmonic Maass forms

Definition:

F : H — C transforming modular of weight is a polar harmonic
Maass form of weight k if:

| 2 Ak(F) = 0,
» (z—3)"F(z) bounded near pole 3 (some n € Np),
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Polar harmonic Maass forms

Definition:
F : H — C transforming modular of weight is a polar harmonic

Maass form of weight k if:

| 2 Ak(F) = 0,
» (z—3)"F(z) bounded near pole 3 (some n € Np),

> linear exponential growth towards iocc.
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Polar harmonic Maass forms

Definition:

F : H — C transforming modular of weight is a polar harmonic
Maass form of weight k if:

| 2 Ak(F) = 0,
» (z—3)"F(z) bounded near pole 3 (some n € Np),

> linear exponential growth towards iocc.

Notation: Hy
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Building blocks

Let
H. = L
2k(3,2) = Z 1 _ e2ni(z—3) s
Y€ET s \SL2(Z) 2ky3
2k=2 /.
~ o (2iz0)" 0" _
H2k(5az) = H2k(3az)+ ; l 82rH2k(3az)'
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Building blocks

Let

H. = L

2k(3,2) = Z 1 _ e2ni(z—3) s
YET 00 \SL2(Z) 2ky3
2k—2 ..

~ o (2izp)" 0" _

H2k(5az) = H2k(3az)+ ; l 82rH2k(3az)'
Lemma 11

(1) 3~ 'q2k(3az) € Sok
(2) Z I/‘I\2k(3,2) € Hy_»g
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A key lemma

Lemma 12
Let F € Hy_5y, k < 0 with 62_2/((/:) € S,. Then

F(2) =) an [Rk; (Mak(,2)] ;.

n=0

where 5
K
R ,:=2i— + —.
'{73 185 + 5
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A key lemma

Lemma 12
Let F € Hy_5y, k < 0 with 62_2/((/:) € S,. Then

ng
— Z ap [Rfk,;, (Hok(3,2))] =i’
n=0 1
explicit

where

0
Ry = 2i— + —
185—1—
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