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Cao et al '18, Yankovitz et al '18: superconductivity at 6 ~ 1.08°
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The operator of today
_ 2D;  aU(z) 1 .
D(a) = (aU(—z) 2D, ) on C/T, Dz = 5(0x + i0x,)

U(z+7v)=U(z), ~eT, a/(very specific) lattice
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On the right: level surface of k — ||(D(a) — k)7!|| = 102 as «
varies: we see that the norm of the resolvent (D(a) — k)~! grows
as we approach the first two magic a's (near 0.586 and 2.221), at
which it blows up for all k.
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magic angles and their irregular pattern have remained a mystery. Here we report on a fundamental
continuum model for TBG which f¢ not just the vanishing of the Fermi velocity, but also the perfect
flattening of the entire lowest band. When parametrized in terms of @ ~ 1/6, the magic angles recur with a
remarkable periodicity of Aa = 3/2. We show analytically that the exactly flat band wave functions can be
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experimentally relevant first magic angle, address its properties analytically, and discuss how lattice
relaxation cffects help justify our model parameters.
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But D(«) is very nice elliptic operator (Fredholm, index 0)
depending analytically on «! However, it is not self-adjoint and its
numerical range {(D(a)v,v) : v € C>*(C/T)} = C.

Theorem There exists a discrete set A C C such that
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Spectrum of D(«)

r* A
Spec;2c/ry D(a) = { C ZiA

Movie: level sets of A+ [|(D(a) — A)7Y|
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Flat bands

The bands are eigenvalues of Hx = (D (i k b 0_ k

of k € C/I* ~ R2/72:

) as function
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Tarnopolsky et al '19: consider u € L2 (C/I;C?), D(a)u =0
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ution: a's at which u has a zero!
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(D(ar) — k)uk(z) =0
Problem: fi with these properties will have poles

ution: a's at which u has a zero!
Solution: Look for
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Flat bands from theta functions
Tarnopolsky et al '19: consider u € L2 (C/I;C?), D(a)u =0

£1,0
uk(z) = csé'(ZRJrz")ﬁ((z)u(z)7 zZ— eé(zhzk)fk(z) periodic, Osfx =0
(D(a) — kuk(z) =0
Problem: fi with these properties will have poles
Solution: Look for a's at which u has a zero!

log [u(a, )| for a = 8.31300
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Tarnopolsky et al '19: consider u € L2 (C/I;C?), D(a)u =0

u(z) := eé'(ZRJFZk)ﬁ((z)u(z)7 zZ eé(zhfk)fk(z) periodic, Osfi =0

Flat bands from theta functions

p1,0

(D(a) = kJuk(z) =0

Problem: fx with these properties will have poles

Solution: Look for a's at which u has a zero!
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Flat bands from theta functions
Tarnopolsky et al '19: consider u € L2 (C/I;C?), D(a)u =0

£1,0
u(z) := e%(ZRJFZk)fk(z)u(z)7 zZ eé(zhfk)fk(z) periodic, Osfi =0
(D(ar) — k)uk(z) =0
Problem: fx with these properties will have poles

Solution: Look for a's at which u has a zero!
log [u(a, 2)| for a = 11.34500
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Flat bands from theta functions

Tarnopolsky et al '19: consider u € L2 (C/I;C?), D(a)u =0

£1,0
uk(z) == eé(zhzk)ﬁ((z)u(z), zZ eé(ZEﬁk)fk(z) periodic, 03k =0
(D(a) — k)uk(z) =0
Problem: fi with these properties will have poles

Solution: Look for a's at which u has a zero!

u(a,zs) =0, a€ A, 25:49£7r zs =wzs mod /3
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Flat bands from theta functions

0é7k2/3,7%7k1/3(3z/47riw’w)

h(z) = 01 _1(3z/4miw|w)

1_1
6 6

z > e2FKFTI) £ (7 periodic, 5 = 0
0, p(z|T) = Zexp(ﬂi(a + n)?7 + 2mi(n+ a)(z + b)), ImT >0,
neZ

037b(2+1|7') = e27ria‘937b(z|7_)’ ea,b(z+7_|7—) = e—27ri(z+b)—7ri7937b(z|7_)

025(2|7) =0 <= zym=(n—3—a)T+5—b—m.
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Exponential squeezing of the bands
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Exponential squeezing of the bands

(C/r* Sk EJ(CY, k) € SpecL2((c/ryc4) Hk(Oé) N [07 OO)
B 0 D(a)* —k
Fi(er) = (D(a) k0 )

Theorem. There exist ¢; > 0 such that for all k € C,

|Ej(k7a)| < COe_Cla7 ./ <oa, a> 0.

In practice, c; = 1 and ¢ can be taken arbitrarily large

0 2 4 6 8 10

Every small angle § ~ 1/a wants to be magical...



Exponential squeezing of bands via solvability of PDE



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”

3 (x0,%0) ,0 # 0, p(x0,&0) =0, Z8£jpax,-l3_8€jl38>9p‘(xo,£o) 70
=1



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”

3 (x0,%0) ,0 # 0, p(x0,&0) =0, Z8£jpax,-l3_8€jl38>9p‘(xo,£o) 70
=1

=— Pu=f s not solvable near xq for a generic f € C*



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”
3 (x0,%0) ,0 # 0, p(x0,&0) =0, Z6€jpaxjﬁ_8€jﬁaxjp‘(xmfo) 70
j=1
=— Pu=f s not solvable near xq for a generic f € C*
Essential step: 3 up, supported in B(xp, h%_) such that
VN3ICn ||Pup|2 < CNhN, luplli2 =1



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”
3 (x0,%0) ,0 # 0, p(x0,&0) =0, Z8€jpaxjﬁ_8€jﬁaxjp‘(xmfo) 70
j=1
=— Pu=f s not solvable near xq for a generic f € C*
Essential step: 3 up, supported in B(xp, h%_) such that
VN3ICn ||Pup|2 < CNhN, luplli2 =1

Sato—Kawai—Kashiwara '73, Dencker—Sjostrand—Z '04: if a,'s are
analytic functions then

e >0 ||Pupllz < e upllz =1



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”
3 (x0,%0) ,0 # 0, p(x0,&0) =0, Z6€jpale3_8€jﬁaxjp‘(xmfo) 70
j=1
— Pu=f is not solvable near xy for a generic f € C*
Essential step: 3 up, supported in B(xp, h%_) such that
VN3ICy |[[Pupl2 < CNhN, luplli2 =1

Sato—Kawai—Kashiwara '73, Dencker—Sjostrand—Z '04: if a,'s are
analytic functions then

e >0 ||Pupllz < e upllz =1

We apply this to P = hD;U(z)"thD; — U(-2z), h = 1/a, to
obtain many approximate modes for D(a) — k.



Exponential squeezing of bands via solvability of PDE

Lewy '57: (Ox, + i0x, — 2i(x1 + ix2)Ox;)u = f has no solution near
any point x € R3 for a generic f € C>®(RR3)

Hormander '60: P =3, <, aa(X) D2, p(x,€) = 32 0j=m 3a(X)E”
3 (x0,%0) ,0 # 0, p(x0,&0) =0, Z6€jpale3_8€jﬁaxjp‘(xmfo) 70
j=1
— Pu=f is not solvable near xy for a generic f € C*
Essential step: 3 up, supported in B(xp, h%_) such that
VN3ICy |[[Pupl2 < CNhN, luplli2 =1

Sato—Kawai—Kashiwara '73, Dencker—Sjostrand—Z '04: if a,'s are
analytic functions then

e >0 ||Pupllz < e upllz =1
We apply this to P = hD;U(z)"thD; — U(-2z), h = 1/a, to

obtain many approximate modes for D(a) — k. Since Hi(«) is
self-adjoint that gives exact eigenvalues.
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Exponential squeezing of bands via quasi-mode construction

Q=) au(x)(hD)*, an € C¥, aa(x, h) = al(x)+ hal(x, h),

laj<m

g% =0, {q.q1(x"€) #0, q(x,&) = Y aa(x)E"

laj<m

—
Fvp € CF, |Qup(x)| < e h, vip(x®) =1, |va(x)| < e i

-10 -5 0 5 10

B A contour plot of
{q,q}, q(x,&) =2¢ — U(2)U(=z), z = x1 + ix2, 2C = & - i&.
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Here, we have tr(f(Pewm(hx, Dx))) = Y1 o WA;(f) + O(hV+1)
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Here, we have tr(f(Pewm(hx, Dx))) = Y1 o WA;(f) + O(hV+1)

with
aey= [ o

treo Agj ((ALDTD)—lJr(,\LDDT)—l) ()
167>

d\ du dk.

0.07+ Integrated density of states

—free
0.06 |—anti-chiral
chiral

0.05+
o 0.041
= 0.03
0.02

0.01
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Some open questions

Does there exist one real magic angle?

Do there exist infinitely many real magic angles?

Equivalence of the spectral and theta definitions of A using
the theta function representation of (2D; — \)~%, A\ ¢ I'*
(an indirect argument at the moment)

Asymptotics of « € ANR,; in particular Ao ~ %?

Presence/ Meaning of exponential squeezing of bands for
more realistic models Bystritzer—Macdonald '11; the
Hormander/DSZ method does not apply!

Understand connection between magnetic fields and flat
bands?



