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Field Theory on Compactified Space R°™* xS*
with a Twisted Boundary Condition (TBC) along St

* Resurgence of quantum field theory

(long history ...., Dunne & Unsal ‘“12--)
* Gauge-Higgs unification (Hosotani mechanism)
* Large extra dimension

opological solitons, instantons have
fractional topological charge

Bions = composite of fractional instantons
with zero instanton charge



O(3) model on R?
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Sigma model instanton (lump) 72'2(82) ~ /Z for R?
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Sigma model instanton (lump) 72'2(52) ~ /Z for R?
(skyrmion in cond-mat)
R? — 3 g2

n, +In
u=—=——==4(z-12,)




Sigma model instanton (lump) 72'2(52) ~ /Z for R?
(skyrmion in cond-mat)

R? — 3 g2
In the presence of a potential Magnetwith 1 easy axis
V =m2(1—n32) N: Ny =+1

SZ

\ :mz(l_ne,z) S:n,=-1

A domain wall ring



Sigma model instanton Eto, Isozumi, MN, Ohashi & Sakai (‘05),
(skyrmion in cond-mat) PRD72 (2005) 025011 [hep-th/0412048]

R'x§! — > §°

Twisted boundary condition (tbc) T
(N, Ny, N)(XH, X% + R) = (=ny,—n,, ny)(x', x°)

u(x, x>+ R) = —u(x, x°)
R


http://arxiv.org/abs/hep-th/0412048

Sigma model instanton Eto, Isozumi, MN, Ohashi & Sakai (‘05),
(skyrmion in cond-mat) PRD72 (2005) 025011 [hep-th/0412048]

R'x§! — > §°

Twisted boundary condition (tbc) T
1 2 1 2
(N, Ny, N3) (X5, X7 + R) = (=ny,—Ny, Ny ) (X7, X7)
u(x, x>+ R) = —u(x, x°)
Vacua are invariant under the Z, actio R

(N, Ny, N3) = (=N, =Ny, Ny)

nN=n°"=0< n*=+1

Ty = 22 Domain wall



http://arxiv.org/abs/hep-th/0412048

Sigma model instanton Eto, Isozumi, MN, Ohashi & Sakai (‘05),
(skyrmion in cond-mat) PRD72 (2005) 025011 [hep-th/0412048]

R'x§! — > §°

Twisted boundary condition (tbc) T

1 2 1 2
(N, Ny, N3) (X5, X7 + R) = (=ny,—Ny, Ny ) (X7, X7)

Scherk-Schwarz dimensional reduction

(nl(xl,XZ)] cos%x2 —sin%x2 (ﬁl(xl)j

n,(x*, x?)

/A T 5
SIN—X COS—X
. R R

Effective potential (twisted mass)

R
V = /0 dr? [(32731)2 T (82?’12)2] m” = 1R
= mQ(ﬁ% + fl%) = ’7732(1 - ﬁ%)



http://arxiv.org/abs/hep-th/0412048
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http://arxiv.org/abs/hep-th/0412048

Sigma model instanton Eto, Isozumi, MN, Ohashi & Sakai (05),
(skyrmion in cond-mat) PRD72 (2005) 025011 [hep-th/0412048]

R'x§! — > §°

ldentified because of TBC

R ) R small

Reconnection occurs !!


http://arxiv.org/abs/hep-th/0412048

Sigma model instanton Eto, Isozumi, MN, Ohashi & Sakai (‘05),
(skyrmion in cond-mat) PRD72 (2005) 025011 [hep-th/0412048]

R!'xS§! — > G~

w, =12 7w,=1/2 positions

Ty = 7, =—1 & phases
® R O R small
. Kalzua-Klein(KK)
Domain wall .
Domain wall
S - -V

Fractional instantons
= (anti-)domain walls with half SG kink


http://arxiv.org/abs/hep-th/0412048




How instanton moduli are translated to wall moduli

Size, phase moduli

- x Al relativ ition
Zzlﬂle'“eC | | elative positio

|:> e' overall phase
XO

Position moduli overall position

Z, =X, +1y, €C Yo relative phase

space-time modulus tuned to internal modulus



How instanton moduli are translated to wall moduli

Size, phase moduli

- x Al relativ ition
Zzllle'“eC | | elative positio

|:> e' overall phase
XO

Position moduli overall position

Z, =X, +1y, €C Yo relative phase

space-time modulus tuned to internal modulus
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Dunne & Unsal (“12)

bion ©
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® 0% O
d
—-—m— >
Interaction 1 |
energy Eint ~ ——ZeXp(—fd) asymptotically

Dunne & Unsal (“12)
Resurgence through Bogomol’'nyi Zin-Justin prescroption



Explicit configuration of _Interaction
a bion at arbitrary distance |energy Eint

Misumi, MN & Sakai (‘14)
JHEP 1406 (2014)164 e

[arXiv:1404,7225] V= 2 d



http://arxiv.org/abs/arXiv:1404.7225

Relative

phase modulus

Explicit configuration of
a bion at arbitrary distance

Misumi, MN & Sakai (‘“14)
JHEP 1406 (2014)164
[arXiv:1404.7225]
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Homogenous coordinate of CP?!
w = (0, w,)
~ Uy, @,) 1eC’

_ wi(z)dw(@)
4 Wi () w(w
1
_ 1
O Jerar

Twisted boundary condition (tbc)

1 2 ;o1 0
(@, @,)(X", X"+ R) = (a0, ®,)(X", X )(O _:J



1 0
Bion ansatz (@1, ,)(X", X* +R) = (wl’wz)(xl’xz)( j

0 -1
0 T
iAL;:(@F)\EH ) Z =X +ix’

w = (1,0) = (0,1) D = (1’0)
Xt = —o0 NS 7 ¢ N
1= ﬂ’leﬂfl ﬂleﬂfz :ﬂvzeZﬂTZ

1

1, A
—> 7, =—l0g 4, —»rzzglogﬂ—
4 2

(4,,6,) (4,,68,) quasi-moduli

A1 101




Bion ansatz

() — @ /\2619
T

1 2 . (1 0
(@, 0,)(X", X" + R) = (@, ®,) (X", X )(O _1]

(4,,6,) (4,,68,) quasi-moduli

T
) 7 = X' +ix?

)\1 e-i{ﬁ

w = (1,0) o =(01) o = (1,0)
Action density Topological charge density
| Al = 1000| Ao = 1 | | A = 1000| Ao = 1
4| 4
2} 2
.
o) o S ey o T
—92 Tl '2'2 —2 'Z'l
4 !
-4 -2 0 2 4 4 -2 0 2 1



1 R dx. A . .
Z(xl)_Ejo X, A, Wilson line
:ij‘Rdx i(co@ o' —0 a)a)T)lla)l2
R 0 2 2 2

2(X,) shows kink profile

CP! bion




CPlfractional instanton and bion

Instanton
T, =

anti-

7w, =—-1/2

anti-KK wall T = ~1/2

anti-wall



CPlfractional instanton and bion

anti-KK wall %2 = -1/2 KK wall £2 = /2



CPN-1model CpN- _ SU(N)
SU(N -1)xU (1)

a)=(a)1,0)2,----,50|\|)"‘2(0)11502,----,0%“) AEC*

Zy Twisted boundary condition

(@,,..., 0, ) (X", X* +R) = (@,,..., 0 )(X*, X)W
(1 A
ez%
W = .
N vacua oW ~w . 27z(N—1)y
e N

(1,0,..,0) (0,1,..,0) ... (0,0,..,1)  °

Bion ansatz
W = (0,- .01 + AQEi'EGQEEQW(ZJFE)/N? Alef'i'elﬁegﬁz/‘?\r, 0,---, O)



CPZfractional instanton and bion

CPZinstanton 7, =1

fractional instanton]

--------- /— [ 72'221/3

----- ———w CP2bion 77, =0

CPM-Lfractional instanton 77, =1/ N



O(3) model [= CP!model]on R'xS*
Target space M =S*=0(3)/0(2) = CP' = SU(2)/U (1)
Generalizations of fractional instantons

N-1 1 1 Eto, Isozumi, MN, Ohashi & Sakai,
(1) CP™ model on R*xS"  5oh5 5005) 028011 [hep-th/0412048]

CP"* =SU(N)/[SU(N —1) xU (1)] <« ater by FBruckman (‘08)
(2) Grassmann model on R* xS \ Eto, Fujimori, Isozumi, MN,
SU(N) - Ohashi, Ohta & Sakai,

Gry m . =7, PRD73(2006) 085008
SU(N =M)xSU(M)=U(I) ? [hep-th/0601181]

|12



http://arxiv.org/abs/hep-th/0412048
http://arxiv.org/abs/hep-th/0601181

O(3) model [= CP!model]on R'xS*
Target space M =S*=0(3)/0(2) = CP' = SU(2)/U (1)
Generalizations of bions
Dunne & Unsal,

N-1 1, gl
(1) CP™ model on R™x5 JHEP1211(2012)170

CP™ = SU(N)/[SU(N -1)xU(1)] PRD87(2013)025015
(2) Grassmann model on R™ xS |
SU(N) Misumi, MN & Sakal,

SU(N - M)xSuU(M)xU () PTEP(2015)033B02[ar Xiv:1409.3444]
w, =1 Dunne & Unsal, arXiv:1505.07803

(3) O(N) modelon R™* x S* OC()I\(IN_)l) =S
O(4) model [=SU(2) principal chiral model] on R* x S*
MN, JHEP 1503 (2015) 108 [arXiv:1412.7681]
(4) SU(N) principal chiral model on R*xS*
M=SU(N)or G n,(M)=Z

MN, JHEP 1508 (2015) 063 [arXiv:1503.06336]

112

r-N,M

Ty =1L



http://arxiv.org/abs/arXiv:1412.7681
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http://arxiv.org/abs/arXiv:1505.07803

§ Grassmann models



(1) CPN1model on R* x S*

CPM = SU(N)/[SU(N —1) xU (1)]
(2) Grassmann model on R* x S* M =1
SU(N)
Gry w
| SUN-M)xSU(M)xU(1)
U(M) gauge theory with complex M x N matrix H
H—>dc.Hg: 9. eU(Ne=M) g e SU(N =N);

] + 3= " A\ 2
Lomee = Tr [Z—jFﬁ JFoy + D, H (D, H) } + T [% (e — HH') }
gaug g2

Twisted b.c.(zy; symmetric) (o3
H(x' x*+R)=H(x" x*)exp N—diag(1,2,..., N, —1)
B f
Promote this to supersymmetric theory (8 SUSY)

(H H(= O)) Nf hypermulets (Aﬂ,z) U(Nc) gauge multiplets

SU(N,.)
SU(N: —N.)xSU(N.)xU(1)]

112

7w, =1

Vacuum moduli = T*{



Embed it to a D-brane configuration for usefulness
Hanany-Witten setup + Hanany-Tong’s vortices

D3 world-volume = 2+1d U(Nc) gauge + Nf fund matter
NS5 Hanany & Tong (‘04)

A
: e
NS5 k Non-Abelian D51
» 4 1
k D1 ,,/' VortlceS Ir/ / i
\ /- (lump) | | NS5
NgD3 Y/ N, D3 i D1]
y x" ... NS5 i i
‘ Zx ) i ' D3
’ I
Ne DS / X D3 ' % X7 s
4.5.6 7 '[ ,
€ > Ax ! ’ x3
Ax’ Ve
xO xl x2 x3 x4 x5 )C6 JC7 x8 X
Nc D3 @ o 0 o — — — — _ _
NFD5 O O O — @) O e) —_ _ _
2 NS5 o o o _ _ _ _ o .
kD1 O X X — @ — — — — —




Compactification along x2

Nontrivial Wilson line on D5
, NSH

’
’ Each D3 ends on
NS5 /’ one of D5s (s-rule)

twisted b.c.

For Grys ne: NF/NC!(Nf-Nc)! vacua



Taking a T-dual along x2 (without vortices)

’

NS5 NS5

’ Y
’
ot T-dual R
’ J
,
Y , D4 .
z/
’ ’
D3 D2
’ >
D3 /’ D2 ’/
/,

XO xl x? x4 XS X7 x8 9
Nc D2 0 o o — — — — —
Nr D4 o 0 — o o — — —
2 NS5 0 o — — — o o o
kD2 o X — o — — — —
k D2* o X o — — — — —




Taking a T-dual along x2 (with vortices)
NS5 NS5 NS5

NS5 /’ NS5 D4 ,

wall KK wall

X

x' Eto,Fujimori,Isozumi,MN,Ohashi,Ohta&Sakali
Té) : PRD73 (2006) 085008 [hep-th/0601181]

X


http://arxiv.org/abs/hep-th/0601181

Gr,, fractional instanton and bion

Gr,,Iinstanton

7, =1

—/— fractional instanton
----- w,=1/4

Gr,,bion
(the maximum)

Grys e fractional instanton 7z, =1/ N
For any given config, we gave ansatz with arbitrary positions.
--- Quasi-moduli integrals are possible.



§ O(N) model and
SU(N) Principal chiral model



O(4) model = SU(2) principal chiral model on R*
= Skyrme model (if 4 deriv term added)

U=£¢1 4 ]€SU(2) 4"+l =1 ¢=[¢1j

?, ¢1 ?,
1 2 1 2
L= U, U ) = - tr(0“U*a,U )= —?aﬂgﬂaﬂqﬁ

7Z3[SU (2)] ~ Z Instantons existin R®, R?xS*
as Skyrmions

B=—_—— [d*xe™trUTauU UL AU
2472' i j k=123

*p'0.p4'0 pp'0, ¢  TBAVON

number”




O(4) model = SU(2) principal chiral model on R*
= Skyrme model (if 4 deriv term added)

7,|SU2)|=Z

Skyrmion =

¢1 _¢2* 2 2
U = S 1eSU(2 o =1
[% X ] @ ol

A vortex ring of ¢
with phase of ¢,
f twisted once
(vorton)

>
\ First found in

Bose-Einstein Condensates
Ruostekoski & Anglin

1‘ phase of ¢ PRL (01)

In the Skyrme model, Gudnason & MN,
1‘ phase of o, Phys.Rev.D90(2014)085007[arXiv:1407.7210]
Phys.Rev.D94(2016)025008[ar Xiv:1606.00336]



http://arxiv.org/abs/arXiv:1407.7210
http://arxiv.org/abs/arXiv:1606.00336

O(4) model = SU(2) principal chiral model on|R* xS*
= Skyrme model (if 4 deriv term added)

twisted b.c U(r+ R)=WU(x)WT W =g, = diag.(1, —1)

,/vacua [UW]=0

/ O \
/U =£¢1 . leu
0 ¢1/ ,
¢1‘ =1
>
<y zJU@)]=Z
S vortex

A vortex ring of ¢
,/ with phase of ¢,
twisted once
(vorton)




O(4) model = SU(2) principal chiral model on|R* xS'
= Skyrme model (if 4 deriv term added)

twisted b.c U(r+ R)=WU(x)WT W =g, = diag.(1, —1)

/
/
/
/ .
) Fractional
)/ Instantons
7"/ = vortices of ¢
~> ¢, confined inside

&_ _____

K phase of ¢,
-~ twisted half
7w, =1/2

7, =1 KK vortex

_—_—_—_—_—_—_—_—__'



T3 +1/2 +1/2 -1/2

vortex 7; —1 +1 -1
sG x, —-1/2 +1/2 +1/2
kink A, A

Instanton Anti-Instanton



T3 +1/2 +1/2 -1/2

vortex 7; —1 +1 -1
sG x, —-1/2 +1/2 +1/2

kink KB A o~

Bion



73 +1/2 —1/2

vortex 7,  +1 N0 A -1

SG m, +1/2 , Blon +1/2

kink Interaction E,  ~ —-log(d /&) asymptotically

cnergy They are “confined” unlike CPN-1kinks



SU(N) principal chiral model on R?x S*
= SU(N) Skyrme model (if 4 deriv term added)

Z, twisted b.c
Ulr + R)=WU(x)WT W =diag(l, w,@’,.....0" )
Vacua: [U,W]=0 @ =exp(em/N)
U (D" cartan subalgebra of SU(N)

~ B 7] )
SUM@) |_ na
ﬂl[u(l)N—l]EZN—l —> 72'2_U(1)N_1_:Z
\_ Monopole charge

Fractional instantons = global vortices

N constituents with 7z, =1/ N



§ Relations among 4d,3d,2d bions



What relations with Yang-Mills instantons, bions?

. -— SU(N) Yang-Mills instanton



What relations with Yang-Mills instantons, bions?

/ .- .
/ + Compactification
/ /" with TBC
/ ,/ (nontrivial holonomy)



What relations with Yang-Mills instantons, bions?

Lee & Yi (‘97)
Kraan & Baal (‘98)

/Compactification
with TBC
(nontrivial holonomy)

1/2 7, =0
7y =1




What relations with Yang-Mills instantons, bions?

. -— SU(N) Yang-Mills instanton



What relations with Yang-Mills instantons, bions?
Hanany & Tong (‘04)

Higgsing

SU(N) Yang-Mills instanton

[
CPN-1 sigma model instanton

7w, =1

U(N) Non-Abelian vortex Auzzi et.al (‘04)
Eff theory = CPN1model  Hanany & Tong (‘04)



What reI‘a:t-l.Qﬂs with Yang-Mills instantons, bions?

Eto, Isozumi, MN, Ohashi & Sakai (‘05)
~<F PRD72 (2005) 025011 [hep-th/0412048]

’nggsmg

Monopole, KK monopole

[
CPN-1 sigma model kinks

_ with 1/N charges 7z, =1/ N

U(N)"N-O.n -Abelian yortex Auzzi et.al (‘04)
Eff theory - =GRM model  Hanany & Tong (‘04)


http://arxiv.org/abs/hep-th/0412048

What relations with Yang-Mills instantons, bions?

Eto,MN,Ohashi & Tong
Phys.Rev.Lett. 95 (2005) 252003
[hep-th/0508130]

(another)
Higgsing

(Josephson instanton)
|l

Instanton (Skyrmion)
in SUN) PCM 7, =1

U(N) Non-Abelian domain wall
Eff theory = SU(N) PCM


http://arxiv.org/abs/hep-th/0508130

What re‘l'&ﬁemps W|th Yang-Mills instantons, bions?

MN, Phys.Rev. D92 (2015) 045010
[arXiv:1503.02060]

Canother)
~ nggsmg

(Josephson monopole)
[

Vortices with 1/N charge
<J-In SU(N) PCM 7z, =1/N

U(N) an' Abellan domain wall
‘E-f.UHeory SU(N) PCM


http://arxiv.org/abs/arXiv:1503.02060

Summary />
+]  SU(N) Yang-Mills in 4dim
%i? \;\ <
' A

. SU(N) YM instanton e
® | Monopole-instanton A
SU(N) YM hion \ /
Norﬁ@n@ 1/N instanton %Non-Abelian
vortex charge domain wall
CPN-Imodel in 2dim SU(N) PCM in 3dim
CPN-1instanton SU(N) PCM instanton
Domain wall-instanton Vortex-instanton
CPN-1bion SU(N) PCM bion
force 1/d? 1/d exp(-md)

Discussion: Relations among resurgence in 4d, 3d, 2d



Summary />
+]  SU(N) Yang-Mills in 4dim
%i? \;\ <
' A

| SU(N) YM instanton w
® ! Monopole-instanton AL
SU(N) YM bion \ /
\/ 1/N instanton o
un-Higgsing charge un-Higgsing
CPN-Imodel in 2dim SU(N) PCM in 3dim
CPN-1instanton SU(N) PCM instanton
Domain wall-instanton Vortex-instanton
CPN-1bion SU(N) PCM bion
force 1/d? 1/d exp(-md)

Discussion: Relations among resurgence in 4d, 3d, 2d



§ CP! guantum mechanics



CP! guantum mechanics with fermion

@ —>Uu in previous

potential fermion ¥ slides
1 _ = »
L = g_QG Orp0r @ — Mm@ + iy Dyrh + em(1 + p O, log G)ww} |
1
G = Tro07 D= {at + 0y 0,5 log GW

& =1 Supersymmetric QM

Integrating out fermion

_ 1 Orp0s
g% (1 + pp)?

L _mPepg 1 —9p
Vipp) = — — —em -
9% (1 + pp)? -




O(3) ollvl n=(n,n,,n,)
2

L=—0n-0n-V n°=1 N: Ny =+1
2 Yt t )
9 — &m 5
m? ) S
V =——(1-n;")—emn, /
4 2 3 3 / ,
J S
n,=0
| -V
Real bion 8.7 = =0 +am
(=kink-antikink stabilized by fermion) S:n;=-1
_ L,ioo w? 1 2692
v \/wgm%smhw(’rm) w:m\/lJr?
| e h = (1,04 +a_e ™)




See Tin’s talk; Misumi’s & Sakai’s talks

complexification
C . C

B . . cC , . C
(¥, 99) = (PR +ipr, YR — WI) — (PR T, ¢ — WI)

=

© — @ # complex conjugate of .
Complex CP!Action
>]

1 0T 00,
Slp, @] = /d'f{ T V(g
o = ity | & 1 real bion

2 (1+¢p)?
w2 —m2isinhw(r — 1)

O = eiéo\/ w? 1 P = —lcbo\/ w? !
2 —m?2coshw(t —19)’ 2 —m?2coshw(t —19)

\J‘ ! Singular complex bion

‘()z




\J t\ Singular complex bion
.

0 = arg g°> Small imarginary

regular complex bion




Thank you for your attention!!
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