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Introduction



Quantum Information & AdS/CFT
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Interplay between quantum information and holography has led to a fruitful 
bulk-boundary dialogue 

Computational complexity: how hard it is to implement a task?

Spacetime geometry ~ entanglement
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How difficult is it to prepare a particular target state?
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Complexity quantifies the cost of the optimal circuit generating  UT

Quantum Circuit Complexity 

gI = ei✏OI

Given a simple reference state (unentangled), how hard it is to prepare a target state 
acting with a unitary constructed from a set of generators of elementary gates



Nielsen’s geometric approach
Continuum representation of unitary transformations 
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Y
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Associates a cost to each trajectory in the space of unitaries

Complexity: globally cost-minimizing trajectory in the space of unitaries
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Cost Function

Form of  generally not fixed, but usually one requiresF
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1. Smoothness

2. Positivity

3. Triangle inequality
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Examples:
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Classical mechanic problem with  playing the role of the LagrangianF
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[Jefferson,Myers]

[Jefferson,Myers]

[Chapman,Eisert,Hackl,Heller,Jefferson,Marrochio,Myers]

Approach á la Nielsen adapted to free QFT:


• UV regularization  (lattice):  family of coupled harmonic oscillators


• Gates built from a finite number  of simple generators  yielding a closed algebra


• Optimal circuit: geodesic problem in the resulting geometry

δ

N O
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Other interesting approaches

 vacuum|0⟩

 coherent state|α⟩

|TFD⟩

[Chapman,Heller,Marrochio,Pastawski]

[Caputa,Kundu,Miyaji,Takayanagi,Watanabe]

[Caputa,Magan]

…

[Guo,Hernandez,Myers,Ruan]

QFT Complexity



[Susskind, Stanford]

Holographic dual of the complexity of a target state  on a boundary Cauchy slice |ΨT⟩ ⌃

Complexity = Volume of the extremal bulk hypersurface  

anchored at the boundary on  

B
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⌃

Holographic Complexity

⌃

Global AdS 

⌃ ⌃
B
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B
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BTZ

tRtL

CV = max
@B=⌃

V (B)
GN `bulk
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CA(⌃) =
IWDW

⇡

WDW patch: domain of 
dependence of a bulk slice 
anchored to ⌃

⌃⌃

[Brown,Roberts,Susskind,Swingle,Zhao]

  imposing variational principle for Dirichlet BCs on WDW patch IWDW [Lehner, Myers, Poisson, Sorkin]

Complexity = Action evaluated on the  Wheeler-DeWitt patch  

Holographic Complexity

+
1

8⇡GN

Z

@WDW
ds d2⌦

p
� +

1

8⇡GN

Z

@WDW
ds d2⌦

p
�⇥ log(`ct⇥)

tRtL

ensures invariance under reparametrization of null directions

IWDW = IBulk + IGHY + I + ICT + IJoints
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Interesting similarities and points of contact with (free) QFT results, for instance in the 
structure of leading UV divergences

Holographic complexity proposals reproduce a number of desirable properties

• probe the interior of black holes

• reproduce the expected late time complexity linear growth

• switchback effect

Holographic Complexity

[Stanford,Susskind; Zhao; Chapman,Marrochio,Myers] [Carmi,Myers,Prath]

CA/V ⇠ C=2 ⇠ Vol(⌃)

�d�1
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Holographic Complexity
Still have a very partial understanding

• General QFT formulation still lacking

• Understanding of holographic observables far from being exhaustive 

• Incomplete map between the two sides

(g, {�})| T i

| Ri gI F (U, Y I) ?
classical bulk fields



First Law of Holographic Complexity

A. Bernamonti, FG, J. Hernandez, R. Myers, S. Ruan and J. Simón 

PRL 123 (2019) no.8 081601   &   J. Phys. A: Math. Theor. 53 (2020) 294002



�C ⌘ C(| T + � i)� C(| T i)

• Focus on the dependence of complexity on the target state

• May remove some ambiguities and yield sharper implications for 

holographic complexity

• Properties of new observables 

• Variations often better observables (finite, physical implications…)


Why? 

 How complexity varies under a small change of the target state

Complexity Variations



| Ri

| T i

| T + � i �xa

Using the analogy of Nielsen's approach to classical mechanics:

• 1st order variation

• 2nd order variation

�C = pa�x
a|s=1 with pa =

@F

@ẋa

�C =
1

2
�pa�x

a
���
s=1

with �pa = �xb @2F

@xb@ẋa
+ �ẋb @2F

@ẋb@ẋa

Caveat: assumes perturbed optimal circuit stays close to the original optimal circuit 

pa
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First Law of Complexity

Only contributions from the endpoint

xa



| T i = |0i | T + � i = |"↵ji
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where a few modes  are given classical expectation value with amplitude {j} αj

Given an AdS bulk scalar  

Holographic Framework

Coherent stateVacuum 

displacement op. 



g0 + "2�g

 are also coherent states in the boundary CFT corresponding to excitations of the 
vacuum by the dual generalized free field operator    and its descendants  


• Quantum circuit technology in QFT [Jefferson,Myers] applied to coherent states 
[Guo,Hernandez,Myers,Ruan] can be equivalently applied in the bulk


• Simple classical gravity description suitable to evaluate holographic complexity 

|εαj⟩
O�
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| T i = |0i | T + � i = |"↵ji

Global AdS (g0 + "2�g, "�cl)
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Holographic Framework

perturbatively in 

Spherically symmetric perturbations and perturbatively in the amplitude  
of the coherent state 

"
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The terms contributing a finite piece  

�I = I[g0 + "2�g, "�cl]� I[g0]
O("2)
= �IWDW + I�WDW
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CA Variation

�Igravity = 0
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fields variations on 
undeformed WDW

background fields on 
deformed WDW

�I = �IEH + �I + �ICT + �I�
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• Counterterm is essential for cancellation


• Not a general feature (non spherical setups, 
excited target state, …)

[Hashemi,Jafari,Naseh]



CA Variation

�CA =
�I�
⇡
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64⇡GN

Z
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d� dd�1⌦

p
� @��

2
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• Variation completely determined by the matter


• Purely  contribution


• Scale independent: UV finite and independent of 


• Irrespectively of the cancellations, variation of each contribution to the 
action is localized on the boundary of undeformed WDW patch 


O(ε2)
ℓCT



• Purely  contribution

• Scale independent and UV finite

• Expressed in terms of the bulk stress tensor 

O(ε2)

CV Variation

See also 

[Belin,Lewkowycz,Sarosi]  
[Jacobson,Visser]
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�V
GN `

=
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(d� 1)GN `

Z

t⌃

p
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deformation of the 
extremal surface
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CA-CV Comparison

• Same functional oscillatory structure 

• Mode mixing


• Scale independent coefficients Cij, Sij

!j = 2j +�



CA-CV Comparison

• Different structure for the coefficients:
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Different behaviour for CA and CV under perturbations

Similar conclusion to what found for “perturbations” given by defects [Chapman,Ge,Policastro]


[Braccia,Cotrone,Tonni]

•  while  can be negative for relevant operators  and small                                                  




QFT Complexity Variation

• Purely  contribution


• Similar oscillatory structure as the holographic  


• Diagonal: no mode mixing

• Dependence on various scales of the circuit models: memory of initial state 

and trajectory                                                  
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Extension of the coherent states analysis of  [Guo,Hernandez,Myers,Ruan] to general Gaussian 
states with non-vanishing first momenta



Remarks

•                                                            

coherent state directions are orthogonal to the direction along the circuit 
preparing the CFT vacuum   

               


• Holographic complexity variation: localized on the boundary of the WDW patch. 
 = end of the quantum circuit? 


• Diagonal vs mixed terms: holographic complexity may require more complicated 
cost functions?


@WDW
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Complexity with Rotation

A. Bernamonti, F. Bigazzi, D. Billo, L. Faggi and FG  

arXiv: 2108.09281



Motivations
• Mostly highly symmetric setups, mainly planar or spherically symmetric. 

Systems with rotation so far less understood


• Extra parameters and gravitational features to test complexity 


• Interesting limits to probe, e.g., rotation with critical (speed of light) velocity


• Few holographic results: deserve to be studied further and extended (see later)


• QFT Nielsen’s circuit complexity?
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Rotating TFD
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Particle number simultaneously labels Hamiltonian and momentum eigenstates

|rTFDi = 1p
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Simple model: two copies of a free boson on a circle



Rotating TFD

can be written as TFD state with no rotation and mode-dependent effective 
temperature and time
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Rotating TFD state can be given an effective description in terms of non-rotating TFD states
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Gaussian state: factorizes into single-mode rotating TFD states

|rTFDi = ⌦|rTFDik
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Rotating TFD Complexity 
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[Chapman,Eisert,Hackl,Heller,Jefferson,Marrochio,Myers]

TFD circuit complexity:  optimal circuit does not mix modes and complexity obtained as 
the sum of complexities evaluated for each mode separately

F=2
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Consequence: we can estimate the complexity of the rotating TFD state as the sum of 
complexity of single mode TFD states each with inverse temperature  and time �k
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Time Dependence

• Low temperature: zero mode dominated 

• Oscillations vs holographic linear increase: L-R moving 

d.o.f. propagating freely on the circle. Periodicity:


• High T: amplitude of different modes become comparable 
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<latexit sha1_base64="GZqT9QgEAAuA9t/5/Zr0kMtvWAo=">AAACEXicbVA9SwNBEN3zM8avqKXNYhAiQrgLES2DNhaCEcwH5ELY2+wlS3bvjt05IVzyF2z8KzYWitja2flv3CRXaOKDgcd7M8zM8yLBNdj2t7W0vLK6tp7ZyG5ube/s5vb26zqMFWU1GopQNT2imeABqwEHwZqRYkR6gjW8wdXEbzwwpXkY3MMwYm1JegH3OSVgpE6uANjVXGLAp9j1FaHJzTgp4dFghAsOdiPp3krWIyfjTi5vF+0p8CJxUpJHKaqd3JfbDWksWQBUEK1bjh1BOyEKOBVsnHVjzSJCB6THWoYGRDLdTqYfjfGxUbrYD5WpAPBU/T2REKn1UHqmUxLo63lvIv7ntWLwL9oJD6IYWEBni/xYYAjxJB7c5YpREENDCFXc3Ippn5hcwISYNSE48y8vknqp6JSLZ3flfOUyjSODDtERKiAHnaMKukZVVEMUPaJn9IrerCfrxXq3PmatS1Y6c4D+wPr8AZwFm6Q=</latexit>
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C=2(t)� C=2(0)

<latexit sha1_base64="OvPrjlb3M2oqNRNSLEFlP73X254=">AAACH3icdVDLSsNAFJ3UV62vqEs3g0VoF5ak1MdGKHbjsoJ9QFvCzXTaDp0kw8xEKCF/4sZfceNCEXHXvzFpu9BWD1w4nHMv997jCs6UtqypkVlb39jcym7ndnb39g/Mw6OmCkJJaIMEPJBtFxTlzKcNzTSnbSEpeC6nLXdcS/3WI5WKBf6Dngja82DoswEjoBPJMS+7HugRAR7VYifqjkEIuCnHBV3E5/9YVhHnHDNvlawZ8CqxFySPFqg75le3H5DQo74mHJTq2JbQvQikZoTTONcNFRVAxjCknYT64FHVi2b/xfgsUfp4EMikfI1n6s+JCDylJp6bdKYnq2UvFf/yOqEeXPci5otQU5/MFw1CjnWA07Bwn0lKNJ8kBIhkya2YjEAC0UmkaQj28surpFku2ZXSxX0lX71dxJFFJ+gUFZCNrlAV3aE6aiCCntALekPvxrPxanwYn/PWjLGYOUa/YEy/AUCYocw=</latexit>

Time variation 
T=0.1

T=1

T=10

L=1



isolate the IR-regulated zero mode contribution and use Euler-MacLaurin formula to extract 

Complexity of Formation

• Scale independent

• Positive defined

�C=2 ⇠ 7⇣(3)

4⇡

T

1� ⌦
� 1

2
log2

1

1� ⌦
+ . . .

<latexit sha1_base64="Fs5SchZ8YLXtJJypaxIL4dOOqDE="></latexit>

�C=2 ⇠ 7⇣(3)

2⇡

T

1� ⌦2
� 1

2
log2 T + . . .

<latexit sha1_base64="VcNi+l4n3j4l/c4+Z3KWqDx4lJg="></latexit>

as  ⌦ ! 1

<latexit sha1_base64="uHhlRYADPDpPr6NJlexTGDE1lP0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF29WsB/QhLLZTtqlu0nY3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6QaBY+xabgR2EkVUhkKbIej25nffkKleRI/mnGKgaSDmEecUWMl37+XOKDENwnxeuWKW3XnIKvEy0kFcjR65S+/n7BMYmyYoFp3PTc1wYQqw5nAacnPNKaUjegAu5bGVKIOJvObp+TMKn0SJcpWbMhc/T0xoVLrsQxtp6RmqJe9mfif181MdB1MeJxmBmO2WBRlgtgXZwGQPlfIjBhbQpni9lbChlRRZmxMJRuCt/zyKmldVL1a9fKhVqnf5HEU4QRO4Rw8uII63EEDmsAghWd4hTcnc16cd+dj0Vpw8plj+APn8wfgcJDv</latexit>

as  T ! 1

<latexit sha1_base64="XOixSoejhoQhlIWYyVpxQ/0GEAM=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LBbBU0mkoseiF48V+gVNKJvtpl262cTdTSGE/g4vHhTx6o/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rdLG5tb2TnnX3ts/ODyqHJ90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7ud+d0qlYrFo6SyhfoRHgoWMYG0k324hT8fIYyLU2aBSdWrOAmiduAWpQoHmoPLlDWOSRlRowrFSfddJtJ9jqRnhdGZ7qaIJJhM8on1DBY6o8vPF0TN0YZQhCmNpSmi0UH9P5DhSKosC0xlhPVar3lz8z+unOrz1cyaSVFNBlovClCPz5zwBNGSSEs0zQzCRzNyKyBhLTLTJyTYhuKsvr5POVc2t164f69XGXRFHGc7gHC7BhRtowAM0oQ0EnuAZXuHNmlov1rv1sWwtWcXMKfyB9fkDqpyRZw==</latexit>

�C=2 = C (|rTFDi)� C (|0iL|0iR) = 2
X

arctanh2e��k!k/2

<latexit sha1_base64="mlT6M0woZFHMzy0GUKbOVHon30w="></latexit>

High temperature and critical angular velocity  divergences:⌦ ! 1

<latexit sha1_base64="uHhlRYADPDpPr6NJlexTGDE1lP0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF29WsB/QhLLZTtqlu0nY3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6QaBY+xabgR2EkVUhkKbIej25nffkKleRI/mnGKgaSDmEecUWMl37+XOKDENwnxeuWKW3XnIKvEy0kFcjR65S+/n7BMYmyYoFp3PTc1wYQqw5nAacnPNKaUjegAu5bGVKIOJvObp+TMKn0SJcpWbMhc/T0xoVLrsQxtp6RmqJe9mfif181MdB1MeJxmBmO2WBRlgtgXZwGQPlfIjBhbQpni9lbChlRRZmxMJRuCt/zyKmldVL1a9fKhVqnf5HEU4QRO4Rw8uII63EEDmsAghWd4hTcnc16cd+dj0Vpw8plj+APn8wfgcJDv</latexit>



Holography: Review

Lower dimensional case revisited in [Auzzi,Baiguera,Nardella et al.]: full time dependence of 
CV and CA growth rate 

The first estimates of late time holographic complexity growth rate -before complete 
understanding of action contributions of null boundaries- was given in 
[Brown,Roberts,Susskind,Swingle,Zhao][Cai,Ruan,Wang,Yang,Peng]

lim
t!1

dC
dt

⇠ (M � ⌦+J)� (M � ⌦�J)

<latexit sha1_base64="L/ZXyrSMpYE89huTPkHrV1DFKO0="></latexit>

• Counterterm was not included: does it play any role?


• Complexity of formation i.e., cost of preparing the rotating state as compared to the 
cost of preparing vacuum?



Rotating BTZ

ds2 = �f(r)dt2 +
dr2

f(r)
+ r2 (d'� !(r) dt)2 ,

<latexit sha1_base64="EN4E1prU0uoBdD14lBsCYCD9zFQ="></latexit>

f(r) =
(r2 � r2+)(r

2 � r2�)

r2

<latexit sha1_base64="TLxvfoLQJabh/OhEjR2ezcq0OWs=">AAACGXicbZBNS8MwGMdTX+d8q3r0EhzChmy0Y6IXYejF4wT3Als30izdwtK0JKkwSr+GF7+KFw+KeNST38Z060E3/xD45f88D8nzd0NGpbKsb2NldW19YzO3ld/e2d3bNw8OWzKIBCZNHLBAdFwkCaOcNBVVjHRCQZDvMtJ2Jzdpvf1AhKQBv1fTkDg+GnHqUYyUtgam5RVFCV7BnicQjouiXy2LwVm/WsqwrDGJoZa+JxDmB2bBqlgzwWWwMyiATI2B+dkbBjjyCVeYISm7thUqJ0ZCUcxIku9FkoQIT9CIdDVy5BPpxLPNEniqnSH0AqEPV3Dm/p6IkS/l1Hd1p4/UWC7WUvO/WjdS3qUTUx5GinA8f8iLGFQBTGOCQyoIVmyqAWFB9V8hHiOdkdJhpiHYiysvQ6tasWuV87taoX6dxZEDx+AEFIENLkAd3IIGaAIMHsEzeAVvxpPxYrwbH/PWFSObOQJ/ZHz9AC8YnAc=</latexit>

!(r) =
r+r�
r2

,

<latexit sha1_base64="uV7k6Ble9N4AJMivMTOlqAJTyTM=">AAACFXicbVDLSgMxFM3UV62vUZduLhahYi0zpaIboejGZQX7gE4dMmmmDc08SDJCGfoTbvwVNy4UcSu4829MHwttPXC5h3PuJbnHizmTyrK+jczS8srqWnY9t7G5tb1j7u41ZJQIQusk4pFoeVhSzkJaV0xx2ooFxYHHadMbXI/95gMVkkXhnRrGtBPgXsh8RrDSkmsWwYkC2sMFcQyXAI4vMEmFewLCPR2l4BRB3JdHuhcBcq6Zt0rWBLBI7BnJoxlqrvnldCOSBDRUhGMp27YVq06KhWKE01HOSSSNMRngHm1rGuKAyk46uWoER1rpgh8JXaGCifp7I8WBlMPA05MBVn05743F/7x2ovyLTsrCOFE0JNOH/ISDimAcEXSZoETxoSaYCKb/CqSPdTBKBzkOwZ4/eZE0yiW7Ujq7reSrV7M4sugAHaICstE5qqIbVEN1RNAjekav6M14Ml6Md+NjOpoxZjv76A+Mzx95yps6</latexit>

⌦ =
r�
r+

<latexit sha1_base64="nlUQRXr8yPoy5Esyl1ljbRXbkNw=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEQSwzUtGNUHTjzgr2AZ1hyKSZNjTJDElGKMPgxl9x40IRt36FO//G9LHQ1gP3cjjnXpJ7woRRpR3n2yosLC4trxRXS2vrG5tb9vZOU8WpxKSBYxbLdogUYVSQhqaakXYiCeIhI61wcD3yWw9EKhqLez1MiM9RT9CIYqSNFNh70LvlpIfgJfQiiXAmg5PctOM8sMtOxRkDzhN3Sspginpgf3ndGKecCI0ZUqrjOon2MyQ1xYzkJS9VJEF4gHqkY6hAnCg/G5+Qw0OjdGEUS1NCw7H6eyNDXKkhD80kR7qvZr2R+J/XSXV04WdUJKkmAk8eilIGdQxHecAulQRrNjQEYUnNXyHuI5OENqmVTAju7MnzpHlacauVs7tquXY1jaMI9sEBOAIuOAc1cAPqoAEweATP4BW8WU/Wi/VufUxGC9Z0Zxf8gfX5A9BalnE=</latexit>

T =
r2+ � r2�
2⇡r+

<latexit sha1_base64="byDFHg6IxGPE1erVkGA/jFebTME=">AAACDnicbVDLSsNAFJ34rPUVdelmsBSE0pKEim6EohuXFfqCJg2T6aQdOnkwMxFKyBe48VfcuFDErWt3/o3TNgttPXDhzDn3MvceL2ZUSMP41tbWNza3tgs7xd29/YND/ei4I6KEY9LGEYt4z0OCMBqStqSSkV7MCQo8Rrre5Hbmdx8IFzQKW3IaEydAo5D6FCOpJFcvt+A1tH2OcMrdysCCVcjdtJoNrCy1oB1T9axkrl4yasYccJWYOSmBHE1X/7KHEU4CEkrMkBB904ilkyIuKWYkK9qJIDHCEzQifUVDFBDhpPNzMlhWyhD6EVcVSjhXf0+kKBBiGniqM0ByLJa9mfif10+kf+WkNIwTSUK8+MhPGJQRnGUDh5QTLNlUEYQ5VbtCPEYqG6kSLKoQzOWTV0nHqpn12sV9vdS4yeMogFNwBs6BCS5BA9yBJmgDDB7BM3gFb9qT9qK9ax+L1jUtnzkBf6B9/gCrqJoA</latexit>

M =
r2+ + r2�

8

<latexit sha1_base64="04vT9pqKMlU6MM75MtAQE0UzBVg=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgFEtSKnYjFN24ESrYB7QxTKaTduhkEmYmQglZuPFX3LhQxK0f4c6/cdJ2oa0HLvdwzr3M3ONFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D9oyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8cZXmd95IELSkN+pSUScAA059SlGSkuuWbyBF7DvC4QTcV91y7AMs36aJvXUNUtWxZoCLhN7TkpgjqZrfvUHIY4DwhVmSMqebUXKSZBQFDOSFvqxJBHCYzQkPU05Coh0kukRKTzWygD6odDFFZyqvzcSFEg5CTw9GSA1koteJv7n9WLl152E8ihWhOPZQ37MoAphlggcUEGwYhNNEBZU/xXiEdKJKJ1bQYdgL568TNrVil2rnN3WSo3LeRx5UARH4ATY4Bw0wDVoghbA4BE8g1fwZjwZL8a78TEbzRnznUPwB8bnD6D4ljA=</latexit>

J =
r+r�
4

<latexit sha1_base64="SSh2EDCnF88i2z+uY+a3JX4Bp38=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIglgSqehGKLoRVxXsA9oQJtNJO3QyCTMToYSAv+LGhSJu/Q53/o3Tx0KrBy4czrmXe+8JEs6Udpwvq7CwuLS8Ulwtra1vbG7Z2ztNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXD67HfeqBSsVjc61FCvQj3BQsZwdpIvr13iy5RN5SYZNI/RtI/ybNq7ttlp+JMgP4Sd0bKMEPdtz+7vZikERWacKxUx3US7WVYakY4zUvdVNEEkyHu046hAkdUednk/BwdGqWHwliaEhpN1J8TGY6UGkWB6YywHqh5byz+53VSHV54GRNJqqkg00VhypGO0TgL1GOSEs1HhmAimbkVkQE2WWiTWMmE4M6//Jc0TytutXJ2Vy3XrmZxFGEfDuAIXDiHGtxAHRpAIIMneIFX69F6tt6s92lrwZrN7MIvWB/faDOUgg==</latexit>

Revisited time dependence of holographic complexity taking into 
account all terms in the WDW action

• Inclusion of counterterm does not alter qualitative behaviour

• Expected late time linear growth 

tL = tR =
t
2

J < M

<latexit sha1_base64="6bsAKohupgOIADv9z3+fFfZxaUw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih48FL2IIFRw20K7lGyabUOzyZJkhbL0N3jxoIhXf5A3/41puwdtfTDweG+GmXlhwpk2rvvtFFZW19Y3ipulre2d3b3y/kFTy1QR6hPJpWqHWFPOBPUNM5y2E0VxHHLaCkc3U7/1RJVmUjyacUKDGA8EixjBxkr+HbpC971yxa26M6Bl4uWkAjkavfJXty9JGlNhCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVOCY6iCbHTtBJ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGMiSQ0VZL4oSjkyEk0/R32mKDF8bAkmitlbERlihYmx+ZRsCN7iy8ukeVb1atXzh1qlfp3HUYQjOIZT8OAC6nALDfCBAINneIU3RzgvzrvzMW8tOPnMIfyB8/kDaZeNxw==</latexit>

lim
t!1

dC

dt
⇠ M � ⌦J

<latexit sha1_base64="jloN2XxVHITXT9L+BEHf9XecmVw=">AAACHXicbZDLSsQwFIZT7463qks3wUFw49DKiC4H3YggjuDowLQMaZqOwSQtyalQyryIG1/FjQtFXLgR38bMZaGOPwT+/OcckvNFmeAGPO/LmZqemZ2bX1isLC2vrK656xvXJs01ZS2ailS3I2KY4Iq1gINg7UwzIiPBbqK7k0H95p5pw1N1BUXGQkl6iiecErBR160HgstuCTiAFAdcJVDgPg4STWgZ45N+GYO9Gi7xOd4LLiTrEXzWdatezRsKTxp/bKporGbX/QjilOaSKaCCGNPxvQzCkmjgVLB+JcgNywi9Iz3WsVYRyUxYDrfr4x2bxDhJtT0K8DD9OVESaUwhI9spCdyav7VB+F+tk0NyFJZcZTkwRUcPJbnAlsQAFY65ZhREYQ2hmtu/YnpLLBmwQCsWgv935UlzvV/z67WDy3q1cTzGsYC20DbaRT46RA10ipqohSh6QE/oBb06j86z8+a8j1qnnPHMJvol5/Mb2tShHg==</latexit>



Rotating BTZ

0.2 0.4 0.6 0.8 1.0
ΩH

50

100

150

200

250

π ΔCV (tb=0)

0.2 0.4 0.6 0.8 1.0
ΩH

-40
-30
-20
-10

10
20

π ΔCA(tb=0)

• CA and CV have the same  divergences when the counterterm is 
included                       


                                      


• Without countertem, same form but opposite sign


• Extra log factor as compared to QFT divergence

⌦ ! 1

<latexit sha1_base64="Zu7tHBxyMFCvEIi/E5rX5U0Pxrk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXrxZwX5AdynZNNuGJtk1yRZK6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0W3mt8dUaRbLRzNJaCDwQLKIEWysFPj3gg4w8k2MvFKvXHGr7hxolXg5qUCORq/85fdjkgoqDeFY667nJiaYYmUY4XRW8lNNE0xGeEC7lkosqA6m86Nn6MwqfRTFypY0aK7+nphiofVEhLZTYDPUy14m/ud1UxNdB1Mmk9RQSRaLopQj+2OWAOozRYnhE0swUczeisgQK0yMzSkLwVt+eZW0LqperXr5UKvUb/I4inACp3AOHlxBHe6gAU0g8ATP8Apvzth5cd6dj0VrwclnjuEPnM8fGJaRAw==</latexit>

�C ⇠ T

1� ⌦
log

1

1� ⌦
.

<latexit sha1_base64="zJtEhAFHZDakAaSyF1DzLpTEfvU=">AAACL3icbVBNS8NAEN34WetX1aOXwSJ40JJIRY/FinhTwbZCU8pmO6lLd5OwuxFK6D/y4l/xIqKIV/+F25qDVh8MPN6bYWZekAiujeu+ODOzc/MLi4Wl4vLK6tp6aWOzqeNUMWywWMTqNqAaBY+wYbgReJsopDIQ2AoG9bHfukeleRzdmGGCHUn7EQ85o8ZK3dI5+GcoDIU6+JpL8ENFWXYDMMq8A/AvJfYpjMAXcT/3vClnH6BS7JbKbsWdAP4SLydlkuOqW3ryezFLJUaGCap123MT08moMpwJHBX9VGNC2YD2sW1pRCXqTjb5dwS7VulBGCtbkYGJ+nMio1LroQxsp6TmTk97Y/E/r52a8KST8ShJDUbse1GYCjAxjMODHlfIjBhaQpni9lZgd9SmYmzE4xC86Zf/kuZhxatWjq6r5dppHkeBbJMdskc8ckxq5IJckQZh5IE8kVfy5jw6z8678/HdOuPkM1vkF5zPLy8EpXY=</latexit>

�C = C(t = 0)� 2CAdS

<latexit sha1_base64="9uv9kjkLEiyVldolra0rNPHJtu8=">AAACJXicbVDLTgIxFO34RHyhLt00EhNcSGYIRheSoLhwiVEeCTMhnVKgofNIe8eETPgZN/6KGxcSY+LKX7EDLBA8SZPTc+7Nvfe4oeAKTPPbWFldW9/YTG2lt3d29/YzB4d1FUSSshoNRCCbLlFMcJ/VgINgzVAy4rmCNdxBJfEbz0wqHvhPMAyZ45Gez7ucEtBSO3Nt3zEBBNsegT4lAldwae6Tg5J5hs9xYU5rx7b08E3ncdTOZM28OQFeJtaMZNEM1XZmbHcCGnnMByqIUi3LDMGJiQROBRul7UixkNAB6bGWpj7xmHLiyZUjfKqVDu4GUj8f8ESd74iJp9TQc3Vlsqta9BLxP68VQffKibkfRsB8Oh3UjQSGACeR4Q6XjIIYakKo5HpXTPtEEgo62LQOwVo8eZnUC3mrmL94KGbLt7M4UugYnaAcstAlKqN7VEU1RNELekMfaGy8Gu/Gp/E1LV0xZj1H6A+Mn1+3O6JU</latexit>

To compare with the QFT results focus on complexity of formation                                            

 dependence:Ω



Rotating BTZ

0.5 1.0 1.5 2.0 2.5 3.0
T

-40
-30
-20
-10

10
20

π ΔCA(tb=0)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
T0

50

100

150

200
ΔCV (tb=0)

• Matching linear behaviour for CV and CA only when counterterm is included


• Same linear divergence as for free QFT complexity at high T


• In tension with the hypothesis of a third law of holographic complexity:

finite complexity of formation at zero T vs logarithmic divergence of higher dimensional 
charged and Myers-Perry black holes


 dependence:T

[CarmiChapmanMarrochioMyersSugishita]
[AlBalushi,Hennigar,Kunduri,Mann]



Holography: Review
Higher dimensional rotating black holes: much harder technical task

Notable exception: odd-dimensional Myers-Perry AdS black holes with equal angular 
momenta in each orthogonal plane [AlBalushi,Hennigar,Kunduri,Mann]


Highlighted connection between holographic complexity and thermodynamic volume in the 
large black hole limit 


• complexity of formation controlled by the thermodynamic volume


• late time growth rate


lim
t!1

dC
dt

⇠ P (V+ � V�)

<latexit sha1_base64="BIc+arnkP7hH06vkFEHwROKxmZM="></latexit>

�C ⇠ S log
⌦

T
+ f̃ V

D�2
D�1

+

<latexit sha1_base64="FoWrKI97p8GRi6FLZo664FsX5ME="></latexit>

[Couch,Fischler,Nguyen]

r+ � `

<latexit sha1_base64="cNOaiUFNVyiTUYULW1a8X9vC5Q0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevEYwTwgu4TZSe9myOyDmVkhLPkNLx4U8erPePNvnCR70MSChqKqm+4uPxVcadv+tkpr6xubW+Xtys7u3v5B9fCoo5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7Prju5nffUKpeBI/6kmKXkTDmAecUW0kVw4uiBuGxEUhBtWaXbfnIKvEKUgNCrQG1S93mLAswlgzQZXqO3aqvZxKzZnAacXNFKaUjWmIfUNjGqHy8vnNU3JmlCEJEmkq1mSu/p7IaaTUJPJNZ0T1SC17M/E/r5/p4MbLeZxmGmO2WBRkguiEzAIgQy6RaTExhDLJza2EjaikTJuYKiYEZ/nlVdK5rDuN+tVDo9a8LeIowwmcwjk4cA1NuIcWtIFBCs/wCm9WZr1Y79bHorVkFTPH8AfW5w/s6pD5</latexit>



Kerr-AdS4

� = (r2 + a2)

✓
1 +

r2

`2

◆
� 2mr

<latexit sha1_base64="Eac/Lr6iG6g+7mPsqIWTc0Hz6Po="></latexit>

�✓ = 1� a2

`2
cos2 ✓

<latexit sha1_base64="SfDDPyZFkBKWyDBOaNEK6neGwhw=">AAACGXicbVC7SgNBFJ31GeMrammzGAQbw25QtBFELSwjmETIruHu5K4ZnH0wc1cIS37Dxl+xsVDEUiv/xkmyha8DwxzOOZeZe4JUCk2O82lNTc/Mzs2XFsqLS8srq5W19ZZOMsWxyROZqKsANEoRY5MESbxKFUIUSGwHt6cjv32HSoskvqRBin4EN7EIBQcyUrfieGcoCbq5R30kGB65u16ogOdwXR/mHkppbo8n+ro+SXQrVafmjGH/JW5BqqxAo1t593oJzyKMiUvQuuM6Kfk5KBJc4rDsZRpT4Ldwgx1DY4hQ+/l4s6G9bZSeHSbKnJjssfp9IodI60EUmGQE1Ne/vZH4n9fJKDz0cxGnGWHMJw+FmbQpsUc12T2hkJMcGAJcCfNXm/fBFEOmzLIpwf298l/Sqtfcvdr+xV71+KSoo8Q22RbbYS47YMfsnDVYk3F2zx7ZM3uxHqwn69V6m0SnrGJmg/2A9fEF65Kg4g==</latexit>

⇢2 = r2 + a2 cos2 ✓

<latexit sha1_base64="IP9bgKMQrBPzdz2LM/8diOFOXXk=">AAACBHicbVDLSgMxFM34rPU16rKbYBEEocyUim6EohuXFewDOm3JpJlOaGYyJHeEUrpw46+4caGIWz/CnX9j2s5CWw/cy+Gce0nu8RPBNTjOt7Wyura+sZnbym/v7O7t2weHDS1TRVmdSiFVyyeaCR6zOnAQrJUoRiJfsKY/vJn6zQemNJfxPYwS1onIIOYBpwSM1LML2FOh7JavVLd8Rrplj0ptOoQMSM8uOiVnBrxM3IwUUYZaz/7y+pKmEYuBCqJ123US6IyJAk4Fm+S9VLOE0CEZsLahMYmY7oxnR0zwiVH6OJDKVAx4pv7eGJNI61Hkm8mIQKgXvan4n9dOIbjsjHmcpMBiOn8oSAUGiaeJ4D5XjIIYGUKo4uavmIZEEQomt7wJwV08eZk0yiW3Ujq/qxSr11kcOVRAx+gUuegCVdEtqqE6ougRPaNX9GY9WS/Wu/UxH12xsp0j9AfW5w8EHJcU</latexit>

⌅ = 1� a2

`2

<latexit sha1_base64="rXiilHWp2w61DIvxTdvGGvMtzO0=">AAACBHicbVC7SgNBFL0bXzG+Vi3TDAbBxrAbItoIQRvLCOYB2RhmJ7PJkNnZZWZWCEsKG3/FxkIRWz/Czr9xkmyhiQcu93DOvczc48ecKe0431ZuZXVtfSO/Wdja3tnds/cPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR9dTv/VApWKRuNPjmHZDPBAsYARrI/XsIvLa7BK5p8gLJCYpvq9MUo9ybnrPLjllZwa0TNyMlCBDvWd/ef2IJCEVmnCsVMd1Yt1NsdSMcDopeImiMSYjPKAdQwUOqeqmsyMm6NgofRRE0pTQaKb+3khxqNQ49M1kiPVQLXpT8T+vk+jgopsyESeaCjJ/KEg40hGaJoL6TFKi+dgQTCQzf0VkiE0Y2uRWMCG4iycvk2al7FbLZ7fVUu0qiyMPRTiCE3DhHGpwA3VoAIFHeIZXeLOerBfr3fqYj+asbOcQ/sD6/AGlmpbb</latexit>

M =
m

GN ⌅2

<latexit sha1_base64="wZjWIDYa5ZJYUqXY7ce4qnDKqio=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKUim6EogvdKBXsA5oYJtNJO3QyCTMToYSAG3/FjQtF3PoT7vwbp20W2nrgwuGce7n3Hj9mVCrL+jbm5hcWl5YLK8XVtfWNTXNruymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3Ax8lsPREga8Ts1jIkboh6nAcVIackzd6/hGXQCgXAaZumldwOdI+i06X0l88ySVbbGgLPEzkkJ5Kh75pfTjXASEq4wQ1J2bCtWboqEopiRrOgkksQID1CPdDTlKCTSTcc/ZPBAK10YREIXV3Cs/p5IUSjlMPR1Z4hUX057I/E/r5Oo4NRNKY8TRTieLAoSBlUER4HALhUEKzbUBGFB9a0Q95EOROnYijoEe/rlWdKslO1q+fi2Wqqd53EUwB7YB4fABiegBq5AHTQABo/gGbyCN+PJeDHejY9J65yRz+yAPzA+fwCgu5Y/</latexit>

J = aM

<latexit sha1_base64="tKyOiadczvvU/LUaHZR0mjnVAeU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IsIQgTzgGQJs5NOMmR2dpmZFcKSj/DiQRGvfo83/8ZJsgdNLGgoqrrp7gpiwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGN1M/eYTKs0j+WjGMfohHUje54waKzXvyBWh5L5bLLlldwayTLyMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46O3dCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9FMu48SgZPNF/UQQE5Hp76THFTIjxpZQpri9lbAhVZQZm1DBhuAtvrxMGmdlr1I+f6iUqtdZHHk4gmM4BQ8uoAq3UIM6MBjBM7zCmxM7L8678zFvzTnZzCH8gfP5A3r6jl0=</latexit>

T =
r+

4⇡
�
r2+ + a2

�
✓
1 +

a2

`2
+ 3

r2+
`2

� a2

r2+

◆

<latexit sha1_base64="oAnaqSpMhsSN1TzkcF3R3Dw5/xM="></latexit>

⌦ =
a

`

r2+ + `2

r2+ + a2

<latexit sha1_base64="wWiaHun03VZEMQYPBiMOI/tGJoM=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIQCbtB0YsievFmBKNCNgm9k944OPtgZlYIy/6NF3/Fi6AievRPnCSLaGLBQHVVNz1dXiy40rb9aU1MTk3PzM7NFxYWl5ZXiqtrVypKJMM6i0QkbzxQKHiIdc21wJtYIgSewGvv7rTvX9+jVDwKL3UvxmYA3ZD7nIE2Urt45J4H2AV6SKnrS2ApZKmLQmTU3ckV2S63qrRM+3Krmv3UYIp2sWRX7AHoOHFyUiI5au3ii9uJWBJgqJkApRqOHetmClJzJjAruInCGNgddLFhaAgBqmY6uDOjW0bpUD+S5oWaDtTfEykESvUCz3QGoG/VqNcX//MaifYPmikP40RjyIaL/ERQHdF+aLTDJTIteoYAk9z8lbJbMOFoE23BhOCMnjxOrqoVZ7eyd7FbOj7J45gjG2STbBOH7JNjckZqpE4YeSBP5JW8WY/Ws/VufQxbJ6x8Zp38gfX1DRrJo5s=</latexit>

Reduced symmetry but some partial progress
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lim
t!1

⇡
dCA

dt
=

r3+ � r3� + `2 (r+ � r�)

2GN (`2 � a2)
= (M � ⌦+J)� (M � ⌦�J)

<latexit sha1_base64="J9lHjemDnKMzCQ/qBO5S2RqnNps="></latexit>

Precise treatment of the late time limit of the CA growth rate


• Only non-vanishing contributions: EH term and null-null joints 
at the past and future tips of the WDW patch


• Reproduces expected answer [Cai,Ruan,Wang,Yang,Peng]


• Proportional to the difference of thermodynamic volumes in the 
large black hole limit r+ � `

<latexit sha1_base64="cNOaiUFNVyiTUYULW1a8X9vC5Q0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMevEYwTwgu4TZSe9myOyDmVkhLPkNLx4U8erPePNvnCR70MSChqKqm+4uPxVcadv+tkpr6xubW+Xtys7u3v5B9fCoo5JMMmyzRCSy51OFgsfY1lwL7KUSaeQL7Prju5nffUKpeBI/6kmKXkTDmAecUW0kVw4uiBuGxEUhBtWaXbfnIKvEKUgNCrQG1S93mLAswlgzQZXqO3aqvZxKzZnAacXNFKaUjWmIfUNjGqHy8vnNU3JmlCEJEmkq1mSu/p7IaaTUJPJNZ0T1SC17M/E/r5/p4MbLeZxmGmO2WBRkguiEzAIgQy6RaTExhDLJza2EjaikTJuYKiYEZ/nlVdK5rDuN+tVDo9a8LeIowwmcwjk4cA1NuIcWtIFBCs/wCm9WZr1Y79bHorVkFTPH8AfW5w/s6pD5</latexit>

Recent analysis of null hypersurfaces [AlBalushi,Mann]: implicit description of the WDW patch
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CV complexity of formation evaluated numerically

• Diverges at high T and for critical angular velocity 

• Compatibility with the claim of [AlBalushi,Hennigar,Kunduri,Mann] on the scaling of the 

complexity of formation with the thermodynamic volume 

• Unable to test it independently. Scaling of S and V fixed in the region of parameters 

corresponding to physical solutions (extremal solutions have superluminal rotation)

⌦ ! 1

<latexit sha1_base64="uHhlRYADPDpPr6NJlexTGDE1lP0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF29WsB/QhLLZTtqlu0nY3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6QaBY+xabgR2EkVUhkKbIej25nffkKleRI/mnGKgaSDmEecUWMl37+XOKDENwnxeuWKW3XnIKvEy0kFcjR65S+/n7BMYmyYoFp3PTc1wYQqw5nAacnPNKaUjegAu5bGVKIOJvObp+TMKn0SJcpWbMhc/T0xoVLrsQxtp6RmqJe9mfif181MdB1MeJxmBmO2WBRlgtgXZwGQPlfIjBhbQpni9lbChlRRZmxMJRuCt/zyKmldVL1a9fKhVqnf5HEU4QRO4Rw8uII63EEDmsAghWd4hTcnc16cd+dj0Vpw8plj+APn8wfgcJDv</latexit>



Remarks

• Map between rotating and non-rotating TFD in simple scalar toy model 


• Holographic complexity: counterterm essential to match CA and CV behaviour 
for rotating BTZ black holes


• Qualitative agreement between QFT and holographic complexity results in the 
high temperature and critical angular velocity limit


• QFT complexity of formation scale independent while CA depends on the 
counterterm scale



Thank you!


