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Biomedical imaging is going through a  
paradigm shift driven by machine learning

Past: Focus on hardware for image formation

Present: Use digital image processing for better performance
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Biomedical imaging is going through a  
paradigm shift driven by machine learning

Present: Use digital image processing for better performance

Future: AI for retrieving hidden information

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

input
imaging system

instrument output

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

input instrument external datalearningoutputcomputation

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

input instrument computation

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

output

Past: Focus on hardware for image formation



The vast majority of imaging problems  
can be formulated as inverse problems



The vast majority of imaging problems  
can be formulated as inverse problems

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

noise

Instrument

x
<latexit sha1_base64="0HsZt8rHtNF0rA6N32HyjhMXpU4="></latexit> y = H(x) + e

<latexit sha1_base64="pXjKBm+xARu/rHTRoZ7lHvwUH3Q="></latexit>

H
<latexit sha1_base64="rry/eeirxuBlt7yVANybWaUTBVI="></latexit>

Source: Michael Unser

http://bigwww.epfl.ch/tutorials/items/unser_emim_2017.pdf


The vast majority of imaging problems  
can be formulated as inverse problems

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

noise

Instrument

x
<latexit sha1_base64="0HsZt8rHtNF0rA6N32HyjhMXpU4="></latexit> y = H(x) + e

<latexit sha1_base64="pXjKBm+xARu/rHTRoZ7lHvwUH3Q="></latexit>

H
<latexit sha1_base64="rry/eeirxuBlt7yVANybWaUTBVI="></latexit>

Forward problem: generate y from x
<latexit sha1_base64="7V9t74FE9pc3m1c9S9iHEb8O5fI="></latexit>

Source: Michael Unser

http://bigwww.epfl.ch/tutorials/items/unser_emim_2017.pdf


The vast majority of imaging problems  
can be formulated as inverse problems

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem

noise

Instrument

x
<latexit sha1_base64="0HsZt8rHtNF0rA6N32HyjhMXpU4="></latexit>

Inverse problem: recover x from y
<latexit sha1_base64="zQAAXoshvc3kPEz3x+2deetlhZo="></latexit>

y = H(x) + e
<latexit sha1_base64="pXjKBm+xARu/rHTRoZ7lHvwUH3Q="></latexit>

H
<latexit sha1_base64="rry/eeirxuBlt7yVANybWaUTBVI="></latexit>

Forward problem: generate y from x
<latexit sha1_base64="7V9t74FE9pc3m1c9S9iHEb8O5fI="></latexit>

Source: Michael Unser

http://bigwww.epfl.ch/tutorials/items/unser_emim_2017.pdf


The vast majority of imaging problems  
can be formulated as inverse problems

Imaging Problem Light Source Forward Model Variations

2D or 3D 
tomography coherent x-ray parallel, cone beam

3D deconvolution 
microscopy fluorescence brightfield, confocal, 

light sheet

structured illumination 
microscopy (SIM) fluorescence full 3D reconstruction, 

non-sinusoidal patters

positron emission 
tomography (PET) gamma rays list mode with time-of-flight

magnetic resonance 
imaging (MRI) radio frequency uniform or nonuniform 

sampling in k-space

Cardiac MRI 
(parallel, nonuniform)

radio frequency gated or nongated, 
retrospective registration

optical diffraction 
tomography (ODT) coherent light with holography or gating 

interferometry

yi = R✓ix
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Longer data collection leads to better images,  
but it implies more discomfort for patients
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Example: Magnetic resonance imaging (MRI) 
collects data in the spatial-frequency domain

Longer data collection leads to better images,  
but it implies more discomfort for patients

1 min scan 2 min scan 5 min scan

Liu et al., “RARE: Image Reconstruction using Deep Priors Learned 
without Ground Truth,” IEEE J. Sel. Topics Signal Process., October 2020
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Example: Tomographic imaging forms a single 
volumetric image from multiple projections

More projections lead to better images,  
but also higher x-ray radiation dose

60 projections 90 projections 120 projections
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Due to large volumes of data to process



Outline for the rest of the talk

๏ Regularization by Artifact Removal (RARE) 
Integrating physical models and learned deep priors

๏ Efficient model-based deep learning (SGD-Net) 
Approximating physical layers for complexity gains



Outline for the rest of the talk

๏ Regularization by Artifact Removal (RARE) 
Integrating physical models and learned deep priors

๏ Efficient model-based deep learning (SGD-Net) 
Approximating physical layers for complexity gains



Simple recipe for DL-based image formation:  
Train a supervised artifact-removing CNN



Simple recipe for DL-based image formation:  
Train a supervised artifact-removing CNN

INFUSING LEARNED PRIORS INTO MODEL-BASED MULTISPECTRAL IMAGING

Jiaming Liu, Yu Sun, and Ulugbek S. Kamilov

Computational Imaging Group (CIG)
Washington University in St. Louis

One Brookings Drive, St. Louis, MO 63130
jiaming.liu@wustl.edu, sun.yu@wustl.edu, kamilov@wustl.edu

ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Denoised

Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is

input image 
with artifacts

output 
image

artifact 
removing CNN

imaging 
system

Example: Train a deep neural net to remove artifacts from an image

Advantage #3: No need to explicitly model anything

Advantage #2: Very fast at test time

Advantage #1: Very easy to implement and deploy



Simple recipe for DL-based image formation:  
Train a supervised artifact-removing CNN

Question: What are some limitations of this approach?

INFUSING LEARNED PRIORS INTO MODEL-BASED MULTISPECTRAL IMAGING

Jiaming Liu, Yu Sun, and Ulugbek S. Kamilov

Computational Imaging Group (CIG)
Washington University in St. Louis

One Brookings Drive, St. Louis, MO 63130
jiaming.liu@wustl.edu, sun.yu@wustl.edu, kamilov@wustl.edu

ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.

This work was supported in part by NSF grant CCF-1813910.

Denoised

Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is

input image 
with artifacts

output 
image

artifact 
removing CNN

imaging 
system

Example: Train a deep neural net to remove artifacts from an image



Simple recipe for DL-based image formation:  
Train a supervised artifact-removing CNN

Question: What are some limitations of this approach?

INFUSING LEARNED PRIORS INTO MODEL-BASED MULTISPECTRAL IMAGING

Jiaming Liu, Yu Sun, and Ulugbek S. Kamilov

Computational Imaging Group (CIG)
Washington University in St. Louis

One Brookings Drive, St. Louis, MO 63130
jiaming.liu@wustl.edu, sun.yu@wustl.edu, kamilov@wustl.edu

ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
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method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
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MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
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cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
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In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
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bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
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While MS imaging has a great potential, acquiring and processing
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and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
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In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
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tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD
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While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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RARE leverages DL-priors while controlling fidelity to data!
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J. Liu, S. Asif, B. Wohlberg, and U. S. Kamilov, “Recovery Analysis for Plug-and-
Play Priors using the Restricted Eigenvalue Condition”, arXiv:2106.03668, 2021

Suppose there exists a vector that satisfies

x⇤ 2 Zer(rg) \ Fix(R)
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Question: How can we interpret such a vector?

J. Liu, S. Asif, B. Wohlberg, and U. S. Kamilov, “Recovery Analysis for Plug-and-
Play Priors using the Restricted Eigenvalue Condition”, arXiv:2106.03668, 2021
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PnP and RED are equivalent under the assumptions above!
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Consider multiple independent views for each object 
(examples: radial lines in MRI, projections in CT)

Lehtinen et al., “Noise2Noise: Learning Image  
Restoration without Clean Data,” Proc. ICML, 2018

Liu et al., “RARE: Image Reconstruction using Deep Priors Learned 
without Ground Truth,” IEEE J. Sel. Topics Signal Process., October 2020

INFUSING LEARNED PRIORS INTO MODEL-BASED MULTISPECTRAL IMAGING

Jiaming Liu, Yu Sun, and Ulugbek S. Kamilov

Computational Imaging Group (CIG)
Washington University in St. Louis

One Brookings Drive, St. Louis, MO 63130
jiaming.liu@wustl.edu, sun.yu@wustl.edu, kamilov@wustl.edu

ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.

This work was supported in part by NSF grant CCF-1813910.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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Application: Reconstructing 10 motion phases 
from a 1 minute free-breathing MRI scan 4
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Fig. 2: Visual illustration of results from experimentally collected data for patients 4 and 5 corresponding to 400 radial spokes (scans of
about 1 minute). Several methods, including the artifact-removal CNN (labeled as N2N⇤) and UNet3D are compared against RARE. We also
show the results of compressed sensing (CS) reconstruction using 2000-line acquisition (scans of about 5 minutes) as reference. UNet3D was
trained to map 400-line MCNUFFT reconstructions to those by the 2000-line CS. N2N⇤ was trained without any “clean” data by mapping
different MCNUFFT reconstructions to one another. RARE relies on the N2N⇤ network for regularization. This figure shows that RARE can
enable significant visual quality improvements, due to its ability to combine N2N⇤ with the information from the forward model. The relative
PSNR (rPSNR) to the reference images was included for better evaluation.
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Fig. 3: Visual illustration of several RARE iterates for patients 4 and 5 starting from the initialization obtained using the artifact-removal CNN
(labeled N2N⇤ in other figures). The imaging artifacts relative the final solution were magnified 20⇥ for better visualization. The relative
change rates are provided inside the residual error and were calculated relative to the final RARE solution. The rPSNR and rSSIM were
calculated relative to the reference images shown in Figure 2. This figure highlights the potential of RARE to provide fast MR reconstructions
(high-quality results achieved within 10 iterations), when initialized with the CNN solution.

where i is the index of the specific acquisition and Hij denotes
the specific forward operator. One can then generate a dataset
of degraded images by simply applying the pseudoinverse of
each forward operator

bxij = H
†
ijyij . (11)

Inspired from Noise2Noise, one can then train the artifact
removal network with the following empirical risk minimization

argmin
✓

X

i,j,i0,j0

L(R✓(bxij), bxi0j0)), (12)

where the goal is to simply map pairs of artifact-contaminated
images in (11). It is worth not that, unlike the settings
considered in [34], the artifacts in our problems are not random
as each label lacks information about some specific regions
in the k-space. However, the whole dataset (colected over
multiple scans) compliments this missing information, enabling
the training of the CNN prior. Underlying assumption of this
training strategy is that the expected value of the images {bxij}j
with various acquisition times still matches the ground-truth
vector xi. While this assumption might seem idealized for
some practical applications, our experiments corroborate its
excellent performance in the context of a heavily ill-posed 4D
MR image reconstruction under object motion. In particular,
we show that the best performance is achieved by combining

a pre-trained R✓(·) with several iterations of RARE updates
that also include rg(·).

C. Implementation for 4D MRI

The RARE framework for accelerated free-breathing MRI and
the architecture for the artifact-removal CNN used in this paper
are shown in Figure 1. Since the multi-coil nonuniform inverse
fast Fourier transform (MCNUFFT) data are 4D complex-
valued images (x, y, z for space and p for respiratory phases),
we used a 3D residual CNN, for dimensions x, y, p, which is
a simplified version of the popular DnCNN denoiser [48] as
the artifact removal prior. The network consists of ten layers
with three different blocks. The first block is a composite
convolutional layer, consisting of a normal 3D convolutional
layer and a rectified linear units (ReLU) layer, and the second
block is a sequence of 8 composite convolutional layers, each
having 64 filters. Those composite layers further process the
feature maps generated by the first part. The third block
of the network, a single convolutional layer, generates the
final output image with two channels including the real and
imagery part of the image. Every convolution is performed
with a stride = 1, so that the intermediate feature maps have
the same spatial size as the input to the CNN. Note that
we also considered the UNet [53], [56] architecture for the
artifact removal CNN. However, our experiments showed no
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where i is the index of the specific acquisition and Hij denotes
the specific forward operator. One can then generate a dataset
of degraded images by simply applying the pseudoinverse of
each forward operator

bxij = H
†
ijyij . (11)

Inspired from Noise2Noise, one can then train the artifact
removal network with the following empirical risk minimization

argmin
✓

X

i,j,i0,j0

L(R✓(bxij), bxi0j0)), (12)

where the goal is to simply map pairs of artifact-contaminated
images in (11). It is worth not that, unlike the settings
considered in [34], the artifacts in our problems are not random
as each label lacks information about some specific regions
in the k-space. However, the whole dataset (colected over
multiple scans) compliments this missing information, enabling
the training of the CNN prior. Underlying assumption of this
training strategy is that the expected value of the images {bxij}j
with various acquisition times still matches the ground-truth
vector xi. While this assumption might seem idealized for
some practical applications, our experiments corroborate its
excellent performance in the context of a heavily ill-posed 4D
MR image reconstruction under object motion. In particular,
we show that the best performance is achieved by combining

a pre-trained R✓(·) with several iterations of RARE updates
that also include rg(·).

C. Implementation for 4D MRI

The RARE framework for accelerated free-breathing MRI and
the architecture for the artifact-removal CNN used in this paper
are shown in Figure 1. Since the multi-coil nonuniform inverse
fast Fourier transform (MCNUFFT) data are 4D complex-
valued images (x, y, z for space and p for respiratory phases),
we used a 3D residual CNN, for dimensions x, y, p, which is
a simplified version of the popular DnCNN denoiser [48] as
the artifact removal prior. The network consists of ten layers
with three different blocks. The first block is a composite
convolutional layer, consisting of a normal 3D convolutional
layer and a rectified linear units (ReLU) layer, and the second
block is a sequence of 8 composite convolutional layers, each
having 64 filters. Those composite layers further process the
feature maps generated by the first part. The third block
of the network, a single convolutional layer, generates the
final output image with two channels including the real and
imagery part of the image. Every convolution is performed
with a stride = 1, so that the intermediate feature maps have
the same spatial size as the input to the CNN. Note that
we also considered the UNet [53], [56] architecture for the
artifact removal CNN. However, our experiments showed no
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Fig. 2: Visual illustration of results from experimentally collected data for patients 4 and 5 corresponding to 400 radial spokes (scans of
about 1 minute). Several methods, including the artifact-removal CNN (labeled as N2N⇤) and U-Net3D are compared against RARE. We also
show the results of compressed sensing (CS) reconstruction using 2000-line acquisition (scans of about 5 minutes). U-Net3D was trained to
map 400-line MCNUFFT reconstructions to those by the 2000-line CS. N2N⇤ was trained without any “clean” data by mapping different
MCNUFFT reconstructions to one another. RARE relies on the N2N⇤ network for regularization. This figure shows that RARE can enable
significant visual quality improvements, due to its ability to combine N2N⇤ with the information from the forward model.
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Fig. 3: Visual illustration of several RARE iterates for patients 4 and 5 starting from the initialization obtained using the artifact-removal CNN
(labeled N2N⇤ in other figures). The imaging artifacts relative the final solution were magnified 20⇥ for better visualization. The relative
change rates are provided above the images and were calculated relative to the final RARE solution. This figure highlights the potential of
RARE to provide fast MR reconstructions (high-quality results achieved within 10 iterations), when initialized with the CNN solution.

where i is the index of the specific acquisition and Hij denotes
the specific forward operator. One can then generate a dataset
of degraded images by simply applying the pseudoinverse of
each forward operator

bxij = H
†
ijyij . (11)

Inspired from Noise2Noise, one can then train the artifact
removal network with the following empirical risk minimization

argmin
✓

X

i,j,i0,j0

L(R✓(bxij), bxi0j0)), (12)

where the goal is to simply map pairs of artifact-contaminated
images in (11). Underlying assumption of this training strategy
is that the expected value of the images {bxij}j matches the
ground-truth vector xi. While this assumption might seem
idealized for some practical applications, our experiments
corroborate its excellent performance in the context of a heavily
ill-posed 4D MR image reconstruction under object motion. In
particular, we show that the best performance is achieved by
combining a pre-trained R✓(·) with several iterations of RARE
updates that also include rg(·).

C. Implementation for 4D MRI

The RARE framework for accelerated free-breathing MRI and
the architecture for the artifact-removal CNN used in this paper
are shown in Figure 1. Since the multi-coil nonuniform inverse

fast Fourier transform (MCNUFFT) data are 4D complex-
valued images (x, y, z for space and p for respiratory phases),
we used a 3D residual CNN, for dimensions x, y, p, which is
a simplified version of the popular DnCNN denoiser [48] as
the artifact removal prior. The network consists of ten layers
with three different blocks. The first block is a composite
convolutional layer, consisting of a normal 3D convolutional
layer and a rectified linear units (ReLU) layer, and the second
block is a sequence of 8 composite convolutional layers, each
having 64 filters. Those composite layers further process the
feature maps generated by the first part. The third block of
the network, a single convolutional layer, generates the final
output image with two channels including the real and imagery
part of the image. Every convolution is performed with a stride
= 1, so that the intermediate feature maps have the same
spatial size as the input to the CNN. It is worth noting that
we also considered the U-Net [53], [56] architecture for the
artifact removal CNN. However, our experiments showed no
significant quality improvements from U-Net, which has a
higher computational complexity than DnCNN.

Our implementation of free-breathing 4D MRI is based
on Consistently Acquired Projections for Tuned and Robust

Estimation (CAPTURE) method [57], which retrospectively
bins the k-space data into several motion phases. The key
observation is that the binning leads to different k-space
coverage patterns for different acquisition times, leading to
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๏ Regularization by Artifact Removal (RARE) 
Integrating physical models and learned deep priors

๏ Efficient model-based deep learning (SGD-Net) 
Approximating physical layers for complexity gains
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SIMBA decomposes a large-scale imaging 
problem into a sequence of partial updates

Sun et al., “A Provably Convergent Asynchronous Block Parallel Stochastic 
Method using Deep Denoising Priors,” Proc. ICLR, May 2021

Wu et al., “SIMBA: Scalable Inversion in Optical Tomography using Deep 
Denoising Priors,” IEEE J. Sel. Topics Signal Process., October 2020



SIMBA decomposes a large-scale imaging 
problem into a sequence of partial updates

Traditional PnP/RED algorithms are use all the data at every 
iteration, which significantly limits their scalability

Large measurement challenge: 
102–106 measurements,  
each with 106 pixels
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Abstract—Two features desired in a three-dimensional (3D) op-
tical tomographic image reconstruction algorithm are the ability
to reduce imaging artifacts and to do fast processing of large data
volumes. Traditional iterative inversion algorithms are impractical
in this context due to their heavy computational and memory
requirements. We propose and experimentally validate a novel
scalable iterative minibatch algorithm (SIMBA) for fast and high-
quality optical tomographic imaging. SIMBA enables high-quality
imaging by combining two complementary information sources:
the physics of the imaging system characterized by its forward
model and the imaging prior characterized by a denoising deep
neural net. SIMBA easily scales to very large 3D tomographic
datasets by processing only a small subset of measurements at
each iteration. We establish the theoretical fixed-point convergence
of SIMBA under nonexpansive denoisers for convex data-fidelity
terms. We validate SIMBA on both simulated and experimentally
collected intensity diffraction tomography (IDT) datasets. Our re-
sults show that SIMBA can significantly reduce the computational
burden of 3D image formation without sacrificing the imaging
quality.

Index Terms—Optical tomography, regularization by denoising,
plug-and-play priors, stochastic optimization.

I. INTRODUCTION

O PTICAL tomographic imaging seeks to recover the three-
dimensional (3D) distribution of the refractive index of an

object from its light measurements. In a standard setup (see Fig. 1
for an example), the sample is illuminated multiple times from
different angles and the scattered light-field is recorded with a
camera. In the interferometry-based microscopy, one measures
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Fig. 1. Conceptual illustration of the proposed inversion algorithm for optical
tomographic imaging. The brightfield measurements of the scattered light-field
are collected with a standard computational microscope platform. An online
reconstruction algorithm, SIMBA, facilitated by a convolutional neural network
(CNN) denoiser is then used to form a 3D phase image. Unlike traditional batch
algorithms, SIMBA processes a subset of measurements at a time, making it
scalable for processing very large tomographic datasets.

both the amplitude and the phase of the scattered field [1]–[3],
while in the intensity-only setups one measures only the am-
plitude of the light-field [4]–[6]. A tomographic reconstruction
algorithm is then used to computationally reconstruct the 3D
distribution of the sample’s refractive index. The quantitative
characterization of the refractive index is important in biomedi-
cal imaging since it allows the vizualization of internal structure
of a tissue, as well as characterize physical changes within
biological samples.

The reconstruction of the refractive index is often formu-
lated as an inverse problem. In this context, the forward model
characterizes the physics of data-acquisition and can be used to
ensure the consistency of the final estimate with respect to the
measurements. However, the need for processing large-scale to-
mographic data limits the utility of traditional iterative methods
in 3D optical tomography. Traditional batch algorithms process
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SIMBA decomposes a large-scale imaging 
problem into a sequence of partial updates

Traditional PnP/RED algorithms are use all the data at every 
iteration, which significantly limits their scalability
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SIMBA leads to faster image reconstruction when 
using several processing coresUnder review as a conference paper at ICLR 2021
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Table 1: Speed-up of Async-RED compared with GM-RED

Method SNR time speed-up

GM-RED(1-core) 29.01 dB 1.8 hr -
Sync-RED(8-core) 29.00 dB 38.9 min 2.8⇥

Async-RED-BG(8-core) 29.01 dB 17.9 min 6.1⇥
Async-RED-SG(8-core) 28.08 dB 13.0 min 8.4⇥

Figure 2: Convergence of ASYNC-RED-BG for different numbers of accessible cores nc 2
{2, 4, 6, 8}. The left figure plots the average normalized distance to zer(G) against the iteration
number; the middle and right figures plot these values, as well as SNR, plotted against the actual
runtime in seconds. The shaded areas represent the range of values attained over the test images.

Compared with the conditions stated in Section 2 (namely, that it is locally homogeneous with a
symmetric Jacobian), our requirement on the denoiser is milder. One can train a nonexpansive D�

by constraining the Lipschitz constant of D� via the spectral normalization, which is an active area
of research in deep learning (Miyato et al., 2018; Sedghi et al., 2019; Anil et al., 2019; Terris et al.,
2020).

We can now state the theorems on ASYNC-RED.
Theorem 1. Let Assumptions 1-4 hold true. Run ASYNC-RED-BG for t > 0 iterations with uniform
i.i.d block selection using a fixed step-size � 2 (0, 1/((1 + 2�)(L + 2⌧))]. Then, the iterates of the
algorithm satisfy

min
0kt�1

E
⇥
kG(xk)k2

⇤



D

b
+ 2

�
(L + 2⌧)b

�t
R

2
0. (13)

where D = 2�
2
/(1 + �)2 is a constant.

Theorem 1 establishes the convergence of ASYNC-RED-BG to the fixed-point set zer(G) at the rate
of O(1/t). Our result is consistent with the existing results in the literature. In particular, when the
algorithm adopts serial block updates, that is � = 0 and exk = xk, the recovered convergence is
nearly the same as BC-RED (Sun et al., 2019a) scaled by some constant. On the other hand, our
convergence rate O(1/t) is also consistent with the rate proved for the asynchronous block coordinate
descent in nonconvex optimization (Sun et al., 2017).
Theorem 2. Let Assumptions 1-4 hold true. Run ASYNC-RED-SG for t > 0 iterations with uniform
i.i.d selections of blocks and measurements using a fixed step-size � 2 (0, 1/((1 + 2�)(L + 2⌧))].
Then, the iterates of the algorithm satisfy

min
0kt�1

E
⇥
kG(xk)k2

⇤



D

b
+ 2

�
(L + 2⌧)b

�t
R

2
0 +


2D

b
+ 2

�
�

w
C (14)

where C = (L + 2⌧)(1 + �)⌫2 and D = 2�
2
/(1 + �)2 are constants.

Theorem 2 states that ASYNC-RED-SG approximates the solution obtained by ASYNC-RED-BG up
to a finite error that decreases for larger values of the minibatch size w. This relationship is consistent
with the recent theoretical results on the online PnP and RED algorithms (Sun et al., 2019b; Wu
et al., 2020). In practice, the selection of w must balance the actual memory capacity of the system
and the desired runtime for obtaining a reasonable solution. Our numerical evaluation in Section 5
demonstrates the excellent approximation of ASYNC-RED-SG to the batch-gradient solution by
using a small subset of data.

By carefully choosing the stepsize �, we can state the following remark on Theorem 2.
Remark 1. Set the stepsize to be � = 1/

p
wt. If the maximal delay satisfies �  (1/2)[

p
wt/(L +

2⌧) � 1], then after t > 0 iterations we have

min
0kt�1

E
⇥
kG(xk)k2

⇤



D

b
+ 2

�
(L + 2⌧)bp

wt
R

2
0 +


2D

b
+ 2

�
Cp
wt

. (15)

This establishes the fixed-point convergence to the set zer(G) at the rate of O(1/
p

wt) under specific
conditions. If we treat entire x as a block, namely that U = U

T = I and b = 1, ASYNC-RED-SG
then becomes the asynchronous stochastic RED algorithm. Hence, the proposed remark immediately

6

BC-RARE (#c = 1) 
Async-RARE (#c = 2) 
Async-RARE (#c = 4) 
Async-RARE (#c = 6) 
Async-RARE (#c = 8)

Method SNR Time Speed-Up

RARE (1-core) 29.01 dB 1.8 hrs -

Sync-SIMBA (8-core) 29.00 dB 38.9 mins 2.8x

Async-SIMBA-BG (8-core) 29.01 dB 17.9 mins 6.1x

Async-SIMBA-SG (8-core) 28.08 dB 13.0 mins 8.4x

Accelerations of up to 8.4x for image reconstruction 
in compressive sensing

Sun et al., “A Provably Convergent Asynchronous Block Parallel Stochastic 
Method using Deep Denoising Priors,” Proc. ICLR, May 2021



SIMBA leads to better image quality when  
combined with deep priors

Wu et al., “SIMBA: Scalable Inversion in Optical Tomography using Deep 
Denoising Priors,” IEEE J. Sel. Topics Signal Process., October 2020

SIMBA w/ DnCNN Ling et al., 2018

Significant improvements in sectioning capability in 
Intensity Diffraction Tomography (IDT)



10/89 SIMBA DnCNN

89/89 RARE DnCNN

Abs. Value of Residual

Slice 8 of 1024×1024×25 
10/89 SIMBA DnCNN 
Full Reconstruction

z=15µm

SIMBA is as good as full RARE



SGD-Net is a model-based deep network 
obtained by “unfolding” iterations of SIMBA



SGD-Net is a model-based deep network 
obtained by “unfolding” iterations of SIMBA

An “optimal” artifact-removal CNN can be designed by  
unfolding truncated RARE and training it end-to-end
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(a) SGD-Net

Fig. 1. Architecture of (a) SGD-Net with Q steps and (b) its batch variant that we label as Unfolded RED (U-RED). Data-consistency layers within SGD-Net
rely on minibatch gradients with B ⌧ I measurements, while those in U-RED rely on the full batch gradient using I measurements. The learned operator
blocks within SGD-Net and U-RED share their weights across steps and are trained in an end-to-end fashion by accounting for the data-consistency layers.

is a natural extension of SIMBA [27] towards CNNs trained
for artifact-removal, which leads to a scalable and end-to-end
trainable deep network.

III. PROPOSED METHOD

We now introduce SGD-Net that adopts stochastic appro-
cessing of measurements within data-consistency layers. As
corroborated by our results in Section V, SGD-Net is ideal
for data-intensive applications where the object features are
difficult to characterize by a pre-trained CNN denoiser.

A. Stochastic data-consistency layers

Consider a data-fidelity g that consists of a set of I � 1
component functions {gi(x)}, where each gi depends on some
subset yi of the measurements in y. For example, in tomo-
graphic imaging each yi corresponds to a single projection of
an object along a specific angle [44]. When g corresponds to
the least-squares penalty, the data-consistency layer within the
deep unfolding network becomes

rg(x) =
1

I

IX

i=1

rgi(x) =
1

I

IX

i=1

AH

i (Aix � yi), (7)

where (·)H denotes the conjugate transpose operation. Note
that the complexity of rg scales linearly with the total number
of components I . This means that when I ! 1, the memory
requirements or computation time of the traditional batch deep
unfolding becomes impractical. The central idea of SGD-
Net, summarized in Fig 1, is to approximate the gradient at
every step within the deep unfolding network with an average
of 1  B ⌧ I component gradients, which makes SGD-
Net independent of the total number of components I . The
corresponding minibatch gradient is computed as

brg(x) =
1

B

BX

b=1

rgib(x) =
1

B

BX

b=1

AH

ib
(Aibx � yib), (8)

where i1, . . . , iB are independent random indices that are
selected uniformly from the set {1, . . . , I}. The minibatch size
parameter B � 1 controls the number of gradient components
at each step of SGD-Net. Note that (8) directly implies that

E[brg(x)] = rg(x), where the expectation is taken over the
random indices i1, . . . , iB .

We will use the vector � to denote the physical parameters
within the data-consistency layers of the unfolded network.
In the context of the batch network in Fig. 1(b), which uses
all the measurements at every step, the physical parameters
correspond to the gradients {rgi(x)} at every step of the
unfolded network. SGD-Net seeks to minimize the complexity
of the unfolded network by replacing � with its minibatch
approximation b�, obtained by applying (8) to every step.

B. Stochastic deep unfolding network

Given an initial solution ex = AHy, SGD-Net iteratively
refines it by infusing information from both the minibatch
gradient of the data-fidelity term brg and the learned operator
D✓ defined as

D✓(x) = (I � R✓)(x) = x � R✓(x), (9)

where R✓ is the artifact-removal CNN. Unlike in SIMBA [27],
the prior in SGD-Net is optimized end-to-end using the
training data to maximally reduce the artifacts. We fix the total
number of SGD-Net steps to Q � 1, with each step given by

xq+1 = xq � �(brg(xq) + ⌧D✓(xq)), (10)

where � > 0 is a step-size parameter. Fig. 1(a) illustrates
the algorithmic details of SGD-Net, which can, in principle,
be implemented with or without weight-sharing across the Q

steps. In our implementation, we opted to share the weights
of R✓ accross different steps to make it more suitable for
large-scale imaging applications. While there are no trainable
parameters within the stochastic data-consistency layers, one
can still use backpropagation to compute the gradient of SGD-
Net with respect to the trainable parameters ✓. Since SGD-Net
randomly processes a subset of measurements at each step, the
prediction of SGD-Net is in fact randomized. Our theoretical
analysis in Section IV precisely characterizes the training of
SGD-Net relative to that of the batch network that uses all the
measurement in every step.

Inspired by [67], our CNN regularizer is based on the widely
used U-Net architecture [10]. The corresponding CNN consists
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(a) SGD-Net

Fig. 1. Architecture of (a) SGD-Net with Q steps and (b) its batch variant that we label as Unfolded RED (U-RED). Data-consistency layers within SGD-Net
rely on minibatch gradients with B ⌧ I measurements, while those in U-RED rely on the full batch gradient using I measurements. The learned operator
blocks within SGD-Net and U-RED share their weights across steps and are trained in an end-to-end fashion by accounting for the data-consistency layers.

is a natural extension of SIMBA [27] towards CNNs trained
for artifact-removal, which leads to a scalable and end-to-end
trainable deep network.

III. PROPOSED METHOD

We now introduce SGD-Net that adopts stochastic appro-
cessing of measurements within data-consistency layers. As
corroborated by our results in Section V, SGD-Net is ideal
for data-intensive applications where the object features are
difficult to characterize by a pre-trained CNN denoiser.

A. Stochastic data-consistency layers

Consider a data-fidelity g that consists of a set of I � 1
component functions {gi(x)}, where each gi depends on some
subset yi of the measurements in y. For example, in tomo-
graphic imaging each yi corresponds to a single projection of
an object along a specific angle [44]. When g corresponds to
the least-squares penalty, the data-consistency layer within the
deep unfolding network becomes

rg(x) =
1

I

IX

i=1

rgi(x) =
1

I

IX

i=1

AH

i (Aix � yi), (7)

where (·)H denotes the conjugate transpose operation. Note
that the complexity of rg scales linearly with the total number
of components I . This means that when I ! 1, the memory
requirements or computation time of the traditional batch deep
unfolding becomes impractical. The central idea of SGD-
Net, summarized in Fig 1, is to approximate the gradient at
every step within the deep unfolding network with an average
of 1  B ⌧ I component gradients, which makes SGD-
Net independent of the total number of components I . The
corresponding minibatch gradient is computed as

brg(x) =
1

B

BX

b=1

rgib(x) =
1

B

BX

b=1

AH

ib
(Aibx � yib), (8)

where i1, . . . , iB are independent random indices that are
selected uniformly from the set {1, . . . , I}. The minibatch size
parameter B � 1 controls the number of gradient components
at each step of SGD-Net. Note that (8) directly implies that

E[brg(x)] = rg(x), where the expectation is taken over the
random indices i1, . . . , iB .

We will use the vector � to denote the physical parameters
within the data-consistency layers of the unfolded network.
In the context of the batch network in Fig. 1(b), which uses
all the measurements at every step, the physical parameters
correspond to the gradients {rgi(x)} at every step of the
unfolded network. SGD-Net seeks to minimize the complexity
of the unfolded network by replacing � with its minibatch
approximation b�, obtained by applying (8) to every step.

B. Stochastic deep unfolding network

Given an initial solution ex = AHy, SGD-Net iteratively
refines it by infusing information from both the minibatch
gradient of the data-fidelity term brg and the learned operator
D✓ defined as

D✓(x) = (I � R✓)(x) = x � R✓(x), (9)

where R✓ is the artifact-removal CNN. Unlike in SIMBA [27],
the prior in SGD-Net is optimized end-to-end using the
training data to maximally reduce the artifacts. We fix the total
number of SGD-Net steps to Q � 1, with each step given by

xq+1 = xq � �(brg(xq) + ⌧D✓(xq)), (10)

where � > 0 is a step-size parameter. Fig. 1(a) illustrates
the algorithmic details of SGD-Net, which can, in principle,
be implemented with or without weight-sharing across the Q

steps. In our implementation, we opted to share the weights
of R✓ accross different steps to make it more suitable for
large-scale imaging applications. While there are no trainable
parameters within the stochastic data-consistency layers, one
can still use backpropagation to compute the gradient of SGD-
Net with respect to the trainable parameters ✓. Since SGD-Net
randomly processes a subset of measurements at each step, the
prediction of SGD-Net is in fact randomized. Our theoretical
analysis in Section IV precisely characterizes the training of
SGD-Net relative to that of the batch network that uses all the
measurement in every step.

Inspired by [67], our CNN regularizer is based on the widely
used U-Net architecture [10]. The corresponding CNN consists
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Limitation: Computational and GPU-memory complexities of 
data-consistency layers scale with the number of projections!

Liu et al., “SGD-Net: Efficient Model-Based Deep Learning with 
Theoretical Guarantees,” IEEE Trans. Comput. Imag., in press.



SGD-Net is a model-based deep network 
obtained by “unfolding” iterations of SIMBA

An “optimal” artifact-removal CNN can be designed by  
unfolding truncated RARE and training it end-to-end

SGD-Net improves scalability of training and testing by  
directly unfolding SIMBA that processes data in minibatches 
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(a) SGD-Net

Fig. 1. Architecture of (a) SGD-Net with Q steps and (b) its batch variant that we label as Unfolded RED (U-RED). Data-consistency layers within SGD-Net
rely on minibatch gradients with B ⌧ I measurements, while those in U-RED rely on the full batch gradient using I measurements. The learned operator
blocks within SGD-Net and U-RED share their weights across steps and are trained in an end-to-end fashion by accounting for the data-consistency layers.

is a natural extension of SIMBA [27] towards CNNs trained
for artifact-removal, which leads to a scalable and end-to-end
trainable deep network.

III. PROPOSED METHOD

We now introduce SGD-Net that adopts stochastic appro-
cessing of measurements within data-consistency layers. As
corroborated by our results in Section V, SGD-Net is ideal
for data-intensive applications where the object features are
difficult to characterize by a pre-trained CNN denoiser.

A. Stochastic data-consistency layers

Consider a data-fidelity g that consists of a set of I � 1
component functions {gi(x)}, where each gi depends on some
subset yi of the measurements in y. For example, in tomo-
graphic imaging each yi corresponds to a single projection of
an object along a specific angle [44]. When g corresponds to
the least-squares penalty, the data-consistency layer within the
deep unfolding network becomes

rg(x) =
1

I

IX

i=1

rgi(x) =
1

I

IX

i=1

AH

i (Aix � yi), (7)

where (·)H denotes the conjugate transpose operation. Note
that the complexity of rg scales linearly with the total number
of components I . This means that when I ! 1, the memory
requirements or computation time of the traditional batch deep
unfolding becomes impractical. The central idea of SGD-
Net, summarized in Fig 1, is to approximate the gradient at
every step within the deep unfolding network with an average
of 1  B ⌧ I component gradients, which makes SGD-
Net independent of the total number of components I . The
corresponding minibatch gradient is computed as

brg(x) =
1

B

BX

b=1

rgib(x) =
1

B

BX

b=1

AH

ib
(Aibx � yib), (8)

where i1, . . . , iB are independent random indices that are
selected uniformly from the set {1, . . . , I}. The minibatch size
parameter B � 1 controls the number of gradient components
at each step of SGD-Net. Note that (8) directly implies that

E[brg(x)] = rg(x), where the expectation is taken over the
random indices i1, . . . , iB .

We will use the vector � to denote the physical parameters
within the data-consistency layers of the unfolded network.
In the context of the batch network in Fig. 1(b), which uses
all the measurements at every step, the physical parameters
correspond to the gradients {rgi(x)} at every step of the
unfolded network. SGD-Net seeks to minimize the complexity
of the unfolded network by replacing � with its minibatch
approximation b�, obtained by applying (8) to every step.

B. Stochastic deep unfolding network

Given an initial solution ex = AHy, SGD-Net iteratively
refines it by infusing information from both the minibatch
gradient of the data-fidelity term brg and the learned operator
D✓ defined as

D✓(x) = (I � R✓)(x) = x � R✓(x), (9)

where R✓ is the artifact-removal CNN. Unlike in SIMBA [27],
the prior in SGD-Net is optimized end-to-end using the
training data to maximally reduce the artifacts. We fix the total
number of SGD-Net steps to Q � 1, with each step given by

xq+1 = xq � �(brg(xq) + ⌧D✓(xq)), (10)

where � > 0 is a step-size parameter. Fig. 1(a) illustrates
the algorithmic details of SGD-Net, which can, in principle,
be implemented with or without weight-sharing across the Q

steps. In our implementation, we opted to share the weights
of R✓ accross different steps to make it more suitable for
large-scale imaging applications. While there are no trainable
parameters within the stochastic data-consistency layers, one
can still use backpropagation to compute the gradient of SGD-
Net with respect to the trainable parameters ✓. Since SGD-Net
randomly processes a subset of measurements at each step, the
prediction of SGD-Net is in fact randomized. Our theoretical
analysis in Section IV precisely characterizes the training of
SGD-Net relative to that of the batch network that uses all the
measurement in every step.

Inspired by [67], our CNN regularizer is based on the widely
used U-Net architecture [10]. The corresponding CNN consists
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Key idea: Use minibatches in data-consistency layers!



SGD-Net is a model-based deep network 
obtained by “unfolding” iterations of SIMBA

An “optimal” artifact-removal CNN can be designed by  
unfolding truncated RARE and training it end-to-end

SGD-Net improves scalability of training and testing by  
directly unfolding SIMBA that processes data in minibatches 

We theoretically show that SGD-Net can be trained to approximate 
the full unfolded RARE to any desired precision (see the paper)
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Fig. 2. Quantitative evaluation of SGD-Net on IDT for different minibatch sizes B 2 {40, 120, 180} used at each step of the network against U-RED using
the full batch of I = 240 measurements. (a) Illustration of the loss against time in hours for different values of B evaluated on the training set. (b) Illustration
of the loss against the epoch number evaluated on the training set. (c) Illustration of the SNR (dB) against time evaluated on the training set. (d) Illustration
of the SNR (dB) against time in hours evaluated on the testing set. (e) Illustration of the amount of time required to reach a certain epoch for different values
of B. (f) Illustration of the SNR (dB) achieved at different epochs for different values of B evaluated over the testing set. The figure highlights that by using
minibatches of size 1  B ⌧ I one can achieve nearly 2⇥ improvement in training time over U-RED for the same final imaging quality.

for all iterations k � 0, where � > 0 is a constant and B � 1
is the minibatch size.

This is a mild assumption since SGD-Net obtains b� by relating
rg at every step to brg via (9) and (10). This automatically
ensures that b� is an unbiased estimator of �. Our final
assumption is related to Assumption 2, but considers the
selection of the gradients brF during SGD training.

Assumption 3. The stochastic gradients in (15) satisfy the

following two conditions for any fixed vectors ✓ and �.

(a) The stochastic gradient is unbiased:

E
h
brF (✓; �)

i
= rF (✓; �).

(b) The variance of the stochastic gradient is bounded:

E
h
kbrF (✓; �) � rF (✓; �)k2

2

i
 ✏

2
.

The expectations are taken with respect to the random index

j 2 {1, . . . , M} used to select the training sample.

Theorem 1. Run the SGD learning in (15) for K � 1 iter-

ations under Assumptions 1-3 using the step-size parameters

0 < ⌘k  1/L with L = max{L✓, L�} and the minibatch size

B � 1. Then, the iterates generated by (15) satisfy the bound

K�1X

k=0

⌘kE
⇥
krF (✓k; �)k2

2

⇤
 2(F (✓0; �) � F (✓⇤; �))

+
L

2
�

2

B

 
K�1X

k=0

⌘k

!
+ L✏

2

 
K�1X

k=0

⌘
2
k

!
.

Proof. See the appendix.

Theorem 1 allows us to establish various forms of conver-
gence results by controlling the step-sizes ⌘k. For example,
when ⌘k = 1/(L

p
K), one obtains

min
k2{0,...,K�1}

E
⇥
krF (✓k; �)k

⇤
 Cp

K
+

L
2
�

2

B
,

where C = 2(F (✓0; �) � F (✓⇤; �))L + ✏
2 is a constant. This

implies that SGD in (15), which relies only on the minibatch
approximation b�k of �, achieves, in expectation, the first-

order necessary conditions of optimality for (13) up to an
error term L

2
�

2
/B. This error term can be made as small as

possible by controlling B within SGD-Net. Theorem 1 shows
that SGD-Net can closely approximate the performance of the
full-batch U-RED for a small enough step size ⌘k and a large-
enough minibatch size B. However, this theoretical result is
not intended to be used as a recipe for finding good parameters
⌘k and B for training SGD-Net. In practice, it is better to
tune those parameters empirically, as is commonly done in
the literature on optimization for deep learning. Section V
presents simulations showing the ability of SGD-Net to match
the performance of U-RED for different values of B while also
substantially reducing the training and testing complexity.

V. NUMERICAL VALIDATION

We now empirically validate SGD-Net in the context of
two computational imaging modalities, IDT and sparse-view
CT. Our first goal is to validate the proposed theorems in
Section IV and the second one is to highlight the effectiveness
and efficiency of our method for processing a large number
of measurements. All the experiments were performed on a

SGD-Net (40)

SGD-Net (120)

SGD-Net (180)

U-RARE

Training accelerations of up to 2x for the  
same image quality in IDT and CT!



SGD-Net can significantly reduce the training 
time and the usage of GPU-memory



SGD-Net is competitive in terms of image quality  
with some of the best deep learning methods

SGD-Net reduces complexity of model-based deep learning, 
while offering comparable or better imaging quality
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Ground truth BP TV SGD-Net (120) U-RED

Fig. 3. Quantitative evaluation of several well-known methods on IDT under noise corresponding to input SNR of 20 dB. The total number of IDT
measurements in this experiment is I = 240. All the baseline methods use the full set of measurements I during reconstruction. U-RED corresponds to
the full batch architecture that uses all the measurements at every step. SGD-Net (40) and SGD-Net (120) use minibatches of size B = 40 and B = 120,
respectively, at every step. Each image is labeled with its SNR (dB) and SSIM values with respect to the original image. The yellow box provides a close-up
with a corresponding error map provided on its right. The results highlight competitive performance of SGD-Net relative to several well-known methods,
while also showing its ability to match the imaging quality achieved by the batch U-RED network. Best viewed by zooming in the display.

TABLE I
SNR AND SSIM VALUES OBTAINED BY SEVERAL REFERENCE METHODS FOR IDT. NOTE THAT THE LAST TWO COLUMNS PROVIDE THE GPU MEMORY
USAGE AND THE RUN-TIMES FOR ALL THE METHODS FOR RECONSTRUCTING A 320⇥320 IMAGE. THE TOTAL NUMBER OF MEASUREMENT IS I = 240.

NOTE THE EXCELLENT BALANCE BETWEEN QUALITY AND COMPLEXITY ACHIEVED BY SGD-NET.

Metric SNR SSIM
#Iterations Size

Model/Measurement
Time

CPU/GPU
Method

Input-SNR
(dB) 20-5 20 20+5 20-5 20 20+5

TV 24.26 24.31 24.39 0.887 0.890 0.891 250 ——–/1.01 GB 87.58s/10.66s
U-Net 24.27 24.33 24.35 0.887 0.889 0.889 – 118.2 MB/——– 0.925s/0.012s

ISTA-Net+ 24.39 24.41 24.47 0.889 0.890 0.890 12 6.90 MB/1.01 GB 18.36s/0.402s
RED-DnCNN 24.54 24.61 24.67 0.890 0.892 0.893 220 2.29 MB/1.01 GB 197.5s/4.144s
SGD-Net (40) 24.84 24.94 24.96 0.896 0.899 0.901 8 29.6 MB/0.17 GB 7.443s/0.322s

SGD-Net (120) 24.87 24.93 24.94 0.898 0.899 0.900 8 29.6 MB/0.51 GB 16.51s/0.617s
U-RED 24.89 24.93 24.94 0.898 0.899 0.900 8 29.6 MB/1.01 GB 31.23s/0.943s

machine equipped with an Intel Xeon Gold 6130 Processor
and eight NVIDIA GeForce RTX 2080 Ti GPUs.

Several image reconstruction methods were used as ref-
erences, including TV [1], U-Net [10], RED-DnCNN [17]
and ISTA-Net+ [28]. TV is formulated in (2), and was
implemented using the accelerated proximal gradient descent
method (APGM) [76]. U-Net corresponds to our own im-
plementation of the architecture used in [14]. The network
was trained in the usual supervised fashion using the `2-
loss [11]. We adopted the DnCNN architecture used in [67]
as the AWGN denoiser for RED. The network has seventeen
layers, including 15 hidden layers, an input layer, and an
output layer. We have also experimented using RED with the
U-Net like architecture from SGD-Net, but observed that this
does not improve the image reconstruction quality achieved by
RED. ISTA-Net+ is a widely-used deep unfolding architecture
based on the feed-forward network obtained by unfolding and

truncating ISTA. We unfolded ISTA-Net+ 1 for 12 steps and
set the number of feature maps in each convolution layers
equal to 64 for the best SNR performance in our experi-
mental settings. Note that U-RED uses the complete set of
measurements I corresponds to the traditional deep unfolding
of the batch RED algorithm. In all the experiments, we train
SGD-Net and U-RED using the same training strategy and
parameter initialization settings. The only difference between
those two algorithms is in the number of measurements used in
their data-consistency layers. All methods were implemented
in Pytorch with a GPU backend.

We used the following signal-to-noise ratio (SNR) [26], [77]
in dB for quantitively comparing different algorithms

SNR(bx, x) = max
a,b2R

⇢
20log10

✓
kxk2

kx � abx + bk2

◆�
, (16)

1The code for ISTA-Net+ is publicly available at https://github.com/
jianzhangcs/ISTA-Net-PyTorch.

Intensity Diffraction Tomography (IDT) with 240 measurements! 



SGD-Net is competitive in terms of image quality  
with some of the best deep learning methods

SGD-Net reduces complexity of model-based deep learning, 
while offering comparable or better imaging quality
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TABLE II
SNR AND SSIM VALUES OBTAINED BY SEVERAL REFERENCE METHODS FOR THE RECONSTRUCTION OF A 512⇥512 IMAGE IN SPARSE-VIEW CT WITH

NOISE OF 50 DB INPUT SNR. THE HIGHEST SNR AND SSIM VALUES ARE IN BOLD. NOTE THAT THE LAST TWO ROWS PROVIDE THE AVERAGE
TEST-TIMES FOR ALL THE COMPETING METHODS FOR 180 VIEWS ON GPU AND CPU. SGD-NET ENABLES ONE TO BALANCE THE TIME COMPLEXITY OF

RECONSTRUCTION AGAINST THE FINAL IMAGING QUALITY.

Views Metric
Method

FBP TV U-Net RED-
DnCNN

ISTA-
Net+

SGD-
Net (30)

SGD-
Net (60) U-RED

90 SNR 17.56 30.09 31.17 31.93 32.01 32.76 32.88 32.87
SSIM 0.362 0.924 0.930 0.935 0.934 0.942 0.943 0.943

120 SNR 20.03 31.23 32.54 33.13 33.17 33.91 33.95 34.01
SSIM 0.449 0.929 0.936 0.941 0.940 0.948 0.949 0.950

180 SNR 23.19 32.97 34.04 34.49 34.61 35.44 35.46 35.46
SSIM 0.582 0.940 0.948 0.950 0.951 0.957 0.958 0.958

Time
(views=180)

CPU 0.859s 304.1s 2.061s 460.3s 15.95s 11.56s 13.31s 20.72s
GPU 0.147s 13.58s 0.217s 5.177s 0.331s 0.269s 0.278s 0.325s

Fig. 5. Quantitative evaluation of several reference methods on sparse-view
CT with noise corresponding to 50 dB of input SNR. The top row quantifies
the image quality in terms of SNR (dB), while the bottom row in terms of
SSIM. Columns from left to right provide results for 90, 120, and 180 views.
This figure highlights that the usage of minibatches within SGD-Net does not
reduce its ability to achieve high imaging quality.

as SGD-Net, subsequently learned all these parameters during
training, as done in the original paper.

Fig. 2 highlights the ability of SGD-Net to reduce the
computational complexity of training compared to the full
batch network U-RED. The three top plots compares the
average loss and SNR achieved by SGD-Net when evaluated
on the training set using different values for B at each
step. Note that U-RED uses a fixed set of full (I = 240)
measurements, while SGD-Net selects a random subset of B

measurements at every step. Fig. 2(d) presents the average
SNR achieved by SGD-Net against the training time evaluated
on the testing set. Fig. 2(e) highlights the time necessary
to run a fixed number of epochs for different values of B.
Fig. 2(f) shows the SNR achieved by SGD-Net for different
epochs. Note that the average time of training 250 epochs
of SGD-Net using B 2 {40, 120, 180} and U-RED was 20.50
hours, 27.55 hours, 34.51, hours and 37.90 hours, respectively.
We did not observe significant SNR differences when using
smaller minibatches for training compared with the usage of
the full measurements. This highlights the ability of SGD-Net
to reduce the complexity in deep unfolding by maintaining
excellent imaging quality.

Table I provides the final SNR and SSIM values achieved
by SGD-Net and several baseline methods when applied to
IDT at three noise levels. Overall, model-based deep learning
methods, such as RED-DnCNN, ISTA-Net+ and SGD-Net,
achieve the best performances. Moreover, SGD-Net using
B = 40 and B = 120 matches the performance of the batch
algorithms in terms of the final reconstruction quality. The
runtime in the table corresponds to the average inference time
that excludes the model loading. Specifically, SGD-Net with
B = 40 is around 2.9⇥ faster than U-RED on GPU and around
4.2⇥ faster than U-RED on CPU with parallel processing. The
memory column in the table corresponds to the usage of GPU
memory. Specifically, the memory considerations in image
reconstruction must take into account the size of all variables
related to the image volume x, the measured data {yi},
and the measurement operators {Ai}. SGD-Net addresses the
problem of storing and processing the measurements and the
measurement operators on the GPU during end-to-end training.
Our implementation stores each Ai as two separate arrays
for phase and absorption. In addition, each matrix is stored
in the Fourier space to reduce the computational complexity
of evaluating convolutions. This results in the storage of
complex valued arrays for each, consisting of pairs of single
precision floats for every element. The real and imaginary parts
of each array were then separated into two input channels
of SGD-Net. Thus, the shape of each measurements and
measurement operators in U-RED for reconstructing one slice
is 1 ⇥ 320 ⇥ 320 ⇥ 240 ⇥ 2. A detailed discussion on the
IDT forward model is available in [26], [38]. While U-RED
requires 1.01 GB of GPU memory due to its processing of
all measurements in every iteration, SGD-Net with B = 40
requires only 0.17 GB, which is about 1/6th of the full
volume. This highlights the potential of applying SGD-Net
to large scale image reconstruction.

Fig. 3 visually highlights the imaging quality of SGD-Net
relative to several baseline methods. The top row of Fig. 3
presents the results obtained by several learning-based meth-
ods. As shown in the zoomed regions and the corresponding
error maps, SGD-Net with B = 40 outperforms all other
learning based methods. The bottom row of Fig. 3 highlights
the comparable quality obtained by SGD-Net with B = 120
and that of U-RED using all I = 240 measurements.

Sparse-view Computerized Tomography (CT)



SGD-Net is competitive in terms of image quality  
with some of the best deep learning methods

SGD-Net significantly improves over several 
existing methods in terms of imaging quality!

SGD-NET: EFFICIENT MODEL-BASED DEEP LEARNING WITH THEORETICAL GUARANTEES 7

Ground truth U-Net RED-DnCNN ISTA−Net! SGD-Net (60)

9
0

 v
ie

w
s

1
8

0
 v

ie
w

s

35.07/0.95734.17/0.95234.09/0.95133.87/0.951

32.83/0.94932.10/0.93832.21/0.93931.79/0.933

1
2

0
 v

ie
w

s

33.50/0.94633.06/0.94133.01/0.94132.52/0.930

Fig. 4. Visual illustration of SGD-Net with B = 60 relative to several well-known deep-learning baseline methods on sparse-view CT with {90, 120, 180}
views and noise of 50 dB input SNR. Note that RED-DnCNN and ISTA-Net+ use the full set of measurements at each step. Each image is labeled with the
corresponding SNR (dB) and SSIM values. This figure highlights that SGD-Net can achieve competitive performance relative to several well-known methods,
while also providing a mechanism to reduce the complexity of data-consistency layers.

plane z = 0µm with LEDs located at zLED = �70mm. The
wavelength of the illumination was set to � = 630nm and
the background medium index was assumed to be water with
✏b = 1.33. We generated I = 240 intensity measurements with
40⇥ microscope objectives (MO) and 0.65 numerical aperture
(NA). All simulated measurements were additionally corrupted
by AWGN corresponding to {15, 20, 25} dB of input SNR.

We trained SGD-Net with the initialization x0 = AHy,
where AH denotes the conjugate transpose. The proposed re-
cursive model was unrolled for Q = 8 steps and trained using
SGD with minibatch size 1. While the step-size parameter of
the data-consistency block in each step of SGD-Net was fixed
to � = 5 ⇥ 10�3, the regularization parameter was set as a
learnable parameter, initialized with ⌧ = 2. The learning rate
of SGD was set in two stages. In the first 150 epochs, we
adopt the cyclic learning rate policy [76], where the policy
cycles the learning rate between 8 ⇥ 10�3 and 4 ⇥ 10�3 with
2000 training iterations in the decreasing half of a cycle. In
stage 2, the learning rate was gradually reduced by a factor
of 0.5 every 50 epochs. The number of total training epochs
was 300. It is worth to note that each SGD-Net was trained
with the noise corresponding to 20 dB of input SNR in order
to test the stability of the proposed method with respect to
changes in amount of measurements noise. Both TV and RED-
DnCNN were initialized with x = 0, and we performed grid
search to identify the optimal regularization parameters. For

the DnCNN denoiser in RED, we trained it for AWGN removal
at four noise levels corresponding to � 2{ 5, 10, 15, 20}.
For each experiment, we selected the denoiser achieving the
highest SNR value. Several instances of U-Net and ISTA-Net+
were trained by mapping the backprojection (BP) AHy to the
ground truth for each input SNR levels. We initialized the
step-size and the regularization parameters of ISTA-Net+ to
the same values as SGD-Net, subsequently learned all these
parameters during training, as done in the original paper.

Fig. 2 highlights the ability of SGD-Net to reduce the
computational complexity of training compared to the full
batch network U-RED. The three top plots compares the
average loss and SNR achieved by SGD-Net when evaluated
on the training set using different values for B at each
step. Note that U-RED uses a fixed set of full (I = 240)
measurements, while SGD-Net selects a random subset of B

measurements at every step. Fig. 2(d) presents the average
SNR achieved by SGD-Net against the training time evaluated
on the testing set. Fig. 2(e) highlights the time necessary
to run a fixed number of epochs for different values of B.
Fig. 2(f) shows the SNR achieved by SGD-Net for different
epochs. Note that the average time of training 250 epochs
of SGD-Net using B 2 {40, 120, 180} and U-RED was 20.50
hours, 27.55 hours, 34.51, hours and 37.90 hours, respectively.
We did not observe significant SNR differences when using
smaller minibatches for training compared with the usage of
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Fig. 4. Visual illustration of SGD-Net with B = 60 relative to several well-known deep-learning baseline methods on sparse-view CT with {90, 120, 180}
views and noise of 50 dB input SNR. Note that RED-DnCNN and ISTA-Net+ use the full set of measurements at each step. Each image is labeled with the
corresponding SNR (dB) and SSIM values. This figure highlights that SGD-Net can achieve competitive performance relative to several well-known methods,
while also providing a mechanism to reduce the complexity of data-consistency layers.

plane z = 0µm with LEDs located at zLED = �70mm. The
wavelength of the illumination was set to � = 630nm and
the background medium index was assumed to be water with
✏b = 1.33. We generated I = 240 intensity measurements with
40⇥ microscope objectives (MO) and 0.65 numerical aperture
(NA). All simulated measurements were additionally corrupted
by AWGN corresponding to {15, 20, 25} dB of input SNR.

We trained SGD-Net with the initialization x0 = AHy,
where AH denotes the conjugate transpose. The proposed re-
cursive model was unrolled for Q = 8 steps and trained using
SGD with minibatch size 1. While the step-size parameter of
the data-consistency block in each step of SGD-Net was fixed
to � = 5 ⇥ 10�3, the regularization parameter was set as a
learnable parameter, initialized with ⌧ = 2. The learning rate
of SGD was set in two stages. In the first 150 epochs, we
adopt the cyclic learning rate policy [76], where the policy
cycles the learning rate between 8 ⇥ 10�3 and 4 ⇥ 10�3 with
2000 training iterations in the decreasing half of a cycle. In
stage 2, the learning rate was gradually reduced by a factor
of 0.5 every 50 epochs. The number of total training epochs
was 300. It is worth to note that each SGD-Net was trained
with the noise corresponding to 20 dB of input SNR in order
to test the stability of the proposed method with respect to
changes in amount of measurements noise. Both TV and RED-
DnCNN were initialized with x = 0, and we performed grid
search to identify the optimal regularization parameters. For

the DnCNN denoiser in RED, we trained it for AWGN removal
at four noise levels corresponding to � 2{ 5, 10, 15, 20}.
For each experiment, we selected the denoiser achieving the
highest SNR value. Several instances of U-Net and ISTA-Net+
were trained by mapping the backprojection (BP) AHy to the
ground truth for each input SNR levels. We initialized the
step-size and the regularization parameters of ISTA-Net+ to
the same values as SGD-Net, subsequently learned all these
parameters during training, as done in the original paper.

Fig. 2 highlights the ability of SGD-Net to reduce the
computational complexity of training compared to the full
batch network U-RED. The three top plots compares the
average loss and SNR achieved by SGD-Net when evaluated
on the training set using different values for B at each
step. Note that U-RED uses a fixed set of full (I = 240)
measurements, while SGD-Net selects a random subset of B

measurements at every step. Fig. 2(d) presents the average
SNR achieved by SGD-Net against the training time evaluated
on the testing set. Fig. 2(e) highlights the time necessary
to run a fixed number of epochs for different values of B.
Fig. 2(f) shows the SNR achieved by SGD-Net for different
epochs. Note that the average time of training 250 epochs
of SGD-Net using B 2 {40, 120, 180} and U-RED was 20.50
hours, 27.55 hours, 34.51, hours and 37.90 hours, respectively.
We did not observe significant SNR differences when using
smaller minibatches for training compared with the usage of
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Outline for the rest of the talk

๏ Regularization by Artifact Removal (RARE) 
Integrating physical models and learned deep priors

๏ Efficient model-based deep learning (SGD-Net) 
Approximating physical layers for complexity gains

One more thing: How does RARE compare with the 
methods based on using generative models as priors?



Artifact-removal (AR) priors improve over  
AWGN denoising priors when used in PnP/RED
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Artifact-removal (AR) priors improve over  
AWGN denoising priors when used in PnP/RED
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Figure 4: Visual evaluation of PnP/RED and two methods using generative models as priors on
the CelebA HQ [77] dataset at 10% CS sampling. Note the visual and quantitative similarity of
PnP and RED when both are using AWGN denoisers. PnP using an artifact-removal (AR) prior
visually matches the performance of ILO based on StyleGAN2, which highlights the benefit of using
pre-trained AR operators within PnP. Best viewed by zooming in the display.

Table 3: Average PSNR (dB) values for several algorithms on test images from CelebA HQ.

Method

CS Ratio
10% 20% 30% 40% 50%

TV 32.13 35.24 37.41 39.35 41.29
PULSE [34] 27.45 29.98 33.06 34.25 34.77
ILO [35] 36.15 40.98 43.46 47.89 48.21
RED (denoising) 35.46 41.59 45.65 48.13 52.17
PnP (denoising) 35.61 41.51 45.71 48.05 52.24
PnP (AR) 39.19 44.20 48.66 51.32 53.89

4.2 Image reconstruction in Compressed Sensing MRI243

MRI is a widely-used medical imaging technology that has known limitations due to the slow speed244

of data acquisition. CS-MRI [75, 76] seeks to recover an image x⇤ from its sparsely-sampled Fourier245

measurements. We simulate a single-coil CS-MRI using radial Fourier sampling. The measurement246

operator A is thus A = PF , where P is the diagonal sampling matrix and F is the Fourier transform.247

The priors for PnP/RED were trained using the brain dataset from [58], where the test set contains248

50 slices of 256 ⇥ 256 images (i.e., n = 65536). We train seven variants of DnCNN, each using a249

separate noise level from � 2 {1, 1.5, 2, 2.5, 3, 4, 5}. Similarly, we separately train the AR operators250

for different CS ratios (m/n), initializing the weights of the models from the pre-trained denoiser with251

� = 2. For these sets of experiments, we also equipped PnP/RED with Nesterov acceleration [78]252

for faster convergence. We compare PnP/RED against publicly available implementations of several253

well-known methods, including TV [31], ADMM-Net [57], and ISTA-Net+ [58]. The last two are254

deep unrolling methods that train both image transforms and shrinkage functions within the algorithm.255

Table 2 reports the results for five CS ratios. The visual comparison can be found in Fig. 3 (bottom).256

It can been seen that PnP/RED with an AWGN denoiser matches the performance of ISTA-Net+257

and outperforms ADMM-Net at higher sampling ratios, while PnP with an AR prior improves over258

PnP/RED with an AWGN denoiser [79]. Note also the similarity of PnP and RED performances.259

4.3 Comparison with generative models on human faces260

We numerically evaluated the recovery performance of PnP/RED in CS against two recent algorithms261

using generative models: PULSE [34] and ILO [35]. Similar to the measurement matrix used for262

grayscale images, we use orthogonalized random Gaussian matrices for sampling image blocks of263

size 33 ⇥ 33 ⇥ 3. The test images correspond to 15 images randomly selected from CelebA HQ [77]264
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PnP and RED yield similar visual recovery performance. The enlarged regions in the image suggest
that PnP (AR) better recovers the fine details and sharper edges compared to other methods.
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To conclude

๏ We increasingly rely on deep learning for characterizing 
complex high-dimensional statistical distributions

๏ RARE is a theoretically sound algorithm that combines 
an artifact removing CNN with data consistency

๏ SGD-Net is a model-based network that uses minibatches 
to reduce complexity of data-consistency layers
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