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Today’s focus:
* Traversable Wormholes in JT/ Two coupled SYK [Maldacena-Qi 18]

Traversable wormhole two coupled SYK
=Global AdS2
+ We generalize to JT with four boundaries/ Four coupled SYK
L R
Igra,v[gg)v 9] + ICFTLR[Q§§)7XLR] + Icrry, [gg),xlz] H H
SY K ULR SY K
1 @ ®
12 H12
CFTw depend on states CFT2
2 @ o

Hsyx MLR Hgyg




1. (Traversable) wormholes in 4d and in JT gravity

Wormholes: spacetime structure that connect distant regions.

- Spacial Wormholes: Closely related to quantum entanglement
[Israel, 76][Maldacena,03] [Ryu-Takayanagi,06] [Raamsdonk,10] [Maldacena-Susskind,13]

Classically they are not traversable because of ANEC ER bridge
(by quantum effect of matters we can break ANEC)

* (Euclidean) Spacetime Wormbholes:
A kind of gravitational instanton.

Confusing object in AdS/CFT because they cause correlation of P.F.
[Coleman, 88] [Maldacena-Maoz, 04] [Arkani-hamed-Orega-Polchinski, 07]

Recently play an important role in BH information problems K‘ o
[Saad-Shenker-Stanford, 19] [Penington-Shenker-Stanford-Yang, 19]

[Almheiri-Hartman-Maldacena-Shaghoulian-Tajdini, 19]

Replica
wormholes
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Nearhl AdS2 gravitx [Almeiri-Polchinski, 14] [Maldacena-Stanford-Yang, 16]

[Jensen, 16] [Engelosoy-Mertens-Verlinde, 16]

Jackiw-Teitelboim (JT) gravity action

®o / /
I, = — _ |
Gpv» @] Ton GN VIR SWGN vVhK [Jackiw 85]
topological [Teitelboim 83]
e [ VIR D~ o [ VEOK +1nlgd
JT action matter

Boundary condition:

du? "
15 =~ 22 Gl = () =

" R+2=0 — AdS

AdS:

EOM: —

2 mat
‘v uVid = V2o + g = om (TL)
g2 (27r)2—dt2 + dX? boundary
B B S_iIth %X X —
P _ 2mgy
ex) BH solution: — ¢(X) = Ftanh ZX
(T,"") =0



Setup for traversable wormhole in JT gravity (1

+ Consider JT gravity w/two boundary + many matter fields

S =1I1;r+I,]g,X]

iIntroduce double trace deformation for matters [Gao-Jafferis-Wall, 16]

In dual description, we have [Maldacena-Stanford-Yang, 17]

H = Hgwy, +Homy + QZ O (t)OR(2)
In SYK case, Hgy — nglK = Z Jijkmbilbjwkwl 0" — WJ

- Both reduce to coupled Schwarzian theories

- J
Jr, Hw=i) vFef YR
1=1

Traversable wormhole two coupled SYK
=Global AdS2 5



Setup for traversable wormhole in JT gravity (2) [Maldacena-Qi 18]

[Maldacena-Milekhin-Popov 18]
- Explicit traversable wormhole solution with conformal matters

2 2 . dt?
dSin — dSAdSQ with dS?nh)dy — _6_2
B —dt? + dx?
_ dsgut — _;
€

CFT: living on both of AdS:2 (in) and flat space (out) region
boundary condition outside is important to make traversable wormholes

. cf): boundary conditions
2d Gravity QM ) y
(assume holography) 2d Gravity
(2) (2)
Lgravlgij’ 0] + Icprlgij”, X Ground state in @) @)
coupled system Laravlgss”, @1 + Torrlgij™, X]
B G)
Boundary condition
QML QMR
periodic ~ direct
CFT2 \boundary CFT2 \ Coupllng BCFT2

condition 5 by CFT2



Traversable wormhole solution:

—dt* + do” 20, 2 — 0
) T
_ _ | 1}
ds 02 qin? ‘2 ’ QS(Z) A {tan ?

<Tmat> C T™C
T 4802 12(wl + d)2 2
Casimir energy: negative (48 7:; JCF )7 for BCFT)

¢ : “wormhole length”, dynamically determined by EOM
{=4(¢pr,c,d)
Alternatively: use variational method (approximate by TFD)

CFT2 on flat

7T¢f,a C CT -1

| { =
4GN 240 6(7‘(‘6 -+ Cl) ’ 27TTH

BH mass Weyl anomaly Casimir energy

E(l) = 2 x

—— Wormbhole length

minimize variational energy gives the same /¢

nl=d

¢ > d : consequence of achronal ANEC

[Graham Olum 07]
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Relations to 4d Black Holes [Milekhin-Maldacena-Popov, 18]

Theory: 4d gravity + Maxwell + massless Fermions

1 1 o
— [ d*z/— R 4 F,, FF*Y 44
/ I 167G N 4e2” ¥ v
near extremal charged BH — ds® = —f(r)dt® + % +72dQ;
—AdS2 xS? near horizon geometry 1 m=(- r_e)2
—appearance of nearly AdS2 gravity Q r
— sin 0dO N dp
fermion under magnetic field / /
— Landau degeneracy A\
—(1+1) d fermions on each magnetic line
AdS, xS?
near horizon dynamics is described by i

Jackiw-Teitelboim gravity + (1+1)d CFT
[Almheiri-Engerhardt-Marolf-Maxfield, 19] [Maldacena, 20]
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Two oppositely magnetically charged BH g

connection outside gives the direct interaction 0

—make wormholes traversable
[Gao-Jafferis-Wall, 16] +Q [T 1l -Q

— (D :monopoles + anti-monopoles in flat region KK_,@}///

- (@ :magnetically charged BH
(3 :Wormhole in JT + CFT 2d Gravity l QM

(assume holography)
I rav (2>7 I (2)
srav(9i;> 9] + Lerrlgiys X] Ground state in

coupled system

Effectively described by...

(1+1)d CFT living on a circle = 1G)
dynamical JT gravity turned on red region am QMin
~_
CFT2 CFT>



4d gravity + Holographic 4d CFT + Maxwell (Milekhin-Maldacena, 20]

= Randall-Sundrum II

magnetic field: AdSs — AdS3 x R? [D’Hoker-Kraus, 08]
3d Gravity

— Jackiw-Teitelboim gravity + (1+1)d holographic CFT

/ 4d boundary /

Planck brane

AdS3s Boundary
[Almheiri-Mahajan-Maldacena-Zhao, 19]

Filling outside the wormholes, related to topological censorship
[cf: Galloway-Schleich-Witt-Woolgar, 99]

Holographic matter can be thought of geometrization of entanglement
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1. Traversable wormholes in 4d and in JT gravity (Review)

2. Two traversable wormholes by 4 coupled JT gravity

3. Relation to Euclidean wormhole: Bra-ket wormhole

4.Conclusion/ Future works
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2. Four coupled JT gravities

Motivation:study of two traversable wormhole sectors in 4d:

Two traversable wormholes in 4d

gravity + matters

JT gravity + conformal matters

f—
( CFTwr >

depend on states

W

- Model by JT/SYK, study solutions, physical quantities, phase structures etc...

- study the role of Z2 symmetry

- the effect of boundary conditions outside the wormholes
12

CFT12

Z2symmetry:
> @ ®  exchange L-R and 1-2

HLR Hoy g




Near the joint points

Time slice

/\iff /

CFTwr

4d Jift JT gravity
CFTw depend on states CFTw +CFTLR
P +CFT12
e Gii' > @
direction graV[ ¢ ]

IC'FTLR [9532)7 XLR]"_
CFTr
lory, [g§j ) Xi2]

Three different descriptions

2d gravity 3d gravity
JT+ : '
CFTLR+CFT121 l
CFTq2 CFTLr

13

CFTLrON flat spTace
lcrTy ;[ XLR]

time

IC'FT12 [XlQ]
CFT420n flat space

QM

QM
CFTq2

CFTLRr



three solutions:

There are several ways
to connect :

Wormhole solution:

— ds® =
- 2 0
/2 sin z
_ZgET %—0
\gb(a)— 194 {tan%

+1]

L-R wormhole

L CFTtr

depend <. states

CFTrr

AN

AdS2
wormhole

1-2 wormhole
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symmetric solution:

o2

infinity

l

Poincare
AdS2

symmetric solution
(no wormhole,
only matter entanglement)



Wormhole solution with Holographic matters:

Both of CFTL.r and CF T2 Only CFTLris holographic
are holographic

3d traversable

wormhole

<T12 > _ C12 772012
T AR V2 12(7T€ —+ d12)2
CLR T2CLR

TLR _
(L) 48702 48(ml +drR)?

15



chanaing boundary conditions and phase transition (1):

We can compute energy in each solution:

1L < > 1R

> shorter dq9

Change of Magnetic
field configuration
by changing distance

Parameter: central charges cir, c12
CLR + C12 = Ctot .Kept, change cir

Energy w/ varying ¢ r with ¢ r+C12=Cict fixed
E .

CLR

change /, then change energy F o

—0.2f

Theory has Z; symmetry at c.r = C12

0al — L-R worinhole solution

Z> symmetry is broken at cir = c12 point — 1-2 worfhole soluton

04l — symmetric solution
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chanaing boundary conditions and phase transition (2): ]

< >
monopole anti-monopole

1L

Inserting Monopole-
Anti Monopole pairs

part of CFTL.r becomes BCFT [Callan, Rubakov...]

E
TS 0 s 20 25 3.0 oR’
C12 :kept, cLr + CLrR® = CLR :Kkept, |
change CcLr/ ~0.05
cLr® : central charge of BCFT | Rwermhale solfion
~ —— 1-2 wormhole solution
' 015 symmetric solution
Phase transition at ci.r/ = c12 - symmetric solufio
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Connection to Bubble of wormholes:

Bubble of wormhole our case:
Horava-Witten :
w7| X [Fabinger-Horava,00] JT brane 2d wormhole
o Condensate
Fj Es
M-theor “Nothing” :
. nﬂc;cigtez dometrizatig — Nothing for
| entanglement
&~
Single ES brane

“Half of bubble of nothing [Witten,82] ”

Tachyonic Es string and its cf) wormhole from | |
condensation were also constructed entangled tachyonic strings
[Horava-Keeler,07] [Jafferis-Schneider,21]
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1. Traversable wormholes in 4d and in JT gravity (Review)

2. Two traversable wormholes by 4 coupled JT gravity

3. Relation to Euclidean wormhole: Bra-ket wormhole

4.Conclusion/ Future works

19



3. Relation to Euclidean wormhole: Bra-ket wormhole interpretation

First remember the open closed duality in CFT
closed string

>
O O open string

Similarly, in QF T coupled to holographic defect

/

~

-
_______________________

\ ~_

\
“closed channel”

open channel = overlap of
= partition function of CFT gravitationally prepared state
coupled to QML and QMR
L line o cylinder
H =Hcpr, ® Hom, ® Hom, H = Hcpr,

20 [cf: Chen-Gorbenko-Maldacena, 20]



3. Bra-ket wormhole interpretation
start from traversable wormhole, exchange (Euclidean) time and space

2d gravity 3d gravity QM
QMr
........ ceeeea}- CET2
t=0
QML
wormhole connects bra and ket | ‘\Ij> c Hopt

[Cf: Page’ 86] ‘\I/> ~ /DJ ZJT[J(J‘)]@_%HCFT |J(x)>CFT

wick rotation 7 = 7t in 2d gravity description

— fa ;r‘:‘/‘ii‘t 3d gravity description
closed entangled )
universe . K TN .’
- s adsy
EOW N
>\
brane N
d82 _ _d772 _|_dX2 l /// \\\
. cosh? ’ N
o(n) = 7(1 —ntanhy) [cf:Maldacena-Maoz,04] [cf:Cooper-Rozali-Swingle-

21 Raamsdonk-Waddell-Wakeham, 18]



four coupled case:

QM description

Euclidean Euclidean
CFTLr QML QM1r

! !

X

i

Bra

CFTwr
Euclidean

Path Integral

HoFTs HCFT:,

Ket

CFTir CFT12
N\k Euclidean /f

Path Integral

prepare a state |Wq5) € Hopr,, @ Horr,,

(W1o| W) = Z ~ e~ L+ — smaller energy in traversable wormholes picture dominate

22



four coupled case:

bra-ket wormhole state

2d gravity

dominant for crL.r < C12

flat space
no gravity

CFT12

-

entangled
CFT12

closed
universe

JT gravity

entangled

. @ . CFTr .

23
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Dual to CFT12

closed
universe

3d Gravity

Planck Branes

7 \ \
7/ /
3d eternal BH'd, 7 3d eternal BH\\,,’3d eternal BAs

Dual to CFTtr

entangled
- CFT12

N

y \

Dual to CFT12

flat space
no gravity

CFTq2




four coupled case:

no bra-ket wormhole state 3d Gravity
3
t=0 ,’/3d eternal BI:I\_

O Dual to CFT12

dominant for ¢r.p > Cio 2d gravity description

two closed universe annihilate CFT entangled
. . . 12
iIn Euclidean regime

- I

CFT12

TFD state with 3 = 2(w/ + d12)
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Effect of projection by boundary states :

Wick rotation of.the phase transition (1) S

Projection

Pe

s
12

(B-  Bf

C12s 7 "7 C12s

t =0 slice

Y
S %CFTi’g & HC’FTfQ

CFTiR ‘ \Ij 12 > CFTr
Partial projection onto boundary states \B> ~ H Wa;> for CFT128
X

Projection -
Projection

CFTtr CFTtr

>

“i2 12 PC?Q Pciz
CFTu CFTir
CLR < C124 CLR =~ C12J

- Maybe sum over final state ~ average, wormhole appears

- It will be interesting to consider projection on Hawking radiations [cf: Marolf-Maxfield,20]
o5 [Qi ,21]



Effects of entangling operations:

Wick rotation of the phase transition (2)

CLR *+ C12 = Ctot :kept,
CFTr Change CLR CFTir

Bra

Entangling operation

-- > CFT12 CFT12

t = O slice

CFTwr

Partially entangling two side = projection onto |[I) = || > Ine)[n.) for CFT128

EntabglinBlaperation
Entangling operation

CFTrr
CFTtr

CFT12 CFT12

CFTa2 CFT12
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Embed holographic states to free field Hilbert spaces:

Planck Branes

“partially doubly holographic”

t — O Entangled >
CFTs AN

7 \
7 \
L7 3d eternal BH

Dual to CFTr
with UV cutoff

states in HCFTB X HCFTB
- Take CFTg to be bunch of free fields (or Ising CFTs)

Entangled
CFTs

[cf:"Holo-ween” Simidzija-Raamsdonk, 20]

— realize holographic states in free fields Hilbert sp.

4
/

cf: JT gravity with auxiliary system 2d BH ,*’
EOW (/'
[Penington-Stanford-Shenker-Yang 19] branej N

N

pr = lor) = 3 (Wil) 5 1) g © 1) 5 € Hase ® Haua

27
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Entanglement entropy and Replica wormholes:

Planck Branes

Entanglement entropy between two side - ,
is calculated using RT formula for states ﬁ* rf,a/
. . uriace
in non-holographic CFTs Entangled S:q Entangled
CFT12 Pt \\\ CFT12
,’/3d eternal BH\\

Dual to CFTwr
with UV cutoff

n=3 Renyi Entropy

Replica wormhole will i K

justify this calculation Wick rotation of multi
boundary traversable AN

4 - ~
wormhole Sa o . SO
\, y ,,/ \\\

— N7

Replica wormhole No wormhole
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SYK model: [Sachdev-Ye 93] [Kitaev 14,15]

N Majorana fermions {Vi, i} =0di; (dimH = 2%)

- . .9
Hamiltonian: Hsyx =i Y Jigei, Vi Vi, - U,

11 <12 <---<14

with (Ji ipeiy) , =0 and (Jis,..q,), =

Lagrangian: L = ¢;(7)0-¢;(1) — i2 Z JiyovigWiy -+ Wi,

Zl<i2<"'<iq

- Solvable inthe large N limit

- Exact diagonalization at fine NV

- Have the same low energy action with 2d dilaton gravity
[Maldacena-Stanford, 16] [Maldacena-Stanford-Yang, 16]
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Conformal Symmetry and its breaking in SYK:

After disorder average and Hubbard-Stratonovich type transformation, we obtain

j2

S[G,Z] = N long(aT—Z)—/dTl/dTQZ(Tl,TQ)G(Tl,TQ)——G(Tl,TQ)q

q

- 1 -
Atlarge N, (G,X) is classical. EOMis  10r G(m,m) = 5 {i(n)¢i(r2))

9

( 8M — /dT’Z(ﬁ,T’)G(T’,Tg) = 0(1 — )
j2

conformal sym: <

\ 2(7'1,7'2) — —G(Tl,TQ)q_l
1 1

[ G(r1,72) = [ (1) f (12)|2G(f(11), f(72)) A:q

)

— [ f (7
( 2(71,7T2) — [f/(Tl)f/(Tz)]1_A2(f(71)>f(Tz))

CA

— solutions with power low: G(r1,72) = 7(m — m) 22 Spontaneously break

conformal symmetry

- UV 0, G(71, T2) term breaks conformal (=reparametrization) symmetry

leading explicit breaking effect is described by the action

_ _Noas _fr) 3 ()2
S=-— /{f(T),T}, 3O{f(7'),7'}— ) _5(]”(7))




Relation 'to JT gravity: [Maldacena-Stanford-Yang,16]

dynamics are captured by AdS2 with finite cutoff (t(u), z(u))

AdS> (), 2()) - reparametrization is spontaneously broken

by each geometry (cutoff) dilaton~

- configuration space: (gw,qb) entropion

cuto® o du? &
Woay = 2, Phdy = Py = f

- JT gravity action breaks explicitly the reparametrization symmetry

5[grav — 0 & 5Igrav
Jo 0G0

0 = I=5 -6 [{tw.u)
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Four coupled SYK model: definition

L R

The model: H H

1 @l g"

H=Hgy+Hsy e+ Hiyvx + Hiy i

- 1L ;1R 2L 1 2R 12 12
+ipLr(Y YT+ P
- 1L ;2L 1R /2R 2 @ o
+2,u12(¢ ¢ - w w ) Hsyx MR Hgyg
1.7 gk Hyro,

Hoyi = 3 Jimtb vy &

. . L wrr R
Can be viewed as coupled - 1o - e ®
Maldacena-Qi models Hyg, Hyop

2 ©
- Model two traversable wormholes in SYK Hyro,

- “Duality” LR «» 12 , which is Z, symmetry at (12 = ULR

- Order parameter: §%f — (S + 8%%) + %(S?L — Sy, 8% = —2ip5y,
» Introducing collective fields Gj%(ﬁ,m) <¢§§(ﬁ)¢g(¢2)> and ZAB(71,7'2>
Large N equations are (numerically) solvable
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Solutions of the model:

Property of the hopping terms (per an SYK fermion on each site):

HM — ‘I'iNLR(wlelR 1+ ¢2L¢2R) _|_7;/L12(¢1L¢2L o ¢1R¢2R)
Using the Jordan-Wigner transformation
i =0, 1, Vir=0,R1  tor=—-0.R0y , Y2r =0, 0y

mapping to two cite XY model

1

1
Hy = —§,MLR(UZ®I[—|—I[®UZ) —§u12(0y®0y — 0 ® 0y)

0 0
Ground state: |G(uLr,p12)) = cos 5 1) — sin 5 1) tanf = fh12

HWLR

In particular, the ground state is unique.
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Solutions of the model:

Including SYK terms first focus on 12 = UL R

small 12 = ULR :

* They

- Actua

larger

nave 3 solutions: LR-wormhole, 12-wormhole and symmetric
ly Zo symmetry is broken by wormhole solutions
: symmetric
LR-wormhole dle @
(connection = entanglement = wormhole )
H12 = ULR .

3 solutions coincide around prr ~ 0.154, symmetry is restored
Symmetry breaking is strongly coupled phenomena
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General parameters: fixed /LR

Phase Diagram

---------------------------------

+ we can study wormhole solutions for purr # p12 " e

H12 = HwHq,

- because of instability, we cannot reach the

| L-R wormhole

HMLR

symmetric solutions

0.05F

- for pr < 12 , L-R wormhole disappears

1-2 wormhole

- True ground state + metastable entangled state N ;

0.00 0.02 004 0.06 0.08 0.10 0.12 0.14

Hi12
lllllllll Elnelrglyl ULR ._.O. 0.3 | Fitting for thwh, &
T T T 7]
; 0.14f o - A
024 e : data for fit /4
[ 0.12F A the rest of data 7 A
L L A
~0.25} 0.10F  — 2 =0.384x(ur)*> .
< E -
D _0926 - ° U1z Decrease =]
* 12 Increase
=0.27r  « Symmetric, Unstable
[ —— Perturbation around WH| R
—028F, Y
0.00 0.02 0.04 0.06 0.08 0.10 .
H12 Hi12



Order parameters:

Order Parameter <S r-S'?>

- we can study the order parameter o1t

and check that they acquires a vev E_O_li_ \

- seeing correlation S e :
~ entanglement pattern o

Spin Operator <S'%>

Spin Operator <S| >
0.20 “‘\
R S e SiR2BH
S 0.15
~
—
 0.10
B e S
0 05 [ ML-
o0+ 4y
0.00 0.02 0.04 0.06 0.08 0.10
Hi2 Hi12
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Effective potential: Effective Potential

-0.264

Y10
Evaluating the action Sg /N ~ V.g(G, %) ]

-0.266

for non-solutions gives an effective potential .. ..

-0.270
-0.2721

one slice: | - 00

’_G(’T) — SGWHLR(T) —I—tGWH12(’7') —I—UGSym(T) .S +t+u=1
N(1) = J*G(r)? !

—

t =0 slice u=0 slice

V x=1/2 slice
Ver eoff . Vs
: 0.5 1.0 15 U _os [ 0.5 1.0 15 . 05 10 15 30 Y
-0.266 | I
I -0.266 -
-0.267} I
-0.268} -0.267
~0.269} _
i -0.268|
-01270 i
o f»LR wormhole _0.274 |12 wormhole LR wormhole _0.269|- Symmetric
L ) I | Py
-0.272L -0.272L

Instability = Tachyonic nature of the symmetric solution is manifest
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Relation to double well potential :

Two classical vacua (LR wormhole =~ |+) , 12 -wormhole~ |—))
Tachyon saddle (symmetric saddle)

At finite N (=Planck const), no symmetry breaking

0) =|+)+|—) <«— Zy even

L) =1+ —1=) «— Z, odd

Energy difference: AFE o e inst
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Some Lessons from four coupled SYK/NAdS2:

- wormhole connection pattern = Z2 symmetry breaking

maybe related to the idea that graviton = NG boson? [Kraus-Tomboulis,02]

(cf: Scalar in gravity multiplet = coset models)

- LR-wormhole phase: Hyiqr  + Hyqz , + uH2 is a good description

(string theory : 3 duality frame w/ (super) gravity , depend on solutions)

- Tachyonic solution: condensation makes wormholes

iImply condensation of entangled gas = wormholes
[Jafferis-Schneider,21]
- Z2 symmetry: gauged in the bulk and spectrum should be complete
([ILR) +12), [LR) —|12) — [LR) and |12) should be included )

= even = odd

sum over wormholes < Z2 charge completeness [Polchinski,03]

(cf: some over SL(2,R) orbits for partition functions in 3d gravity)
[Dijkraaf-Maldacena-Moore-Verlinde,00] [Maloney-Witten,07]
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1. Traversable wormholes in 4d and in JT gravity (Review)

2. Two traversable wormholes by 4 coupled JT gravity

3. Bra-ket wormhole interpretation

4.Conclusion/ Future works
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4.Conclusion

- We constructed four coupled SYK/ Jackiw-Teitelboim gravity
(2k coupled of this type is straightforward)

* Both have two gapped ground state. Z2 symmetry at special point is

broken by wormhole configurations. Symmetric saddle is unstable in
SYK.

- There is a first order phase transition, which exchanges wormhole

configurations. In bra-ket wormhole interpretation, the transition is
caused by Projection/Entangling operation.

" We basically studied the effect of cutting/connecting outside the
wormholes
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Future works

* We do not understand the role of Z2symmetry in bra-ket wormhole
picture.

- Showing instability of symmetric saddles in JT gravity side.

- Bra-ket wormholes in SYK model side.

* Projection by boundary states causes phase transition and that helps
the bra-ket factorization. Projection by energy eigenstates does not
manifestly factorize. Should we include bra-ket wormholes in string/M-

theory?

- Effect of measurements on Hawking radiations in evaporating BHs.

- Bra-ket wormhole can also be considered in de Sitter gravity.
lts generalization to many de Sitter.
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