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The spectrum close to the Dirac points in twisted bilayer graphene
is described by the following Hamiltonian acting on L2(C;C4)

PBM =


0 2Dz̄ βV (θz) αU(−θz)

2Dz 0 αU(θz) βV (θz)

βV (θz) αU(θz) 0 2Dz̄

αU(−θz) αV (θz) 2Dz 0

 .
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Cao et al ’18, Yankovitz et al ’18: superconductivity at θ ' 1.08◦



The spectrum close to the Dirac points in twisted bilayer graphene
is described by the following Hamiltonian acting on L2(C;C4)

PBM =


0 2Dz̄ βV (θz) αU(−θz)

2Dz 0 αU(θz) βV (θz)

βV (θz) αU(θz) 0 2Dz̄

αU(−θz) αV (θz) 2Dz 0

 .

Bistritzer MacDonald ’11

Cao et al ’18, Yankovitz et al ’18: superconductivity at θ ' 1.08◦



The spectrum close to the Dirac points in twisted bilayer graphene
is described by the following Hamiltonian acting on L2(C;C4)

PBM =


0 2Dz̄ βV (θz) αU(−θz)

2Dz 0 αU(θz) βV (θz)

βV (θz) αU(θz) 0 2Dz̄

αU(−θz) αV (θz) 2Dz 0

 .

Bistritzer MacDonald ’11

Cao et al ’18, Yankovitz et al ’18: superconductivity at θ ' 1.08◦



The spectrum close to the Dirac points in twisted bilayer graphene
is described by the following Hamiltonian acting on L2(C;C4)

PBM =


0 2Dz̄ βV (θz) αU(−θz)

2Dz 0 αU(θz) βV (θz)

βV (θz) αU(θz) 0 2Dz̄

αU(−θz) αV (θz) 2Dz 0

 .

Bistritzer MacDonald ’11

Cao et al ’18, Yankovitz et al ’18: superconductivity at θ ' 1.08◦



The operator of today

D(α) =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
on C/Γ, Dz̄ = 1

2i (∂x1 + i∂x2)

U(z + γ) = U(z), γ ∈ Γ, a (very specific) lattice
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On the right: level surface of k 7→ ‖(D(α)− k)−1‖ = 102 as α
varies: we see that the norm of the resolvent (D(α)− k)−1 grows
as we approach the first two magic α’s (near 0.586 and 2.221), at
which it blows up for all k.
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The operator of today

H(α) :=

(
0 D(α)∗

D(α) 0

)
, D(α) :=

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
,

z = x1 + ix2, Dz̄ := 1
2i (∂x1 + i∂x2)

U(z) :=
2∑

k=0

ωke
1
2

(zω̄k−z̄ωk ), ω := e2πi/3.

U(z + 4
3πiω

`) = ω̄U(z), U(ωz) = ωU(z), ` = 1, 2.

U is periodic with respect to Γ := 4πi(ωZ⊕ ω2Z).
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The operator of today

Bands: eigenvalues of Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
, k ∈ C/Γ∗

A flat band at 0 energy means that SpecL2(C/Γ)(D(α)) = C



The operator of today

Bands: eigenvalues of Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
, k ∈ C/Γ∗

A flat band at 0 energy means that SpecL2(C/Γ)(D(α)) = C



The operator of today

Bands: eigenvalues of Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
, k ∈ C/Γ∗

A flat band at 0 energy means that SpecL2(C/Γ)(D(α)) = C



The operator of today

Bands: eigenvalues of Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
, k ∈ C/Γ∗

A flat band at 0 energy means that SpecL2(C/Γ)(D(α)) = C



Spectrum of D(α)

flat band at α ⇐⇒ SpecL2(C/Γ) D(α) = C
But D(α) is very nice elliptic operator (Fredholm, index 0)
depending analytically on α! However, it is not self-adjoint and its
numerical range {〈D(α)v , v〉 : v ∈ C∞(C/Γ)} = C.

Theorem There exists a discrete set A ⊂ C such that

SpecL2(C/Γ) D(α) =

{
Γ∗ α /∈ A
C α ∈ A,

where Γ∗ is the dual lattice, k ∈ Γ∗ ⇔ ∀ γ ∈ Γ 〈k, γ〉 ∈ 2πZ.
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Protected state from Heisenberg group over Z3

Symmetries of D =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
and H =

(
0 D∗

D 0

)
.

Lau = diag(ωa1+a2 , 1, ωa1+a2 , 1)u(z + 4
3 iπ(ωa1 + ω2a2)), a ∈ Z2

3,

C ku(z) = diag(1, 1, ω̄k , ω̄k)u(ωkz), k ∈ Z3

LaH = HLa, CH = HC , C La = LMaC , M =

(
0 −1
1 −1

)
.

Decompose into irreducible representions of this Heisenberg group:

e.g. L2
ρ1,0

(C/Γ;C4) = {u : C u = u, Lau = ωa1+a2u}.

e1 ∈ L2
ρ1,0

and e1 ∈ kerH(0) =⇒ kerL2
ρ1,0

D(α) 6= {0}

That is because the spectrum of H(α)|L2
ρ1,0

is even...
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Proof of SpecL2(C/Γ) D(α) =

{
Γ∗ α /∈ A
C α ∈ A,

D(α) = 2Dz̄+αV =⇒ SpecD(α) = SpecD(α)+Γ∗, SpecD(0) = Γ∗

∀ α 0 ∈ SpecD(α) =⇒ if SpecD(α) is discrete then SpecD(α) = Γ∗.

∃λ (D(α)− λ)−1 : L2 → H1 ⇐⇒ the spectrum is discrete

(D(α)−λ)−1 = (I+αTλ)−1(D(0)−λ)−1, Tλ := (D(0)−λ)−1V, λ /∈ Γ∗

α 7−→ (I + αTλ)−1 meromorphic with poles at 1/α ∈ Spec(Tλ)

We obtained a spectral characterization of magic angles θ = 1/α:

flat band ⇐⇒ SpecL2(C/Γ) D(α) = C ⇐⇒ 1/α ∈ Spec(Tλ)
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SpecL2(C/Γ) D(α) =

{
Γ∗ α /∈ A
C α ∈ A,

flat band at α ⇐⇒ SpecL2(C/Γ) D(α) = C ⇐⇒ 1/α ∈ Spec(Tλ)

We did not prove that A ∩ R 6= ∅

However, A 6= ∅:

∑
α∈A

α−4 = trT 4
k =

72π√
3
, powers other than 4, 8 resisting analysis...

Also, the spectral characterization allows more efficient calculation
of α’s
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Tarnopolsky et al ’19 observed that αk − αk−1 ' 3
2 (0 < k ≤ 8)

k αk αk − αk−1

1 0.58566355838955
2 2.2211821738201 1.6355
3 3.7514055099052 1.5302
4 5.276497782985 1.5251
5 6.79478505720 1.5183
6 8.3129991933 1.5182
7 9.829066969 1.5161
8 11.34534068 1.5163
9 12.8606086 1.5153

10 14.376072 1.5155
11 15.89096 1.5149
12 17.4060 1.5150
13 18.920 1.5147

Ren–Gao–MacDonald–Niu ’20 (June) “exact” WKB:

αk − αk−1 ' 1.47 ???
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Works for general potentials with Z2
3 o Z3 symmetries

Uµ(z) := U(z) + µ(e2i(y1+y2) + ωe2i(−2y1+y2) + ω2e2i(y1−2y2))

z = 2iωy1 + 2iω2y2, ω = e2πi/3
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Flat bands

The bands are eigenvalues of Hk =

(
0 D∗ − k̄

D − k 0

)
as function

of k ∈ C/Γ∗ ' R2/Z2:


bands_movie_12_25_full_zoom.mp4
Media File (video/mp4)



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!
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u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

-3 -2 -1 0 1 2 3
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-7.0

-6.5

-6.0

-5.5

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3

fk(z) =
θ 1

6
−k2/3,− 1

6
−k1/3(3z/4πiω|ω)

θ 1
6
,− 1

6
(3z/4πiω|ω)



Flat bands from theta functions

Tarnopolsky et al ’19: consider u ∈ L2
ρ1,0

(C/Γ;C2), D(α)u = 0

uk(z) := e
i
2

(z k̄+z̄k)fk(z)u(z), z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

(D(α)− k)uk(z) = 0

Problem: fk with these properties will have poles

Solution: Look for α’s at which u has a zero!

u(α, zS) = 0, α ∈ A, zS = 4
√

3
9 π, zS ≡ ωzS mod Γ/3

fk(z) =
θ 1

6
−k2/3,− 1

6
−k1/3(3z/4πiω|ω)

θ 1
6
,− 1

6
(3z/4πiω|ω)



Flat bands from theta functions

fk(z) =
θ 1

6
−k2/3,− 1

6
−k1/3(3z/4πiω|ω)

θ 1
6
,− 1

6
(3z/4πiω|ω)

z 7→ e
i
2

(z k̄+z̄k)fk(z) periodic, ∂z̄ fk = 0

θa,b(z |τ) :=
∑
n∈Z

exp(πi(a + n)2τ + 2πi(n + a)(z + b)), Im τ > 0,

θa,b(z+1|τ) = e2πiaθa,b(z |τ), θa,b(z+τ |τ) = e−2πi(z+b)−πiτθa,b(z |τ)

θa,b(z |τ) = 0 ⇐⇒ zn,m = (n − 1
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)
Theorem. There exist cj > 0 such that for all k ∈ C,
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−c1α, j ≤ c2α, α > 0.

In practice, c1 = 1 and c2 can be taken arbitrarily large

Every small angle θ ∼ 1/α wants to be magical...
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Exponential squeezing of bands via solvability of PDE

Lewy ’57: (∂x1 + i∂x2 − 2i(x1 + ix2)∂x3)u = f has no solution near
any point x ∈ R3 for a generic f ∈ C∞(R3)

Hörmander ’60: P =
∑
|α|≤m aα(x)Dα

x , p(x , ξ) :=
∑
|α|=m aα(x)ξα

∃ (x0, ξ0) , ξ0 6= 0, p(x0, ξ0) = 0,
n∑

j=1

∂ξjp∂xj p̄−∂ξj p̄∂xjp|(x0,ξ0) 6= 0

=⇒ Pu = f is not solvable near x0 for a generic f ∈ C∞

Essential step: ∃ uh supported in B(x0, h
1
2
−) such that

∀N ∃CN ‖Puh‖L2 ≤ CNh
N , ‖uh‖L2 = 1

Sato–Kawai–Kashiwara ’73, Dencker–Sjöstrand–Z ’04: if aα’s are
analytic functions then

∃ c > 0 ‖Puh‖L2 ≤ e−c/h, ‖uh‖L2 = 1

We apply this to P = hDz̄U(z)−1hDz̄ − U(−z), h = 1/α, to
obtain many approximate modes for D(α)− k. Since Hk(α) is
self-adjoint that gives exact eigenvalues.
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Exponential squeezing of bands via quasi-mode construction

Q =
∑
|α|≤m

aα(x)(hD)α, aα ∈ Cω, aα(x , h) = a0
α(x) + ha1

α(x , h),

q(x0, ξ0) = 0, {q, q̄}(x0, ξ0) 6= 0, q(x , ξ) :=
∑
|α|≤m

aα(x)ξα

=⇒
∃ vh ∈ C∞, |Qvh(x)| ≤ e−

c
h , vh(x0) = 1, |vh(x)| ≤ e−

c
h
|x−x0|2 .

A contour plot of
|{q, q̄}|, q(x , ξ) = 2ζ̄ − U(z)U(−z), z = x1 + ix2, 2ζ = ξ1 − iξ2.
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q(x0, ξ0) = 0, {q, q̄}(x0, ξ0) 6= 0, q(x , ξ) :=
∑
|α|≤m

aα(x)ξα

=⇒
∃ vh ∈ C∞, |Qvh(x)| ≤ e−

c
h , vh(x0) = 1, |vh(x)| ≤ e−

c
h
|x−x0|2 .
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Integrated density of states To study the density of states, we
introduce the regularized trace

t̃r(T ) = lim
r→∞

tr(T 1lB0(r))

|B0(r)|
.

The density of states for the Bistritzer-MacDonald Hamiltonian
satisfies for f ∈ C∞c (R) the following identity

t̃r(f (PBM)) =
θ2

4π2

∫
B

tr(1lM f (Hk
sem)) dk.

We then use the Helffer-Sjöstrand formula

f (T ) =
1

π

∫
C
∂z̄ f̃ (z)(T − z)−1 dz

and find that

t̃r(f (PBM(hx ,Dx))) =
N∑
j=0

hjAj(f ) +O(hN+1).
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Here, we have t̃r(f (PBM(hx ,Dx))) =
∑N

j=0 h
jAj(f ) +O(hN+1)

with

Aj(f ) : =

∫
B

∫
T †M

∫
C
∂λ̄f̃ (λ)

trC2 λσj

(
(λ2−D†D)−1+(λ2−DD†)−1

)
(µ)

16π5 dλ dµ dk.
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Some open questions

I Does there exist one real magic angle?

I Do there exist infinitely many real magic angles?

I Equivalence of the spectral and theta definitions of A using
the theta function representation of (2Dz̄ − λ)−1, λ /∈ Γ∗

(an indirect argument at the moment)

I Asymptotics of α ∈ A ∩ R+; in particular ∆α ' 3
2 ?

I Presence/ Meaning of exponential squeezing of bands for
more realistic models Bystritzer–Macdonald ’11; the
Hörmander/DSZ method does not apply!

I Understand connection between magnetic fields and flat
bands?
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