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Introduction: non-equilibrium set-up in 1D
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Introduction: aim of the talk

» Solve the boundary-driven process introduced in [FGK (2020a)]

Frassek, G., Kurchan, Non-compact quantum spin chains as integrable
stochastic particle processes, J. Stat. Phys. 180, 366—397 (2020).

> See also [FGK (2020b)]:
Frassek, G., Kurchan, Duality and hidden equilibrium in transport models
SciPost Phys. 9, 054 (2020).

» Key idea: duality and integrability
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1. Models



The basic

open symmetric ‘harmonic’ process



Markov process {n(t),t > 0} taking values on Qy =

Z1(n)

nf(n)

Remark: on the bulk diagonal

The basic model

NV with generator
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The basic model

> If 5, = Br = B: equilibrium set-up. The product geometric distribution

;:12

o =TT [8"(1 - 8)] 0<p<1

i=1

is reversible, and thus stationary, with density

p(B)=7—3 fﬁ

> If 8L # Br: boundary driven non-equilibrium
m(n) =7

Remark: non-product law (cf. standard zero-range [Levine, Mukamel,Schiitz])



The general

open symmetric ‘harmonic’ process



The general model (spin s)

N—1
L =4 +szi,i+1 +2

i=1

Zinf(n) = Z es(k, i) [f(n — kéi + Kéiy1) — f(n)}

Mi+1

Y palkoni) [f(n + ko — ko) = f(n)]

i S ﬂk
Zif(m) = > sk, m) [ f(n — ko) = F(m)] + > - [fn + ko) = £(n)]

k=1 k=1

_1T(n+1)I(n—k+2s)
k) = F =k + 1) (n+ 25)

¥(2) = 3 logl(z) V(z+1)=v(2)+ ]
1

n) =3 wslk,n) =v(n+28) —b(28) = 15—
k=1



The general model (spin s)

> |[fs= % then we recover the basic model

> If 5. = Br = B: equilibrium set-up. The product negative-binomial distribution

N i
H[ﬁ 77'JFQS)(1—5)2S] 0<B<1

i=1
is reversible.

» If 51 # Pr: boundary driven particle system

w(n) =7



Relation to previous models



Relation to previous models

> The bulk part of the basic model is the g — 1 limit of the MADM model
[Sasamoto-Wadati]

MADM
Z = E L it

i€Z

Liif(n) = 2 [I;IT [f(n — kéj + kdir1) — f(ﬁ)]
k=1

Mi+1 k

+ k§::1 [(IZT [f(n + ki — Kdjr1) — f(n)]

_ Ak
! T Lk as q—1

g-number Klq = g




Relation to previous models

» The bulk part of the spin s model is the g — 1 limit of the g-Hahn model

[Barraguand-Corwin], [Povolotsky]

—Hahn
Z9 = E L i1

‘ i€z
Liinfm) = > " (k, n;)[f(n — Kéi + Kbi1) — f(n)]
k=1
+ Z (ke misn) [FO + Koy — Kbiir) — ()]
k=1
STk, 1) = V(v @)n—i(q; Q)n o9 (k, n) = (v: @)n-k(q: Q)

[k]q(v Q) (9, Q)n—k [Klg(v: @)n(q, Q) n—«

oy ’ (@) _ T(2s+n)
(v = ,[!“ —va) A g T r(@s)

lim o799 (K, n) = ps(k, n) [See also Frassek '19]



Povolotsky’s

model [3]

Relation to previous models

g-Hahn

AZRP [2]

MADM [1]

non-compact
XXX spin s

non-compact
XXX spin §




2. Results



Preliminaries:

duality



Duality

Definition [Liggett]
(nt)t=0 Markov process on Q2 with generator .Z,

(¢1)r>0 Markov process on Qg with generator 2%

& is dual to n; with duality function D : Q X Qguar — R ifVE >0

Ey(D(nt, €)) = Ee(D(n, &) V(1,€) € Q x Qaar

nt is self-dual if %@ = .

In terms of generators:

ZD(-,€)(n) = 2% D(n, )(€)



Example [Lévy]

(Xt)t>0 Brownian motion on [0, co) started at x > 0, reflected at the origin
(Y?)i=0 Brownian motion on [0, co) started at y > 0, absorbed at the origin

D(x,y) = 1{x<yy (‘Sigmund’ duality fct)

Ex(D(Xt, y)) = Ey(D(x, Y1))
Pe[Xe < y] = By[Yr = x]



Example [Lévy]

(Xt)t>0 Brownian motion on [0, co) started at x > 0, reflected at the origin

(Y?)i=0 Brownian motion on [0, co) started at y > 0, absorbed at the origin

D(x,y) = 1{x<yy (‘Sigmund’ duality fct)

Ex(D(Xt, y)) = Ey(D(x, Y1))
Pe[Xe < y] = By[Yr = x]
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Duality: a useful tool

ergodic theory [Liggett, ...]

hydrodynamic limit [Presutti, De Masi, ...]

KPZ scaling [Spohn, Borodin, Sasamoto, Corwin, ...]
population genetics [Kingman, ...]

martingale problem [Greven, ...]

the dual process is simpler: “from many to few”



Duality for Markov chains

Assume state spaces 2, Qqua are countable sets,
then the Markov generator L is a matrix L(n,n’) s.t.

Lin,n') =0 if n#1, > L) =0

n’€Q

ZD(-,€)(n) = £**D(n,-)(€)

amounts to

LD = DLyya

Indeed
ZL(n,n)Dn €)= ZLd”a'(ié ¢)



(Lie) Algebraic approach to duality

Overarching ideas:

e self-duality is derived from symmetries [Schiitz]
e duality arises as a change of representation

Abstract generator
L
) / D\fua

Original generator Dual generator

Monograph in preparation with G. Carinci and F. Redig
‘Duality of Markov processes: an algebraic approach’.



Preliminaries:

factorial moments



Factorial moments

The multivariate factorial moments of order (¢4, ..., &n) € NN of an integer-valued
random vector with distribution (71, ..., nn) are defined as

F(&, .. 6n) = > Hn, i ni—&+1)

neNN Li=1

w(m, ..., nN)

Inversion formula

§i—ni
p(ne, ) = > F(&,...,&N)H( />( 1)

geNN



Factorial moments

For us it will be convenient to consider

A (mi—1) i— &+ 1
G(§1,...,§N)=Z [H sgs+1 ((gs+it1)) w(mt, .., mN)
neNN Li=1 !
At equilibrium
N
B r(77,+28) s

11[ r(2s) (1—ﬂ)] 0<pB<1
ea 3 __ _ B
GY(&1,....6n) = Hp p=rB)= 175



Results



The dual absorbing process

Markov process {£(t), t > 0} taking values on Qy o = NN+2

Configurations: & = (&,&1, -, &N, EN+1) € Qnso

N—1
Generator: ™ = %, + > L+ Lune
i=1

SELy ol ) [ (€ + Kdo — k1) — £(¢)] iti=0

B F(E) = SR ol €n) [ (€ — kon -+ ko) = £(€)] ifi=N
Zk 1ok, &) [f(f — k&j + Kéiy1) — f(£)] otherwise
+ 3 o, €n) [F(€ + ) — ko) = 1(€)]



Duality of the open symmetric harmonic process
Theorem [FGK (2020a)]

The open symmetric harmonic process {n(t),t > 0} with generator .¢
and the absorbing process {£(t), t > 0} with generator %@ are dual

N
—PL [H (2s)
i=1

§N+1
77_51”_5/"‘23)
_ B __bBr
e PR= 1 pa
Namely

[D((1). )| = Ee [ D@, ()]




Factorial moments and absorption probabilities

Theorem [FGK(2020a)]
2. Let G(&1,...,¢&n) be scaled factorial moments of non-equilibrium state .
Consider dual configuration £ = (0, &y, ..., &n, 0) with [¢] = ZN“ & particles.
Then

€l
§17"'7§N) = ZPL p|§| « pf(k)

where

Pe(K) = P[€(00) = ko + (€] — K)ow1 | £(0) = ¢]

absorption probabilities




Mapping to equilibrium

Theorem [FGK(2020b)]

3. As a consequence of duality, there exists a matrix P such that

H* = P~'HP

where
Heq — (LGQ)T H — LT

» Remark: The mapping P was observed macroscopically by

[Bertini, De Sole, Gabrielli, Jona-Lasinio, Landim], [Tailleur, Kurchan, Lecomte]



Factorial moments: explicit expression |

Theorem [Frassek, G., (2021+)]

4. Let G(&1, ..., ¢&n) be scaled factorial moments of non-equilibrium state .
Then

€l
51,...,§N)—Zp‘5‘ (oL — pr)"ge(n)

with

2s o5(N4+2 i) —j
9:(n) = Z H( >H25(N+S(2 i

1) =+ > k=i Mk

In other words




Factorial moments: explicit expression Il

Theorem [Frassek, G., (2021+)]
5.

position vector x = (x1, Xz, . . .,

517---

with

9¢(n)

1<h<...<ip<[|g] a=1

In other words
€]

=> (=1""

n=k

pe(k)

If we identify the dual configuration £ = (0, &4, . ..

,én, 0) with the the ordered
X)) with1 < xy <xo < ... < Xj¢) <N, then

€

EN) = me "(or — pr)"ge(N)

n—a+2s(N+1-x,)
n—oa+2s(N+1)

Il

n
k

n—a+2s(N+1-x,)
n—a+2s(N+1)

> I

1<ih<...<ih<[¢| a=1

Y




Non-equilibrium steady state

Theorem [Frassek, G., (2021+)]

6. Using the inversion formula

wm) =" ok " (oL — pr)Men(€. n)

¢£€NN nenN
with

i=1

N ¢ (=15 " r(2s+ &) 2s(N+2-i)—j
elem =11 (m) (n;) &! r(2s) ,1:1 25(N+2 1) = j+ 34 M




Correlation functions



1 dual particle : £ = dx,

D(n,dx) = nx

Eliq] = p1px (1) + p s (0)

i i
PX1(1):1—W PX1(0)—N+1
PR — PL . '
Px = (Nx) = pL+ N1 Xq Linear profile
PR — PL

J = 7<7]X1+1 — 77X1> = — N1 Fick's law



2 dual particles : £ = dx, + 0x,

Txq Mxp it X1 # Xxo
D(1, 6y + 6x,) = )
(77 Xq Xz) {;% (77)(1 _ 1) if X1 = Xo

E[D(n, 0x; + 0x)] = PE P (2) + pLPR Pxy o (1) + plz? Pxi,x(0)

poa(® = (1= 732) (1~ 77)

(1) = x1L+ xo(N +2) — 2x1x2
Paxell) = " INT )N+ 2)

_ xi(1+Xx)
PXsz(O)—m



2 dual particles : £ = dx, + 6x,

COV(WX1 > 77X2) = E[% 77X2] - E[T]M]E[nxz]

G, = E[D(n, 65 + 0x,)] Gx, = E[D(n, dx,)]

Gx1 Xo GX1 ze if X1 7é Xo

Cov(nx, ,mx,) = .
(170 {2GX1,X1+GX1[1—GX1] it x = x

xi((N+1—x2)

“INTTRN 2P pr)? it X #x

Remark: Long range correlations

NIE)TIOO N Cov(ny,n, ny,n) = yi(1 — y2)(pr — pr)? 0<y1 <y <1



3 dual particles : £ = dx, + 0x, + 0x,

“i(n)ﬁ s Mo 77)(3) = E[”bﬁ Tlxo 77X3] + E[U)q ]E[UX2]E[77X3]
- E[n)ﬁ UXZ]E[UX3] - E[”bﬁ 77x3]E[7]x2] - E[ﬁxz’l?x3]]E[77x1]

Using three dual particles started at 1 < x1 < x2 < x3 < N

" y= 2N —20)(N T —x) s
3\Mxq 5 Ty Tixg ) = (N+1)3(N+2)(N+3) PR PL

Remark: for0 < y; < yo < ys <1

Jim N ks (s Mo M) = 21 (1 = 22)(1 = y3)(pr — p1)°

N"'kn ~ (pr — p)" proved by orthogonal duality in [Floreani, Redig, Sau '20]



Comparison to

local equilibrium



Total mass  |n] = 32, 1

E[-] non-equilibrium steady state Ewc[-] local equilibrium state

@N_,NegBin(2s, px)

> average
- - PR—P pL+p
R — PL L R
Ellnl] = Eeclinl] = 3" pe = 3 (oo + e x) = N(2527)
x=1 x=1
» fluctuations N
Var(|n[] = Z Cov[nx ;1]
X1 ,Xp=1

. 1 T 1 S 2
Jm var = im *Varelnl]+ (o - pr)



3. Proof

(Ideas)



Algebraic description



su(1,1) Lie algebra

Non-compact Lie algebra with generators satisfying

[S°, 8% = +5* [ST,87] = —25°

Representation with co-dimensional matrices (spin s > 0)

S*in) = (2s+ n)|n+1) S7|n) = njn—1) S°|n>:(n+s)|n)
0 0 0o 1 s 0
: 2s . .2 0 s+i
i = | 9 st = ) s = o s° = .
0 2s+1 7. . " L os42



Integrable Hamiltonian
N—1
H=H; + Z Hiiv1 + Hn
i=1
» Bulk: [Beisert, Faddeev, Korchemsky, ... ]
Hijiv1 = 2(¢(Si,/+1) - 1/1(23))

1 _ _
Siis1(Siipr — 1) = SP Sy — E(STS,-H +S57S'4)
» Boundary [FGK(2020a)]

H = oS oSt (1/,(3? +s) - w(23)) LS o= ST

Hy = e~ &7 (y(Sh + 5) - (2s)) 7% &

In the discrete representation
L=H"



Duality explained

LD = DL},

H'D = DHgyar



Bulk (self-)duality

» Symmetry bulk Hamiltonian N
Hg = Z Hi i
i=1

[Hg, S°] = [Hs, S| = [H8,S7] =0

> Reversibility HTF? A4
B = B

R("] f HTI:

+2S U»

» Bulk duality
HiReS = Re® Hs
r(2s)

S+ — -
Re”"(n,§) = ,1} (ni — &) T(& + 2s)



Boundary duality

» Full Hamiltonian
(Hi + Hg + Hy) Re® = Re® (Fl + Hg + Fin)

By = e rSi (1/1(810 +s)— 1/)(23)) oSt
m
Zif(n) = > ok, m) [k f(n — kov) = )]
k=1
» Change of representation

S*=(pdp+5s), S =0,, 8" =p(pd,+29)
[S°, 8% = +8* [ST,57] = —28°

pL= So+(88 + S)_1
(Hi + Hg + Hy) Re® = ReS (HSY + Hg + HI.)

3
L) = D ok, €0)[ € — o1 + Kbo) — £(€)]



Isospectrality

> H=H + Hp+ Hy
Hi=e 5 &% (u(S +5) - v(25)) &% &%

» H=e5 He S =H,+Hg+Hy

H = 'S (zp(S,Q +8) - w(ZS)) e’ upper triangular

L) = [Z Lf(n + ko ] — h(ni)f(n)

k=1

2‘

> H° =H; + Hg+ Hy
HY = (S) + s) — (2s) block diagonal

They all have the same spectrum (which is independent of p., pg)!
As a consequence there exists P such that

H® = P~'HP



Mapping to equilibrium

The mapping holds on any graph, with multiple reservoirs

F1sp1

Tip
I3, p3

2, p2
(p1 y P2, p3)

(p,psp)

H* = P'HP




Making diagonal the boundaries
> H =¢e% He S

H| = etST (w(S?—s—s)—z/}(Zs)) oSt Hj, = e°RSw (w(sﬁ,+s)—¢(2s)) RSN

+ +
> H/l — eprS HlepRS

HY = glee=rR)S ( (S045)— 1/)(23)) olrL—rR)ST Hy = 1 (Sy+8)—(25)

> HOo=W'"H'W

Hy = ¢(S] + s) — ¢(2s) Hy = ¢(Sk + s) — ¥(2s)



v

v

v

v

Non-trivial symmetries (QIS method)

First non-local charge:
[H",Q"1=0 Q' =@ —(p.—pr)Q"

Q=5 (s°+2s_1)

N N
Q' =ss"+> 5 (+2) 8

i=1 Jj=i+1
To find W we rather solve
W71 Q// W _ Qo
Ansatz:
Z pL— pr) Wi = [Q°, wi] = Q" w1
k=1

This difference equation can be solved

— QHk r(2(s°
W= kZ:O(PL - PFt‘)k( k!) r(k(+(2(sﬁ -T—))s)) non-local!




v

v

v

v

v

Back tracking
Trivially H°|Q) = 0 with |2) = |0) ® |0) ® ... ® |0)
H" |4y = 0 defining |[¢") = W|Q)

H'|4') = 0 defining |[¢') = e?7S" |¢")

1€]
G(¢&) = (¢|RIY) me pL— pr)"ge(n)

H|v) = 0 defining ¢) = e~ [¢)

pn) = (i) = > 3" pk' (o1 — pr) "y (€, N)

£eNN nenN

Mapping to equilibrium

P = g~ 5- &A% WS+ g5~

H' = WHo W~

H = epRS+ H//eprSJr

H=eS HeS



Other symmetries: consistency

> |tis easy to see that

N-+1
[ Hdua/7 Srandom] -0 Srandom _ i: S,_
i=0

» Removing a particle uniformly at random
N-+1

SEemle) = " &il¢ - )
i=0
» Consistency property [Carinci, G., Redig, arXiv:1907.10583]

» two particles
Px(1) + Py (1) = 2Pxy(2) + Pry (1)
» three particles
Pyz(2) + Pxz(2) + Pxy(2) = 3Pxyz(3) + Pryz(2)
Pyz(1) + Pxz(1) + Pry (1) = 2Pxyz(2) + 2Pxyz(1)



4. Perspectives



The basic model in integral form

Lévy process {z(t),t > 0} taking values on Qy = R
zi(t) = energy atsite i € {1,2,... N} attime t > 0

N—1
L=L+> L+ L
p

/O * da [1(z — b + adiu) — 1(2)]

[e%

/oZl+1 cioc [f(z +ad — adiy) - f(z )]

Ziv1f(2)

+

Zif(2)

/ f(z —ad) — f(z)]
oo —/\ jo
/ da® f(z + o) — f(z)]
0

Jr




Conclusions

» Reasoning with Lie groups is useful for duality and its consequences.

> Integrability (on top of duality) opens up the possibility of explicit formulae
for boundary-driven models.

» The algebraic approach to duality can be extended to quantum systems
(e.g. FGK(2021), arXiv:2008.03476, quantum symmetric exclusion process).

Thank you for your attention



