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Mg invariants

Witten-Reshetikhin-Turaev invariant

[Witten (1988)], [Reshetikhin-Turaev (1990)]

Consider the 3d SU(2) Chern-Simons theory, whose partition function is

Zos(Ma; k / DA 572 [y THANIATEANANA)
)

where k € Z denotes the (shifted) Chern-Simons level.
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M3 invariants

Witten-Reshetikhin-Turaev invariant

[Witten (1988)], [Reshetikhin-Turaev (1990)]

Consider the 3d SU(2) Chern-Simons theory, whose partition function is

Zos(Ma; k / DA 572 [y THANIATEANANA)
)

where k € Z denotes the (shifted) Chern-Simons level.

Later a combinatorial definition based on the rapresentation of U,(sly) was
found, and led to the extension of the above definition to

Zog(Ms; k) :Q— C

This was proven to be a topological invariant, known as the
Witten-Reshetikhin-Turaev invariant (WRT).
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Mg invariants [ M=theory perspective

Chern-Simons theory from branes

M-theory on T*Ms x TN x S!

This system is closely connected to

N M5 on J\fg analytically continued
Chern-Simons theory
@ > D2 U
; ?( QU [Witten (2010)], [Gaiotto, Witten (2011)]
Sl
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M3 invariants

M-theory perspective

Chern-Simons theory from branes

M-theory on T*Ms x TN x St

This system is closely connected to

N M5 on J\>{3 analytically continued
Chern-Simons theor
> p* DU, | o
b % [Witten (2010)], [Gaiotto, Witten (2011)]
g1
N D3 N D4 N M5 on M,
_—— ~ X
e ﬁ b——7—7— ~ ——— DU,
/ on MxR, ) on My;xR, xS} b X
coylgg(t'tion s
o NS5 D6
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Mg invariants [ M=theory perspective

6d N = (2,0) SCFT

[Gukov, Putrov, Vafa (2016)], [Gukov, Pei, Putrov, Vafa (2017)]

Ay 6d N = (2,0)
on Ms x D? x, 5! J

Supersymmetric three-dimensional Topological Quantum Field Theory
gauge theory T'[Mj]

3d N = 2 theory @

— Three-dimensional Chern-Simons
24 N =%
boundary condition theory on Mj
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Mg invariants [ M=theory perspective

6d N = (2,0) SCFT

[Gukov, Putrov, Vafa (2016)], [Gukov, Pei, Putrov, Vafa (2017)]

Ay 6d N = (2,0)
on Ms x D? x, 5! J

Supersymmetric three-dimensional Topological Quantum Field Theory
gauge theory T'[Mj]

3d N = 2 theory @

— Three-dimensional Chern-Simons
24 N =%
boundary condition theory on Mj

The supersymmetric index of T[M3] is the homological block

75" (Mz;m) = Z(D? g S5Ba) = > (~1)g'dimH
€7+ Aq
JEZ
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Mg invariants [ M=theory perspective

Supergroup Chern-Simons theory from branes

[Vafa (2001)], [Gaiotto, Witten (2008)], [Mikhaylov, Witten (2014)]

M-theory on T*Ms x TN x St
A supergroup analog of

analytically continued CS theory
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Mg invariants [ M=theory perspective

Supergroup Chern-Simons theory from branes

[Vafa (2001)], [Gaiotto, Witten (2008)], [Mikhaylov, Witten (2014)]

M-theory on T*Ms x TN x St
A supergroup analog of

M analytically continued CS theory

3
NM5 « MM5 — The CS path integral for
aC‘_I_() supergroups does not immediately
x b define an invariant
Sl
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Mg invariants [ M=theory perspective

Supergroup Chern-Simons theory from branes

[Vafa (2001)], [Gaiotto, Witten (2008)], [Mikhaylov, Witten (2014)]

M-theory on T*Ms x TN x St
A supergroup analog of

M analytically continued CS theory

3
NM5 « MM5 — The CS path integral for
a(,‘_x_() supergroups does not immediately
x b define an invariant
Sl

The homological block is the supersymmetric index of a (rather exotic)
three-dimensional quantum field theory

~

Z2m (My; 7) 1= Try, , (1) g™

a

|[Ferrari, Putrov (2020)]
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M3 invariants [FPlumbed 3-manifolds

Plumbed 3-manifolds

A plumbed 3-manifold M3(G) is determined by a weighted simple graph
(V,E, a,), which represents Dehn surgery on the framed link £(G).

ay as

ay as a4
'\a37a4/. C/_\ Q
ST 50
as ag as

ag

az

Dehn surgeries on different £(G) can produce homeomorphic manifolds: a
topological invariant must be invariant under the following Kirby moves

ay 0 as ap £1 +1 as £ 1 a; =1 +1
1% 12 12
> >
ay + ag ay a2
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Mg invariants [ Plumbed 3-manifolds

Plumbed 3-manifolds

M3(G) is equivalently described by a linking matrix M, a square matrix of
size L := |V| with entries

a, if v=2
Myy =<1 if (v,v')eFE
0 otherwise

— ICTP) Z fo & Supergroup CS



Mg invariants [ Plumbed 3-manifolds

Plumbed 3-manifolds

M3(G) is equivalently described by a linking matrix M, a square matrix of
size L := |V| with entries

a, if v=2
Myy =<1 if (v,v')eFE
0 otherwise

Given M, Hy(Ms,Z) = Z*/MZ*. If M is non-degenerate (b1 (M) = 0), it
induces a non-degenerate symmetric bilinear pairing on Hy(Ms,7Z)

(H\(M3,Z), ©— —(z, M 'z) + Z)
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Mg invariants [ Homological blocks

SU(2) Homological Blocks
[Gukov, Pei, Putrov, Vafa (2017)], [Gukov, Manolescu (2019)]

For a weakly negative plumbed three-manifold M3 and gauge group SU(2)
the homological block Zg'? (Ms;7) is

30 —TrM
4

72 (Ms;7) = (-1)"g x

d C1\2-3
X vp H f miv. y.v (yv — Yo 1) @y(T,z)
sov Jlyel=1 27y

where ¢ = €*™7 y, = e2™*v_§, = deg(v), and the label a can be identified
with elements of the set of Spin®(M3)/Zs.
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Mg invariants [ Homological blocks

SU(2) Homological Blocks
[Gukov, Pei, Putrov, Vafa (2017)], [Gukov, Manolescu (2019)]

For a weakly negative plumbed three-manifold M3 and gauge group SU(2)
the homological block Zg'? (Ms;7) is

30 —TrM
4

72 (Ms;7) = (-1)"g

d C1\2-3
X vp H f miv. y.v (yv — Yo 1) @y(T,z)
sov Jlyel=1 27y

X

where ¢ = €*™7 y, = e2™*v_§, = deg(v), and the label a can be identified
with elements of the set of Spin®(M3)/Zs. The theta function reads

nTm—1n T

D S
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Mg invariants [ Homological blocks

SU(2) Homological blocks

[Gukov, Pei, Putrov, Vafa (2017)]

The radial limit, taking 7 € H to the boundary of the upper-half plane,
relates the homological blocks to the WRT invariants

Zos(Ms:k) = (iVak)™ Y @mR@a g, tim 23 (Mas ),
a,be(ZL /MZL) /s e

where A(a,b) is the linking pairing on H;(M3,Z) and the matrix X has as
elements
eZ‘/riA(a,b) 4 e—27ri)\(a,b)

Xab -
(Wal+/|Det M|

where W, = Stabg, (a).
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Mg invariants [ Homological blocks

SU(2|1) Homological Blocks

[Ferrari, Putrov (2020)]

The homological block associated to M5(G) with gauge group SU(2|1) is
Ze8D (M 7) o= (—1)7x

dzx y A 2—90,
v v v v 6M
/ H 271'sz 2T1Yy ((1 — ) (1 — xv)> ap(T: X, ¥)

where a,b € ZF /M 7 the contour € has to be carefully chosen.
The theta function reads

Oyrxy) = > g Mt Tl aeyle

neMZ" +a veV
LeMZ* +b

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Mg invariants [ Homological blocks

SU(2|1) Homological Blocks

[Ferrari, Putrov (2020)]

The homological block associated to M5(G) with gauge group SU(2|1) is
Ze8D (M 7) o= (—1)7x

dzx y A 2—90,
v v v v 6M
/ H 271'sz 2T1Yy ((1 — ) (1 — xv)> ap(T: X, ¥)

where a,b € ZF /M 7 the contour € has to be carefully chosen.
The theta function reads

Oyrxy) = > g Mt Tl aeyle

neMZ" +a veV
LeMZ* +b

The homological blocks turn out to be a nice ¢-series when there exists a

“good” expansion chamber.
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Quantum Modularity Modular forms

Modular forms

Definition
A modular form ¢(7) of weight &k, multiplier system y with respect to the
group I is a holomorphic function ¢ : H — C which satisfies

k() =p(r), ~€T

A cusp form is a modular form with Fourier expansion ¢(7) = > ¢(n)q",

) n>0
— 627”7"

q
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Quantum Modularity Modular forms

Modular forms

Definition
A modular form ¢(7) of weight &k, multiplier system y with respect to the
group I is a holomorphic function ¢ : H — C which satisfies

k() =p(r), ~€T

A cusp form is a modular form with Fourier expansion ¢(7) = > ¢(n)q",

n>0
qg= 627ri‘r

The weight-k slash operator is defined as
Plix(r) = (et +d)Fx(1) " te(yr),  vel

where the action of I' on H is given by fractional linear transformations and
the multiplier system is a map y : I' — S'. From now on, I' = SL(2,7Z).
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Quantum Modularity [ Strong quantum modular forms

Quantum Modular Forms

[Zagier (2010)]

e QMFs are defined at the boundary of H (QU {ioco})

— ICTP) 1o Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Quantum Modular Forms

[Zagier (2010)]

e QMFs are defined at the boundary of H (QU {ioco})

o (QMFs are neither analytic nor I'-covariant functions
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Quantum Modularity [ Strong quantum modular forms

Quantum Modular Forms

[Zagier (2010)]

e QMFs are defined at the boundary of H (QU {ioco})

o (QMFs are neither analytic nor I'-covariant functions

A quantum modular form of weight & and multiplier x with respect to I"
is a function @ : Q — C such that for every « € T" the function

py(z) : Q\{y ' (c0)} = C,
P (7) = Q(x) — Qlr (),

has a better analytic behavior than Q(z).
The function v + p, is a cocycle on I" (i.e. Py vy = Dy k72 + Pra)-

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Strong QMFs

[Zagier (2010)]

A strong quantum modular form is a function ) which associates to
each element z € Q a formal power series over C, so that the identity

py(z+it) = Qz +it) — Qlexy(x +it),  t=0T,y€el

holds as an identity between countable collections of formal power series.

The formal function @ might extend to a globally defined
function @ : (C\R)UQ — C J

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Homological blocks - False thetas

[Cheng, Chun, Ferrari, Gukov, Harrison (2018)], [Bringmann, Mahlburg, Milas (2018)]

The quantum invariants Ea(Mg; 7) for a weakly negative definite plumbing
graph with are given by

¢ Za(M3;7) = > Wy () +p(7)

res

where p(7) is a polynomial, ¢ € Q, S is a subset of Z/2mZ.

The function ¥, (1) is a false theta function

— 2
Uy (1) =0, (1) = > sen(f) ¢/
LeZ
f=r mod 2m

1
ﬂmr

is the weight 3/2 unary theta function

1 2
ﬁ:n,r(T’ Z) = %azﬁmﬂ“(ﬂ Z)|Z=0 = Z Eqé /am
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Quantum Modularity [ Strong quantum modular forms

Holomorphic Eichler integral

[Lawrence, Zagier (1999)]

The holomorphic Eichler integral of a weight w cusp form ¢(7) is defined

g(1) == Z c(n)n*~vq",

n>1

where the coefficients ¢(n) are the Fourier coefficients of g(7) and w € 3Z.

Holomorphic Eichler integrals were first constructed to describe the
(w — 1)-fold primitive of a weight w € Z cusp form ¢(7). For integral weights
g(7) can be expressed as

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Radial Limit

|[Lawrence, Zagier (1999)], [Cheng, Chun, Ferrari, Gukov, Harrison (2018)]

A false theta function does not transform nicely under the modular group,
however its radial limit define a strong quantum modular form Q(x)

it) = lim U,,, it),
Qa+it) = lim Wl + i)

where 7 = x + it with x € Q and t € R,.

The radial limit of false theta functions reproduces the WRT invariants —
topological information of M3 can be easily extrapolated.

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [Strong quantum modular forms

e Q: What happens in the lower half-plane?

e Q: What is Z\a(—Mg; 7) for a weakly positive definite 3-manifolds?




Quantum Modularity [ Strong quantum modular forms

e Q: What happens in the lower half-plane?

e Q: What is Za(—M?,; 7) for a weakly positive definite 3-manifolds?

o The Ohtsuki series obeys
Zes(—Ms k) = Zos(Ms)(—k),  k— o0

o Za(—Mg; 7) is expected to be a holomorphic function on H with
well-defined g-expansions and integral coefficients.

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Non-holomorphic Eichler integral

|Lawrence, Zagier (1999)], [Bringmann, Rolen (2015)]

Consider the non-holomorphic Eichler integral §* : H~ — C

)= [ =g ar

The two Echler integrals §* and § agree to infinite order at any z € Q, so that

fort >0
g(x +it) Zant” g*(x —it) Zan
n>0 n>0
H
gz +it)
L Q) \
g (x —it)
H-
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Quantum Modularity [ Strong quantum modular forms

Mock modular forms

[Zwegers (2008)]

A mock modular form f(7) of weight k is a holomorphic function
f+H — C, whose completion

fr)=f() +g7(r)

transforms like a modular form of weight &, f|r,v(7) = f(7).
The shadow, g¢(7), is a holomorphic modular form of weight 2 — k and

-7

g0 = [ i

The non-holomorphic Eichler integral g* transforms as

200

G°(1) = gy (r) = / o(7)(# + ) dw.

—y~1(ic0)
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Quantum Mod v Strong quantum modular forms

Mock modular forms

|Griffin, Ono, Rolen (2013)], [Choi, Lim, Rhoades (2016)]

One of the distinctive features of mock theta functions is the infinite number
of exponential singularities at roots of unity.

— ICTP)



Quantum Modularity [ Strong quantum modular forms

Mock modular forms

|Griffin, Ono, Rolen (2013)], [Choi, Lim, Rhoades (2016)]

One of the distinctive features of mock theta functions is the infinite number
of exponential singularities at roots of unity. J

There is a collection of weakly holomorphic modular forms {G;}}_; such that
(f —G;) is bounded towards all cusps equivalent to z;.
Given a choice of {G;}"_;, f(7) defines a quantum modular form

Q@) = Jim (f = Gu)(a +it),

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Mock modular forms

|Griffin, Ono, Rolen (2013)], [Choi, Lim, Rhoades (2016)]

One of the distinctive features of mock theta functions is the infinite number
of exponential singularities at roots of unity. J

There is a collection of weakly holomorphic modular forms {G;}}_; such that
(f —G;) is bounded towards all cusps equivalent to z;.
Given a choice of {G;}"_;, f(7) defines a quantum modular form

Q@) = Jim (f = Gu)(a +it),

Given a mock modular form f(7) whose shadow is a cusp form ¢(7) and g(7)
is its Eichler integral, then f(7) and g(7) have the “same” asymptotic series at

reQ
(f — Gz)(—z + it) Zaz " g(x—i-it)wz:aw(n)t".

n>0 n>0
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Quantum Modularity [ Strong quantum modular forms

Mock-False Conjecture

[Cheng, Chun, Ferrari, Gukov, Harrison (2018)]

Mock-False Conjecture
If the homological block ¢~¢Z, (Ms;7) = > res Ym,r is a false theta function
for some ¢ € Q, then
0 Za(~M3;7) =D fonr(7)
res

is a mock theta function, whose shadow is a linear combination of the weight

3/2 unary theta series 9}, .(7).

See also the more recent works
[Gukov, Manolescu (2019)], [Cheng, Ferrari, Sgroi (2019)], [Cheng, Sgroi (20xx)]|
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Quantum Modularity [ Strong quantum modular forms

A little summary

A~

Za(M3;7-) D \I/mﬂ"('r)

/N

Oh, (1) Qz +it) — Zog(Ms; k)

N

Zo(—M3;T) «— fm,T(T)
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Quantum Modularity [ Strong quantum modular forms

Sphere plumbings

|Ferrari, Putrov (2020)]

-1 . -

The homological block
associated to the 3-sphere turns ‘

I8

= 1 1
7o' (83 1) = —5 2 > d(n)g" = —5 H20+4¢° +46° +6¢" + ..
n>1

out to be

where d(n) is the number of positive divisors of n.
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Quantum Modularity [ Strong quantum modular forms

Eisenstein series and strong QMFs

[Ferrari, Putrov (2020)]

The homological block associated to the 3-sphere

Zsl(21) [ 03,y _ ¢ _ 1 N
Z (8% 7) =14 2¢(0) + 2¢(— +2Z = 6+2Zd(n)q"
can be expressed in terms of the weight 1 holomorphic Eisenstein series

2(S%7) = 5 +2Gi(7), () )+ d(m

m>1

The Eisenstein series GGy, is defined as
1 o0
Gi(r) = 5¢(1— k) + ;ak_l(n)q

For k even and greater than two, Gi(7) is a modular from of weight k.
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Quantum Modularity [ Strong quantum modular forms

Eisenstein series and strong QMFs

|[Lewis, Zagier (2001)], [Bettin, Conrey (2011)]

The Eisenstein series G1(7) satisfies the following equation
1
Gi(7) = —Gi(=1/7) = pu(7)

p1(7) is a real analytic function with growth p; (1) = O(|log(7)|/7) as 7 — 0
and p1(7) = O(log(7)) as 7 — oo and it satisfies the three term relation

pi(r) =pi(r+ 1) = (T 4+ )7 pi ()

and extends to an analytic function in the slit plane (C' := C\R<o).

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

Eisenstein series and strong QMFs

|[Lewis, Zagier (2001)], [Bettin, Conrey (2011)]

The Eisenstein series G1(7) satisfies the following equation

Gi(7) ~ 2Gr(~1/7) = pa(7)

p1(7) is a real analytic function with growth p; (1) = O(|log(7)|/7) as 7 — 0
and p1(7) = O(log(7)) as 7 — oo and it satisfies the three term relation

pi(r) =pi(r+ 1) = (T 4+ )7 pi ()

and extends to an analytic function in the slit plane (C' := C\R<o).

— Up to a non-smooth term, the homological block 25[(2“)(5'3; 7) provides
an example of a quantum modular form.
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Quantum Modularity [ Strong quantum modular forms

SU(2|1) homological blocks for Lens spaces
[Ferrari, Putrov (2020)]

For p > 0, consider M3 = L(p, 1). In this case Hy(L(p,1),Z) = Z,, and so
there are p?> homological blocks labelled by pairs (b, c) € Z,.
The homological blocks turn out to be

ck

~ (p=b)(p—c) _( _
Zy VL, D) = consty,e +2¢ 00D Y s,
E>1

taking 1 < b,c¢ < p and

1+ 2p¢(—1) + 2¢(0), b=c=0 mod p,
consty — 4 PLE/D)+COb/p), c=0 modp.b£0 modp,
be p¢(=1,¢/p) +¢(0,¢/p),  b=0 mod p,c#0 mod p,
0, b,c#0 mod p.

where ((s,2) denotes the Hurwitz zeta function.
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Quantum Modularity [ Strong quantum modular forms

SU(2|1) homological blocks & QMFs

[Ferrari, Putrov (2020)]

The homological blocks of the Lens space L(2,1) can be proven to satisfy the
following transformation properties under the action of the generators of

SLy(Z),

Ssi(2]1 1 aa’ by’ SsI(2|1
(1) = 52 Do () Y ZEID (<1/7) = iy (7)
a’,b’

~sl(2|1 ab ~sl(2|1
22 (1) = (~1) 22 (r 4 1)

N

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Quantum Modularity [ Strong quantum modular forms

SU(2|1) homological blocks & QMFs

[Ferrari, Putrov (2020)]

The homological blocks of the Lens space L(2,1) can be proven to satisfy the
following transformation properties under the action of the generators of
SLy(Z),

Ssi(2]1 1 aa’ by’ SsI(2|1
(1) = 52 Do () Y ZEID (<1/7) = iy (7)
a’,b’

N

~sl(2|1 ab ~sl(2|1
22 (1) = (~1) 22 (r 4 1)

The function v (44)(7) extends to an analytic function in the slit plane C’.
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Quantum Modularity [ Strong quantum modular forms

SU(2|1) homological blocks & QMFs

|[Ferrari, Putrov (2020)]

5 1 aa’ +bb’ Ssl(2[1
ZayV(0) = o 3D Y ZEE (1)) = an (7)
a’,b’

with

1 r
Vom0V =Tan 1 [ ds(nm)t S 0/2C(0,1/2),

1 1
’7\'/27(04,1,) (7') = COHStmb —+ 5((1 — 1)(1) — 1) =+ %X

x (log(~4i7) -+ = 70(a/2) = 70(b/2)—mi 3 (~1)™ ¥ const, )

al b’

The limit of Z5'2)(L(2,1),7) when 7 tends to the real line, provides, up to a
non-smooth correction term, new examples of vector-valued quantum modular
forms.
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Conclusion

Some open questions

o Physical interpretation of the choice of contours
o How to regularize the integral for oppositely oriented 3-manifolds
o Positivity of the coefficients

o The homological blocks for Seifert 3-manifolds with 3 exceptional fibers
can be given in terms of

qam2+ﬁm

1— qu+B
m>0

o Provide a categorification of the homological blocks

(Francesca Ferrari — ICTP) 3d Modularity & Supergroup CS



Conclusion

Some open questions

Physical interpretation of the choice of contours

[¢]

o How to regularize the integral for oppositely oriented 3-manifolds

e}

Positivity of the coefficients

o The homological blocks for Seifert 3-manifolds with 3 exceptional fibers
can be given in terms of

qam2+ﬁm

1— qu+B
m>0

o Provide a categorification of the homological blocks

e more general supergroups e more complicated 3-manifolds
e connection to logarithmic VOAs e homological blocks for supergroups J
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