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Phases of matter e

® Landau-Ginzburg phases of matter differ by the way
they break symmetries

>

H=-J)» 8;-5
(ij)

T > T, T < T,

paramagnet ferromagnet
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Phases of matter Hi v

@ Quantum Hall effect no broken symmetries !

i=2
—

v. Klitzing, PRL 1980

Thouless, Kohmoto, Nightingale, denNijs, (TKNN) PRL 1982:

topology of the wavefunction, characterized by integer guantum numbers!

. iy
°
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Topological quantum systems s

topological quantized bulk

) exotic quantum states
protection transport q

E Conduction Band b i
Insulator ~ n=0 104 B & :3
(a) (b) N

Efr . =4 T
Quantum Hall /\ *] L] Time
State n=1 8

Valence Band o L
—n/a -n/a B
protected edge states & Hall conductivity & Abelian &
edge transport resistance normal non-Abelian anyons
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mixed states ? I3 msasvmas

e topology at finite T:
what is left ?7?

o/ \&
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mixed states ? 73 emesstooey

e topology in non-equilibrium
driven, open systems??

o/ \&
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mixed states ? T B
@ steady state of open systems is an attractor of the dynamics:

A

state space

state space
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Outline T wusssenme

Topological classification by symmetries of Hamiltonians

SFB/TR 185 8



[ ] ] -
® TECHNISCHE UNIVERSITAT
PHYSIK O Ut I l n e = KAISERSLAUTERN

Topological classification by symmetries of Hamiltonians

Gaussian mixed states and fictitious Hamiltonian

/WJ N
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Topological classification by symmetries of Hamiltonians
Gaussian mixed states and fictitious Hamiltonian
Topological invariants: Geometric Phases

Broken time-reversal symmetry: Z index

Time-reversal symmetric systems: Z, index

Interactions

Measurable consequences
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Classification of topological
systems
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Symmetry operations in Fock space
Fermions on a lattice \./\N\/\M/
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Time-reversal T T Q; T_l — b .&j
(¥}

Charge conjugation é’ C’ Q; é’_l — uSJ&T

J

Chiraltransform S =T o (C S a; S~ = uf]&;r

UiU™ =
TiT ' =—i
CiC™' =i
SiS™l=—

this is an exhaustive list !!!
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Ten-fold way

There are only 10 different classes under Fock-space transformations !

" notinvariant under trafo: “0”
= invariantand (G2 = +1 “+1”
= Invariantand G2 = —1 “1”
0 +1 -1

0 +1 -1

S 0 +1 -
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]‘ 3 x3 =9 cases

only nontrivialif T=0and C=0
1 additional case
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Non-interacting fermions E e

Class|T C S|1 2 3 4

A |000[|0|Z 0|Z < Intrinsic topology
AIIT |0 O +||Z| O |Z| O |

Al 4+ 0 0(0 0 0]|Z

BDI |+ + +(|Z] 0 0 O

D |0 4+ 0|fZof|Z| O O

DIII |— + +|IZJll1Zd| Z] o . symmetry-protected
AIl |— 0 0|0 |ZA|Z4|Z

ci |- — +|z] o [zdz.

C |0—-0|0 |Z]| 0 |Z2

Cl |+ —+4+|0 0 |Z] 0| —

.. ... ° ° . *
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Gaussian open systems

N\
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Gaussian mixed states Y s

determined by single-particle correlations: fictitious Hamiltonian

) 1, .
P~ exp{—§_Tng} <é;ré]> = % [1 — tanh (%)]m

e Gaussian states in thermal equilibrium require quadratic Hamiltonian

G=75(H~-n B =1/ksT

* Gaussian non-equilibrium steady state (NESS) require linear Lindblad generators

dp

T 1 SEE
Y [ ¢ ) -0y~ a4 50
w
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Topological invariants:
Geometric phases
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Topological invariants

Chern insulators

TR broken
Quantum Hall (1980)

Topol. insulators

TR symmetric
Quantum Spin Hall (2007)
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Quantum Hall

Quantum spin Hall

Science 340, 153 (2013)
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locally indistinguishable
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differ by global properties !
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Geometric phase T wusssenme

® Zak (Berry) phase

m/a
¢Zak — / dk (uk|28k|uk>

—7/a

> density matrix ?

VAV AWa
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Berry parallel transport T mrmmstones
U(1) ey [w(N) = ¥\ + dA))|| = min

p = |v) ¥

Berry (Zak) phase: picked up at parallel transport cycle

T/a
QbZak = / dk <uk]zé9k|uk>

/W . —7/a
SFB/TR 185 26



Uhlmann parallel transport 7

U(n) wl - Hw()\) — w(A+ d)\)H = min

U(n) gauge freedom

)\/Aer/\ w— wU
p wl — UTw'

U(1) Uhlmann phase |
e'? = y{d)\ Tr [w@AwT]

.. .. ° . . . L]
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Chern number
TR-broken

\
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1+1 and 2-dimensional systems 73w

@® 1D: winding number H = ﬁ(A)
agbZak
Y= 27T @ OA

® 2D:Chern number

7: o o o 84
= Gy //BZd2k Za:{@kyuﬂakmuﬁ - <8kmuk‘8kyuk>}
7 ak Zak
1 dk, 03 - L dk 09,
27'(' B7Z 8k 27T 8]6'33

.‘ .. / v 2 ® v
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Failure of the Uhlmann phase e

® SSH model at finite T (1D) (class BDI)

L2

1

¥ AN 08

fh Toe

¥ AN / o
02

0

0

Viyuela, Rivas, Martin-Delgado PRL (2014)
Huang, Arovas PRL (2014)

® asymmetric Qi-Wu-Zhang model at finite T (2D) (class A)
N d(k)6; d =sin(k,) d?=3sin(k,) d®=1— cos(ky) — cos(k,)
1 00 oo L [ g, (2
¢= o Ay ( ok, 70 = o dks Ok,

/\/WFB\/;RWS Budich, Diehl Phys.Rev. B (2015) 20




Invariants & quantized bulk transport

Thouless, Kohmoto, Nightingale, den Nijs (TKNN) PRL (1982)

SFB/TR 185
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27T

dA

6¢Zak
O\
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Charge pumps (Thouless) 3 RSN
® Rice-Mele model (1+1 D)

Hrm = —t Z c;r.ch — 19 Z c;r-ch + h.a. + AZ(—l)j c;r-cj

j:even j:odd J

Rice & Mele, Phys. Rev. Lett. (1982) (k)

/WJ N —T 0 T >k
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Charge pumps (Thouless) I GRmsasees

FA

t1 — t2

° s — o
®, °
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Charge pumps (Thouless) I GRmsasees

AA
N

./‘{ II|I II.'r\"-,u-"I { A

III:II

N
N ty =12
)\ \

° s — o
®, °
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Charge pumps (Thouless) T B

FA
f II| A / I'. ."H ) .
||Ilil|II : '.I: I’I Ir F;\ ﬂl‘
’ : AT \ o
-

e
AN i1 — 1o
}‘\ s/ k
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Charge pumps (Thouless) I GRmsasees

FA
VA ‘ AR
-

o i1 — 12
" ‘ M |/~ N
III' ,l'l Y \ |
s v U
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Charge pumps (Thouless) T Eonasonmy
FA

i ’ - | i |
-

t]__tQ

/\'/\ Ill llf- .'-':._H II|II II|I .

ALY

. Il' 'I i

Y vl
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Charge pumps (Thouless) 3 RSN

geometric phase topological pumps

Axa,k < > An

mixed states
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Charge pumps (Thouless)

Temperature [uK]

- 0.021 0.21 2
® # quantum Rice—Mele
= = quantum sliding
1.0 # # classical Rice—Mele |7
® = classial sliding
0.8
Sos
0.4
0.2
0.0 — : :
107 10 10° 10’
Temperature [Ej /kg]
. Wang, Troyer, Dai, PRL (2013)
° °
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particle transport no
longer quantized
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Charge pumps (Thouless) I GRmsasees

Temperature [uK|

- 0.(')21 0.?1 2',1 1> (k) A

* quantum Rice—Mele

®= quantum sliding An p— —|—1

1.0 * classical Rice—Mele |7

» = classial sliding
0.8 | /—\

0.4

’ 10‘ Temperature I[OE,( /kg] * : n 1
i .
* A o i Wang, Troyer, Dai, PRL (2013) - 0 s
v ¥ ‘ 40
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Charge pumps (Thouless) 3 RSN

geometric phase topological pumps

A%ak < > An

mixed states
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Polarisation T

ak €

>
2T
King-Smith, Vanderbildt PRB (1983) Adz.x = ;AP

. SFB/TR 185 42
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Many-body polarization ¥

w(x)
P:/da:w*(x):cw(x) /\

R. Resta PRL (1998) /\
//9’——_‘_~~~9~\\
= —Im In ( exp v L
< -
*

:chc] (a:l)
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Ensemble Geometric Phase M

0za = ImIn(o|T|he) T = X

l momentum-shift operator in x

orp = ImIn Tr(pT)

D. Linzner et al. PRB (2016); Ch. Bardyn et al. PRX (2018)
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Finite-T Rice-Mele model L B

AW

&& &
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Finite-T SSH model T prminrs
e\ﬁ
&SHG

\»
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Finite-T Qi-Wu-Zhang model  Tissws

k/,
» ’
K, —Pu (ky) o

@)
-
RL’ (k;g)
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EGP and fictitious Hamiltonian [T sy

e finite-T Rice Mele model (Thouless charge pump)

. 8 sites
A 0.9
0.8
/ 0.7 +
to — 14 06
R, os

0.4
0.3+
0.2 -
0.1+

00 011 0.2 013 014 015 016 017 018 019 1

o/2m

/W a Bardyn, Wawer, Altland, Fleischhauer, Diehl (PRX 2018)
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EGP and fictitious Hamiltonian [T sy

e finite-T Rice Mele model (Thouless charge pump)

) 64 sites
A 0.9+
0.8
/ 0.7 +
la — 13 osr T
A, o5t :(1)'1 .
10
04l —— 100
0.3+
0.2+
0.1+
0 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
¢/2n

/W a Bardyn, Wawer, Altland, Fleischhauer, Diehl (PRX 2018)
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EGP and fictitious Hamiltonian [T sy

e finite-T Rice Mele model (Thouless charge pump)

1

| | | 256 sites | | |
A o //
t2 — t] 0.6} / -

Ay ost ' —1 |
10
—— 100
0.4 .
03 /
02+t
0.1 /
0 Il Il Il Il Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

o2

/W a Bardyn, Wawer, Altland, Fleischhauer, Diehl (PRX 2018)
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EGP and fictitious Hamiltonian I3 posanvasm:

e finite-T Rice Mele model (Thouless charge pump)

1 ‘ | 1 512 sites

0.9 -

0.8F
/ZL /
0.7
,’/

o — 1 06 ez ¥
R, ost _—~ I

0.4 -

A

0.3

0.2 -

0.1

0 g I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

¢/2m

/W a Bardyn, Wawer, Altland, Fleischhauer, Diehl (PRX 2018)
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EGP and fictitious Hamiltonian I3 posanvasm:

P(pss) = P(|¢)(4]) + O (L77)

‘w> ground state of Hﬁct — Z Gij CZC]'

iJ

OEGP =Zakphaseof |1)

W a Bardyn, Wawer, Altland, Fleischhauer, Diehl (PRX 2018) "
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Topological classification e

Hﬁct — Z Gij C;-er

(¥}
@® symmetries of ficticious Hamiltonian classify topology
@® topological phase transitions
(1) closing of the purity gap = gap of ficticious Hamiltonian
thermal equilibrium: G = (g — ,u)

(I1) closing of the damping gap (criticality)
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~ A
Z, number

TR-symmetric

Quantum spin Hall
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Kramers degeneracy e

@® time-reversed Bloch eigenstate is again an eigenstate

lun(—k)) = ex(®) ur (k) energy bands come in pairs

@® total Chern number vanishes

1 0P,
27T B7Z 3/<;y - 0 r K

II
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Continuous TR polarization e

Z, invariant: winding of
continuous TR polarization
y 0 over half Brillouin zone

P$I<K’y)

T 0P,
Vo = / d/{y_@("iy)
0 Oky
P@ _ PI o PH

T

Pl(k,) ~ arg H (u" (kg + 5/{)|u”(/<;x)> X H <ul(/ix + 5/4:)‘ul(/<;m)>

Kg=—T Ke=07
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T
/2
= 0
—7/2
—
YAVAS

Kane Mele model at finite T

individual EGPs

27

—s—a=1T =047y,
a =11 T = 0Agy

a =1 T =30Agp, N: =100
.......... a =1L, T = 307y, Np = 10
<-w-- a=1,T =307, N, =200
77777 a =11, T = 307y, N, = 200

0

el
‘(/)ﬁ( P

EGP
1

‘f)?GP(’{y)
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time-reversal EGP
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T = OAgap
T = 30Ayp, Ny = 100
T = 30Ayp, Ny = 200

3n/2 +

w/2 |

winding a

s for T=0

/2
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Interacting systems

11 U
¥ AN v

\VaVAVVAY VA VAV VAV.V/
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Extended superlattice Bose-Hubbard model JE s
N y

ol \ ANV I W\
H=—t1Y a1 —t2 Y alam + = Z alalaa, +V) alaala;
(ird)

odd even

- insulating phase with

fractional filling
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fractional filling & topological order 73 e
® atomic limit

degenerate CDWs
p=1/4

&)Y = CDW, + CDW,
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Degeneracy & Wilson loop e

T — X Pyl = P e2tN/L X=X (T) =0 ,
@® Wilson loop
1 0
Viot — % dA ﬁ Im In det W()\)
2m
W(A) = Pexp {Z/o do A(Q)} AW(Q) — i(@g!@;&b@
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d-fold degeneracy T

Niu, Thouless, Wu, PRB 1985

1 2 d
1 2 d 1
By = [B) S By — B

1 27 27d
Viot — — d\ / d@ Im(@g|89@g>
27 0 0

N\ A
d
T — T
.Mms 62



TSl Extended SL-Bose-Hubbard model 7w

d=2 transport generalized EGP P(2)
100 1.00
0.75) 0.75
o 0 1 2 o
40.50 o AL 0.50
— T =0 Ay —T =0 Agy
025 — T = 0415 Agap 025 — T = 0.25 Agap
— T =083 Ay, — T = 0.415 Ay
0 1 2 0.0 0.5 1.0
time in units of T time in units of T

M18§ R. Unanyan et al. PRL (2020) 63
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Measurable consequences?
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Topology transfer H v

@ coupling of open (finite-T) system to closed auxiliary fermion systematT= 0

xx X

.
2,05

Cj,C]

H = —n Z Clkca/k alk%'k

W a ko,
% ©
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Topology transfer T Eusssenme

® dynamics of auxiliary fermions in mean-field approximation

_ T T
H = —7 Z CakCoa’k Cak®ark

k,o,af

a;rlam — <a;rzam> ~ Gmn <——— fictitious Hamiltonian

H~—n Y & éan Gaar (k)

k,o,a

auxiliary system at T=0 > quantized transport induced by topology transfer
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Topology transfer at T=0 Ha=ries
® coupling of Ext. SL-BHM to auxiliary fermion chain
\VaVAS AV VA A VAVAS L
Ll

. R
-8-99-09-@—_ Cjs €

/\/\'/\{FB\,T'; 8 L. Wawer et al. arxiv 2009.04149 ¢



Topology transfer at T=0 T s

e charge transportin boson system

0.9
A
108 (- XoX ‘N T [-XeX - X&)
107 / ¢ R\\\
|
A-B
Q0Q \ 909

2 < 6 8 10 12 14 16 18

. " _— &% Lattice site j
/\/WFB\,;HSS L. Wawer et al. arxiv 2009.04149 ¢



Topology transfer at T=0 T s

e charge transport in auxiliary system

109
A

108 0000 . ®0e (@)
107 0 R\

[

T

\ A-B

Q00 Q00

2 4 6 8 10 12 14 16 18

o . . e o Lattice site |
M 185 L. Wawer et al. arxiv 2009.04149 69



Topology transfer at T> 0 e

Rice Mele model at T >0 o ,
particle distribution after 1 cycle (g7 = 60, 17/A,., = 0.01. L = 200)

=

JEy]

=

Tap

i

0.4

[

i

=

Eay

i

B N D oW ke W obe o
L

o

C

)

[

Tap

[

JEy]

=

b - T T L L B I I I e I |
Il

Tap

ty —t2

o
[

JEy]

Il
e

=

i

0.04

N A 96 0% 100 102 104 106 108

site

. . °_—2
0
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Summary T ponsosonmany

* Topology of Gaussian mixed states of fermions governed by
symmetries of fictitious Hamiltonian (single-particle correlations)

* ZandZ, topological invariants in 1+1 and 2D:
ensemble geometric phase = Zak phase of fictitious Hamiltonian

e Extension to interacting systems with fractional topological charges

 Measurable consequences: quantized transport through topology transfer

/WJ N
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