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Targeted use of neural networks for discovery coordinate transformations



Coordinates & Dynamics

Input Data
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• Special functions (Bessel, Hermite, Laguerre,etc) 

• expert knowledge
• SVD-based:  POD/PCA/EOF/Hoteling
• Neural Nets



Coordinates & Dynamics

Input data
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• ARIMA
• DMD & Koopman
• SINDy:  Discover ODEs or PDEs
• Normal Forms
• LSTM, GRU, etc



Good Coordinates



Saturn  &  Mars



Doctrine of the Perfect Circle





Discovery Paradigm
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Kepler vs Newton

function approximation (ellipses)                 F=ma (ellipses)             



Newton

Kepler

Breiman – Two Cultures



PHYSICS

NO PHYSICS



Mathematical Formulation



Mathematical Framework
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Interpretability & Parsimony 

William of Occam               Vilfredo Pareto

The Ultimate Physics
Regularization

# of terms
# of dimensions



Linear Models



Koopman Invariant Subspaces



Koopman and DMD



Neural Nets

“Supervised learning is a high-dimensional interpolation problem.”

S. Mallat, PRSA (2016)



NNs for Koopman Embedding

Bethany Lusch Lusch et al. Nat. Comm (2018)



Failure!
(obviously)



Duffing Oscillator

Nonlinearity:  Shifts Frequencies + Generates Harmonics



Spectrogram



NNs for Koopman Embedding

Bethany Lusch Lusch et al. Nat. Comm (2018)



The Pendulum



Flow Around a Cylinder



NNs for PDE Koopman Embedding

Gin et al. arxiv (2019)

Like IST:   Linearize Kuramoto-Sivashinsky

Craig Gin



Governing Equations



Sparse Identification of Nonlinear Dynamics (SINDy)

Brunton, Proctor & Kutz, PNAS (2016)



Rudy, Brunton, Proctor & Kutz, Sci. Adv (2017)
Schaeffer, PRSA (2017)

Sam Rudy



Discrepancy Modeling



Instead of model discovery from scratch…

…we often start with partial knowledge of the physics

Idealized Hamiltonian or Lagrangian system

Knowledge of constraints, conservation laws, symmetries

Imperfect model Discrepancy





Digital Twins



Sparse Identification of Nonlinear Dynamics (SINDy)

• PDEs (Rudy et al 2017, Schaeffer et al 2017)
• Parametric ODEs/PDEs (Rudy et al 2018)
• Weak (integral) formulation (Schaeffer et al 2018, Bortz et al 2020)
• Multiscale physics (Champion et al 2019)
• Nonlinear Control (Kaheman et al 2020)
• Implicit dynamical systems (Mangan et al 2018, Lin et al 2019, Kaheman et al 2020)
• Hybrid systems (Mangan et al 2019)
• Low-data limit (Kaiser et al 2018, Xiu et al 2019)
• Course-graining SINDy (Owens et al 2020)
• Boundary value problems (Shea et al 2020)
• Stochastic systems (Clementi et al 2018)
• Dynamics with constraints (Loiseau et al 2018)
• Poincare & Flow maps & Floquet theory (Bramburger et al 2019)

Modular, flexible and adaptive



Dynamics & Coordinates



Coordinates + Dynamics

Champion, Lusch, Kutz, Brunton, PNAS (2019)
Zheng et al, SR3 – IEEE Access (2019)

Kathleen
Champion
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Learn Normal Forms

Kalia et al  (arxiv 2021)

Manu
Kalia



Coordinates + Dynamics

GENERALIZABLE
NOT GENERALIZABLE



Time Coordinates



Ω(ωt) =

sin(ω1t)
⋮

sin(ωNt)
cos(ω1t)

⋮
cos(ωNt)

Lange et al, arxiv (2019)

Learn NN to make things sinusoidal

Fourier & Koopman Forecasting

Henning Lange



Fourier and Koopman beat NNs  (powergrid data)



Improved ROMs



Liu et al, arxiv (2020)Yuying Liu

Flow maps & numerical schemes

Learn Hierarchical Flow Maps
Xiu et al JCP (2019)

SINDy on Poincare/Flow Maps:  Bramburger & Kutz PRE (2020)



OUR METHOD

Ideal for Numerical Stiffness



Multiscale Physics



Multiscale Physics

Yuying Liu Liu et al, arxiv (2020)

Exploits transfer learning & multi-grid methods



Boundary Value Problems



Coordinates & BVPs

Input data
(measurements)

BVP

Coordinates

• SINDy:  Discover ODEs or PDEs
• Green’s Functions

Shea et al. arxiv (2020)Dan Shea



Conclusion:  Parsimony is the Physics Regularizer
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