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Landscape
<latexit sha1_base64="PRg0I54nrjvYmZyW5d9PP/Bq8d8=">AAACDXicbVC7TsMwFHXKq5RXgZHFoiAxVUklBGMFC2MR9CE1UeW4N61Vx4lsB6ii/AALv8LCAEKs7Gz8DW6bAVqOdKWjc+617z1+zJnStv1tFZaWV1bXiuuljc2t7Z3y7l5LRYmk0KQRj2THJwo4E9DUTHPoxBJI6HNo+6PLid++A6lYJG71OAYvJAPBAkaJNlKvfJS6FIQGycQAp66GB+0H6c09CWNORD/LMtct9coVu2pPgReJk5MKytHolb/cfkST0LxMOVGq69ix9lIiNaMcspKbKIgJHZEBdA0VJATlpdNrMnxslD4OImlKaDxVf0+kJFRqHPqmMyR6qOa9ifif1010cO6lTMSJBkFnHwUJxzrCk2hwn0mgmo8NIVQysyumQyIJNfGoSQjO/MmLpFWrOqdV+7pWqV/kcRTRATpEJ8hBZ6iOrlADNRFFj+gZvaI368l6sd6tj1lrwcpn9tEfWJ8/p3Scig==</latexit>
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<latexit sha1_base64="MvcSh0cgIM5MkwuClyC323QKuIA=">AAACAXicbVBNSwMxEM3Wr1q/ql4EL8EiCELZLYhehKIoHiv0C9pSsmnahmazazIplKVe/CtePCji1X/hzX9j2u5BWx8MPN6bYWaeHwmuwXW/ndTS8srqWno9s7G5tb2T3d2r6tAoyio0FKGq+0QzwSWrAAfB6pFiJPAFq/mD64lfGzKleSjLMIpYKyA9ybucErBSO3twc1vGp/jBEAkmwD1FhhxG+BK3szk3706BF4mXkBxKUGpnv5qdkJqASaCCaN3w3AhaMVHAqWDjTNNoFhE6ID3WsFSSgOlWPP1gjI+t0sHdUNmSgKfq74mYBFqPAt92BgT6et6biP95DQPdi1bMZWSASTpb1DUCQ4gnceAOV4yCGFlCqOL2Vkz7RBEKNrSMDcGbf3mRVAt57yzv3hdyxaskjjQ6REfoBHnoHBXRHSqhCqLoET2jV/TmPDkvzrvzMWtNOcnMPvoD5/MHaluVlQ==</latexit>

EFT + quantum gravity =
<latexit sha1_base64="MvcSh0cgIM5MkwuClyC323QKuIA=">AAACAXicbVBNSwMxEM3Wr1q/ql4EL8EiCELZLYhehKIoHiv0C9pSsmnahmazazIplKVe/CtePCji1X/hzX9j2u5BWx8MPN6bYWaeHwmuwXW/ndTS8srqWno9s7G5tb2T3d2r6tAoyio0FKGq+0QzwSWrAAfB6pFiJPAFq/mD64lfGzKleSjLMIpYKyA9ybucErBSO3twc1vGp/jBEAkmwD1FhhxG+BK3szk3706BF4mXkBxKUGpnv5qdkJqASaCCaN3w3AhaMVHAqWDjTNNoFhE6ID3WsFSSgOlWPP1gjI+t0sHdUNmSgKfq74mYBFqPAt92BgT6et6biP95DQPdi1bMZWSASTpb1DUCQ4gnceAOV4yCGFlCqOL2Vkz7RBEKNrSMDcGbf3mRVAt57yzv3hdyxaskjjQ6REfoBHnoHBXRHSqhCqLoET2jV/TmPDkvzrvzMWtNOcnMPvoD5/MHaluVlQ==</latexit>

EFT + quantum gravity = ✗✔

<latexit sha1_base64="c4/sSxkWPBw3GCrKLhKekU6aV6M="></latexit>

Consistency conditions imposed by Quantum Gravity

(see review talk by Timo Weigand)
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• No Global Symmtery

• Completeness Hypothesis

• Weak Gravity Conjecture

<latexit sha1_base64="mVnI+NEVEiTl2RDYmR8UODL86tQ="></latexit>

• Swampland Distance Conjecture

• dS/AdS conjecture

• . . .

[Ooguri, Vafa ’06][Banks, Dixon ’88]
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[Arkani-Hamed, Motl, Nicolis, Vafa ’06]
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[review: Brennan, Carta, Vafa ’17; Palti ’19]

(see review talk by Timo Weigand)
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Consistency conditions imposed by Quantum Gravity

(see review talk by Timo Weigand)

[review: Brennan, Carta, Vafa ’17; Palti ’19]
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Swampland Distance Conjecture [Ooguri, Vafa ’06]

At infinite distance in moduli space an infinite tower of states becomes expo-
nentially massless in Planck units.
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M(Q)

Mpl
⇠ e�Ad(P,Q)

<latexit sha1_base64="s2e2EpNZSxVFU2YrdHLxA22Hn8s=">AAACDnicbVDLSgMxFM34rPVVdekmWAoVtEyt+NhV3bgptGAf0BmHTJppQzMPkoxQwnyBG3/FjQtF3Lp259+YtoOo9cCFwzn3cu89bsSokKb5aczNLywuLWdWsqtr6xubua3tlghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w6ux374jXNAwuJGjiNg+6gfUoxhJLTm5guVxhFWt2NhPVM1REUsSS1Afklt1eAF7xfqBdpxc3iyZE8BZUk5JHqSoO7kPqxfi2CeBxAwJ0S2bkbQV4pJiRpKsFQsSITxEfdLVNEA+EbaavJPAglZ60Au5rkDCifpzQiFfiJHv6k4fyYH4643F/7xuLL0zW9EgiiUJ8HSRFzMoQzjOBvYoJ1iykSYIc6pvhXiAdD5SJ5idhHA+xsn3y7OkdVQqV0qVxnG+epnGkQG7YA8UQRmcgiq4BnXQBBjcg0fwDF6MB+PJeDXepq1zRjqzA37BeP8CfimbOw==</latexit>

<latexit sha1_base64="GDTf2yVGrptrdQkjIgDNDOzb2GA=">AAACCXicbVC7SgNBFJ31GeMramkzGASrsBsQLYMptIxgHpCEMDu5m4yZnV1m7gbDktbGX7GxUMTWP7Dzb5w8Ck08MHA4517unOPHUhh03W9nZXVtfWMzs5Xd3tnd288dHNZMlGgOVR7JSDd8ZkAKBVUUKKERa2ChL6HuD8oTvz4EbUSk7nAUQztkPSUCwRlaqZOjLYQH9IO0DmxArzUbChzRcqTugWOiYdzJ5d2COwVdJt6c5MkclU7uq9WNeBKCQi6ZMU3PjbGdMo2CSxhnW4mBmPEB60HTUsVCMO10mmRMT63SpUGk7VNIp+rvjZSFxoxC306GDPtm0ZuI/3nNBIPLdipUnCAoPjsUJJJiRCe10K7QNrAcWcK4FvavlPeZZhxteVlbgrcYeZnUigXvvODeFvOlq3kdGXJMTsgZ8cgFKZEbUiFVwskjeSav5M15cl6cd+djNrrizHeOyB84nz8Ni5qO</latexit>

Weak Gravity Conjecture [Arkani-Hamed, Motl, Nicolis, Vafa ’06]

<latexit sha1_base64="/y8RbcjMHPoe0C7Hb9xQAoA2WR4="></latexit>

Decay of extremal black holes ) Self-repulsive state:

|Fgrav.| ⇠
m2

M2
P

. (gq)2 ⇠ |Fgauge| .
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Introduction

[cf. Lee, Lerche, Weigand ’19]

[Heidenreich, Reece, Rudelius ’15-’18; Kläwer, Palti ’16]

<latexit sha1_base64="bfP9uLFAzOAMpVCeRDGC38cozfs="></latexit>

Test SDC and WGC in 4d N = 1.

• Setup: F-theory on CY 4-folds.

• Look at infinite distance limits in classical Kähler moduli space:
“t ⇠ � ! 1”

• if 9 gauge theory with g ⇠ e�a�:
) WGC requires states with mn . qne�b�Mpl
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Introduction

[cf. Lee, Lerche, Weigand ’19]

[Heidenreich, Reece, Rudelius ’15-’18; Kläwer, Palti ’16]

<latexit sha1_base64="DR1zObrag1dt4Xo0+SduVxanrEk="></latexit>

KK-tower

m2
n ⇠ n2M2

KK

<latexit sha1_base64="YvL03vUy0rYNkZNHn740AkA84uA="></latexit>

String states

m2
n ⇠ nM2

S
<latexit sha1_base64="ITbZrHBhCmOyH7ZNmPcWuVlgG50="></latexit>

(partial) decompactification!
<latexit sha1_base64="tRceXAvcWagR3qGOfYu+cZiu45g="></latexit>

Emergent String Proposal:

Theory reduces to weakly coupled ST and
massless states are excitations of

weakly-coupled critical string.

<latexit sha1_base64="O5LRqVw4Q2+9R4bpyuaKgzOV8Xo=">AAACJnicbVDLSgMxFM34rONr1KWbYBFclRnBB4IgunFZwarQlpJJb9tgJhmSO0IZ+jVu/BU3Lioi7vwUM20RtR4IHM65l5N74lQKi2H44c3Mzs0vLJaW/OWV1bX1YGPzxurMcKhxLbW5i5kFKRTUUKCEu9QAS2IJt/H9ReHfPoCxQqtr7KfQTFhXiY7gDJ3UCk4bHBSCEapLlUaqgIO1zAjZp23gOkkZx+/5k8aDdQLkhykOfN9vBeWwEo5Ap0k0IWUyQbUVDBttzbPEZXLJrK1HYYrNnBkUXMLAb2QWXMA960LdUcUSsM18dOaA7jqlTTvauKeQjtSfGzlLrO0nsZtMGPbsX68Q//PqGXaOm7lQaYag+Diok0mKmhad0bYwwLFoRDBuhPsr5T1mXDOu2aKE6O/J0+RmvxIdVMKr/fLZ+aSOEtkmO2SPROSInJFLUiU1wskjeSZD8uo9eS/em/c+Hp3xJjtb5Be8zy84gqYr</latexit>

not necessarily decompactification:

[Lee, Lerche, Weigand ’19]

<latexit sha1_base64="4cw/b67m7GihQyt1o2Ebbvsju0o="></latexit>

Test SDC and WGC in 4d N = 1.

• Setup: F-theory on CY 4-folds.

• Look at infinite distance limits in classical Kähler moduli space:
“t ⇠ � ! 1”

• if 9 gauge theory with g ⇠ e�a�:
) WGC requires states with mn . qne�b�Mpl

• What are these states?
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m2
n ⇠ n2M2

KK

<latexit sha1_base64="YvL03vUy0rYNkZNHn740AkA84uA="></latexit>

String states

m2
n ⇠ nM2

S
<latexit sha1_base64="ITbZrHBhCmOyH7ZNmPcWuVlgG50="></latexit>

(partial) decompactification!
<latexit sha1_base64="tRceXAvcWagR3qGOfYu+cZiu45g="></latexit>

Emergent String Proposal:

Theory reduces to weakly coupled ST and
massless states are excitations of

weakly-coupled critical string.

<latexit sha1_base64="O5LRqVw4Q2+9R4bpyuaKgzOV8Xo=">AAACJnicbVDLSgMxFM34rONr1KWbYBFclRnBB4IgunFZwarQlpJJb9tgJhmSO0IZ+jVu/BU3Lioi7vwUM20RtR4IHM65l5N74lQKi2H44c3Mzs0vLJaW/OWV1bX1YGPzxurMcKhxLbW5i5kFKRTUUKCEu9QAS2IJt/H9ReHfPoCxQqtr7KfQTFhXiY7gDJ3UCk4bHBSCEapLlUaqgIO1zAjZp23gOkkZx+/5k8aDdQLkhykOfN9vBeWwEo5Ap0k0IWUyQbUVDBttzbPEZXLJrK1HYYrNnBkUXMLAb2QWXMA960LdUcUSsM18dOaA7jqlTTvauKeQjtSfGzlLrO0nsZtMGPbsX68Q//PqGXaOm7lQaYag+Diok0mKmhad0bYwwLFoRDBuhPsr5T1mXDOu2aKE6O/J0+RmvxIdVMKr/fLZ+aSOEtkmO2SPROSInJFLUiU1wskjeSZD8uo9eS/em/c+Hp3xJjtb5Be8zy84gqYr</latexit>

not necessarily decompactification:

[Lee, Lerche, Weigand ’19]

<latexit sha1_base64="4cw/b67m7GihQyt1o2Ebbvsju0o="></latexit>

Test SDC and WGC in 4d N = 1.

• Setup: F-theory on CY 4-folds.

• Look at infinite distance limits in classical Kähler moduli space:
“t ⇠ � ! 1”

• if 9 gauge theory with g ⇠ e�a�:
) WGC requires states with mn . qne�b�Mpl

• What are these states?
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Three Core Messages 

1

2

3

<latexit sha1_base64="gfyQ7vP+6SyJLbkXKPI3KXHwSxo="></latexit>

Uniqueness: For equi-dimensional infinite distance points the emergent ten-
sionless and weakly-coupled string is unique.

<latexit sha1_base64="ltiRKCd5e40oTk8MRBTXZuT+aAM="></latexit>

Quantum Consistency: Leading perturbative corrections at O(↵02) ensure
consistency of emergent string limits.

[Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="V9TOQHmgQW0Px+KRvBvlEuLZjks="></latexit>

WGC: Classical super-extremality bound generically satisfied.
But: quantum e↵ects modify super-extremality bound

�! deduce mass renormalisation of string states from quantum corrections.
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Setup
<latexit sha1_base64="41oFbTjksj/t0JyGWFP7vpZJTdA="></latexit>

• F-theory on elliptic CY 4-fold: E⌧ ! X4 ! B3.

• Kähler moduli space spanned by h1,1(B3) moduli v↵.

J = v↵J↵ ) VB3 =
1

6

Z

B3

J3 =
1

6
k↵��v

↵v�v� .

<latexit sha1_base64="9LV5WmbgdQVYTIQZqbMDuj8TajY=">AAAB7nicbVBNS8NAEJ3Urxq/oh69LLaCp5IURI9FLx4r2A9oY9lsN+3SzSbsbgol9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weGRc3zSVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucv9zpRKxWLxqGcJ9SM8EixkBGsjdarTJ69q2wOn4tbcBdA68QpSgQLNgfPVH8YkjajQhGOlep6baD/DUjPC6dzup4ommEzwiPYMFTiiys8W587RhVGGKIylKaHRQv09keFIqVkUmM4I67Fa9XLxP6+X6vDGz5hIUk0FWS4KU450jPLf0ZBJSjSfGYKJZOZWRMZYYqJNQnkI3urL66Rdr3lXNfehXmncFnGU4QzO4RI8uIYG3EMTWkBgAs/wCm9WYr1Y79bHsrVkFTOn8AfW5w8rNY4j</latexit>

v1

<latexit sha1_base64="9LV5WmbgdQVYTIQZqbMDuj8TajY=">AAAB7nicbVBNS8NAEJ3Urxq/oh69LLaCp5IURI9FLx4r2A9oY9lsN+3SzSbsbgol9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weGRc3zSVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucv9zpRKxWLxqGcJ9SM8EixkBGsjdarTJ69q2wOn4tbcBdA68QpSgQLNgfPVH8YkjajQhGOlep6baD/DUjPC6dzup4ommEzwiPYMFTiiys8W587RhVGGKIylKaHRQv09keFIqVkUmM4I67Fa9XLxP6+X6vDGz5hIUk0FWS4KU450jPLf0ZBJSjSfGYKJZOZWRMZYYqJNQnkI3urL66Rdr3lXNfehXmncFnGU4QzO4RI8uIYG3EMTWkBgAs/wCm9WYr1Y79bHsrVkFTOn8AfW5w8rNY4j</latexit>

v1

<latexit sha1_base64="oVwPl0VQhJ7EHQY19/hrkexK5Jc=">AAAB7nicbVBNS8NAEJ3Urxq/oh69LLaCp5IURI9FLx4r2A9oY9lsN+3SzSbsbgol9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weGRc3zSVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucv9zpRKxWLxqGcJ9SM8EixkBGsjdarTp3rVtgdOxa25C6B14hWkAgWaA+erP4xJGlGhCcdK9Tw30X6GpWaE07ndTxVNMJngEe0ZKnBElZ8tzp2jC6MMURhLU0Kjhfp7IsORUrMoMJ0R1mO16uXif14v1eGNnzGRpJoKslwUphzpGOW/oyGTlGg+MwQTycytiIyxxESbhPIQvNWX10m7XvOuau5DvdK4LeIowxmcwyV4cA0NuIcmtIDABJ7hFd6sxHqx3q2PZWvJKmZO4Q+szx8svI4k</latexit>

v2
<latexit sha1_base64="oVwPl0VQhJ7EHQY19/hrkexK5Jc=">AAAB7nicbVBNS8NAEJ3Urxq/oh69LLaCp5IURI9FLx4r2A9oY9lsN+3SzSbsbgol9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weGRc3zSVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucv9zpRKxWLxqGcJ9SM8EixkBGsjdarTp3rVtgdOxa25C6B14hWkAgWaA+erP4xJGlGhCcdK9Tw30X6GpWaE07ndTxVNMJngEe0ZKnBElZ8tzp2jC6MMURhLU0Kjhfp7IsORUrMoMJ0R1mO16uXif14v1eGNnzGRpJoKslwUphzpGOW/oyGTlGg+MwQTycytiIyxxESbhPIQvNWX10m7XvOuau5DvdK4LeIowxmcwyV4cA0NuIcmtIDABJ7hFd6sxHqx3q2PZWvJKmZO4Q+szx8svI4k</latexit>

v2

<latexit sha1_base64="QgTdO5T+ZBPaBTXwv1NGam93jfc="></latexit>

• To avoid decompactification limit, cannot just take

v↵ ⇠ µ ! 1 8↵ .

• Have to take a non-trivial limit:

Intuition: .

• possible if J3
0 = 0 for some generator J0.

[Lee, Lerche, Weigand ’19]



a Max Wiesner      Quantum Corrections for N=1 Emergent Strings & WGC     Iberian Strings 2021      22/01/2021		

Setup

<latexit sha1_base64="CtQ/7rgcwAusJEOrtoJSKZMevFE=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCp7KpiF6EohfxVMF+QBvLZrtpl242YXcjlNC/4cWDIl79M978NyZtDtr6YODx3gwz87xIcG0w/rYKK6tr6xvFTXtre2d3r7R/0NJhrChr0lCEquMRzQSXrGm4EawTKUYCT7C2N77J/PYTU5qH8sFMIuYGZCi5zykxqdSr3PXx49kVrti23S+VcRXPgJaJk5My5Gj0S1+9QUjjgElDBdG66+DIuAlRhlPBpnYv1iwidEyGrJtSSQKm3WR28xSdpMoA+aFKSxo0U39PJCTQehJ4aWdAzEgvepn4n9eNjX/pJlxGsWGSzhf5sUAmRFkAaMAVo0ZMUkKo4umtiI6IItSkMWUhOIsvL5NWreqcV/F9rVy/zuMowhEcwyk4cAF1uIUGNIFCBM/wCm9WbL1Y79bHvLVg5TOH8AfW5w87io8x</latexit>

J3
0 = 0

<latexit sha1_base64="b0hRpERh3v5iaJLQ0BMv26NPKe0=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IURI9FLx4r9AvaUDbbTbt0kw27EyWE+le8eFDEqz/Em//GTZuDtj4YeLw3w8w8PxZcg+N8W6WNza3tnfJuZW//4PDIPj7papkoyjpUCqn6PtFM8Ih1gINg/VgxEvqC9fzZbe73HpjSXEZtSGPmhWQS8YBTAkYa2dX2o8Sx1Jr7XHDgTFcqI7vm1J0F8DpxC1JDBVoj+2s4ljQJWQRUEK0HrhODlxEFnAo2rwwTzWJCZ2TCBoZGJGTayxbHz/G5UcY4kMpUBHih/p7ISKh1GvqmMyQw1ateLv7nDRIIrr2MR3ECLKLLRUEiMEicJ4HHXDEKIjWEUGV+p5hOiSIUTF55CO7qy+uk26i7l3XnvlFr3hRxlNEpOkMXyEVXqInuUAt1EEUpekav6M16sl6sd+tj2Vqyipkq+gPr8wcLiJRc</latexit>

Two possibilities <latexit sha1_base64="m9iorn17f9Ld8P2S8jGXo93bI0I=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbaCp5ItiF6EohfxVMF+YLuWbJq2odnskmSFsvRfePGgiFf/jTf/jdl2D9r6YODx3gwz8/xIcG0w/nZyK6tr6xv5zcLW9s7uXnH/oKnDWFHWoKEIVdsnmgkuWcNwI1g7UowEvmAtf3yd+q0npjQP5b2ZRMwLyFDyAafEWOmhfNvDj9VLXC70iiVcwTOgZeJmpAQZ6r3iV7cf0jhg0lBBtO64ODJeQpThVLBpoRtrFhE6JkPWsVSSgGkvmV08RSdW6aNBqGxJg2bq74mEBFpPAt92BsSM9KKXiv95ndgMLryEyyg2TNL5okEskAlR+j7qc8WoERNLCFXc3oroiChCjQ0pDcFdfHmZNKsV96yC76ql2lUWRx6O4BhOwYVzqMEN1KEBFCQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fzVmPCA==</latexit>

J2
0 = 0

<latexit sha1_base64="2d9dnw8Aq50o9dphf7xvKfKjwZo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CbaCp5ItiB6LXsRTBfsB7VqyabYNzWbXJFsopb/DiwdFvPpjvPlvzLZ70NYHA4/3ZpiZ58eCa4Pxt5NbW9/Y3MpvF3Z29/YPiodHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o5vUb42Z0jySD2YSMy8kA8kDTomxkle+6+HHalcyhMuFXrGEK3gOtErcjJQgQ71X/Or2I5qETBoqiNYdF8fGmxJlOBVsVugmmsWEjsiAdSyVJGTam86PnqEzq/RREClb0qC5+ntiSkKtJ6FvO0NihnrZS8X/vE5igitvymWcGCbpYlGQCGQilCaA+lwxasTEEkIVt7ciOiSKUGNzSkNwl19eJc1qxb2o4PtqqXadxZGHEziFc3DhEmpwC3VoAIUneIZXeHPGzovz7nwsWnNONnMMf+B8/gDl2ZA4</latexit>

J2
0 6= 0

<latexit sha1_base64="tdT690O7n/cEoqZX3YFq2zO4g+0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpiB5LvYinCqYttqFstpt26WYTdjdCCf0XXjwo4tV/481/4ybNQVsfLDzem5mdeX7MmdK2/W2V1tY3NrfK25Wd3b39g+rhUUdFiSTUJRGPZM/HinImqKuZ5rQXS4pDn9OuP73J/O4TlYpF4kHPYuqFeCxYwAjWRnq8uyAcK4ValWG1ZtftHGiVOAWpQYH2sPo1GEUkCanQ+Yy+Y8faS7HUjHA6rwwSRWNMpnhM+4YKHFLlpfnGc3RmlBEKImme0ChXf3ekOFRqFvqmMsR6opa9TPzP6yc6uPZSJuJEU0EWHwUJRzpC2floxCQlms8MwUQysysiEywx0SakLARn+eRV0mnUncu6fd+oNVtFHGU4gVM4BweuoAm30AYXCAh4hld4s5T1Yr1bH4vSklX0HMMfWJ8/DeCP2Q==</latexit>

J-class B

<latexit sha1_base64="3eF8i7y10mOt6JN4X1VIbyEdJ8o=">AAAB8XicbVDLSsNAFL2pr1pfUZduBovgxpIURJdVN+Kqgn1gG8pkOmmHTiZhZiKU0L9w40IRt/6NO//GSZqFth4YOJxz7517jx9zprTjfFulldW19Y3yZmVre2d3z94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xkfueJSsUi8aCnMfVCPBIsYARrIz3enRGOlUJXlYFddWpODrRM3IJUoUBzYH/1hxFJQip0PqPnOrH2Uiw1I5zOKv1E0RiTCR7RnqECh1R5ab7xDJ0YZYiCSJonNMrV3x0pDpWahr6pDLEeq0UvE//zeokOLr2UiTjRVJD5R0HCkY5Qdj4aMkmJ5lNDMJHM7IrIGEtMtAkpC8FdPHmZtOs197zm3NerjesijjIcwTGcggsX0IBbaEILCAh4hld4s5T1Yr1bH/PSklX0HMIfWJ8/DFuP2A==</latexit>

J-class A

Foc
us h

ere

<latexit sha1_base64="KNQM8Zu3P7HfCrVpcrAIKRy3RU0="></latexit>

J2
0 .Jµ 6= 0 8µ 2 I1 ,

J2
0 .Jr = J0.Js.Jr = 0 8r, s 2 I3

<latexit sha1_base64="NzkNjlXdfUL4vznk7PgdK9Ntq/g="></latexit>

J = �J0 +
X

µ2I1

1

�2
Jµ +

X

r2I3

vrJr ,

<latexit sha1_base64="NiX2hoiCRftGNY6BIKsxAbqksWg="></latexit>

VB3 =const. for � ! 1

[Lee, Lerche, Weigand ’19]

<latexit sha1_base64="G/xZpNg2SzhPU/4/UR5tSunf7ss=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FL+Kpgq2FNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4X5Eh0qEglG0Uqt613er/XLFrblzkFXi5aQCOZr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bHTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jkZCM0ZyokllGlhbyVsRDVlaPMp2RC85ZdXSbte8y5q7n290rjO4yjCCZzCOXhwCQ24hSa0gIGAZ3iFN0c5L86787FoLTj5zDH8gfP5A30ljc8=</latexit>

J0

<latexit sha1_base64="OE3tHzUv3EK6HSx4C9I/DcwGWTw=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IreCpJQfRY9KK3CrYW2hA22027dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tr6xuVXeruzs7u1X7YPDropTSWiHxDyWvQArypmgHc00p71EUhwFnD4Ek+vcf3ikUrFY3OtpQr0IjwQLGcHaSL5drQ8irMcE8+x25rt13645DWcOtErcgtSgQNu3vwbDmKQRFZpwrFTfdRLtZVhqRjidVQapogkmEzyifUMFjqjysnnwGTo1yhCFsTRPaDRXf29kOFJqGgVmMk+plr1c/M/rpzq89DImklRTQRaHwpQjHaO8BTRkkhLNp4ZgIpnJisgYS0y06apiSnCXv7xKus2Ge95w7pq11lVRRxmO4QTOwIULaMENtKEDBFJ4hld4s56sF+vd+liMlqxi5wj+wPr8AeCTkpI=</latexit>

I1

<latexit sha1_base64="dBw7oVN5r9JJ0m+fXhuC3iyecNE=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSEV0W3eiugn1AG8JkOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlLbtb6uwtr6xuVXcLu3s7u2XKweHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe36k5vM7z5SqVgkHvQ0pm6IR4IFjGBtJK9Srg1CrMcE8/Ru5p3XvErVrttzoFXi5KQKOVpe5WswjEgSUqEJx0r1HTvWboqlZoTTWWmQKBpjMsEj2jdU4JAqN50Hn6FTowxREEnzhEZz9fdGikOlpqFvJrOUatnLxP+8fqKDKzdlIk40FWRxKEg40hHKWkBDJinRfGoIJpKZrIiMscREm65KpgRn+curpNOoOxd1+75RbV7ndRThGE7gDBy4hCbcQgvaQCCBZ3iFN+vJerHerY/FaMHKd47gD6zPH+OdkpQ=</latexit>

I3
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Setup

<latexit sha1_base64="CtQ/7rgcwAusJEOrtoJSKZMevFE=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCp7KpiF6EohfxVMF+QBvLZrtpl242YXcjlNC/4cWDIl79M978NyZtDtr6YODx3gwz87xIcG0w/rYKK6tr6xvFTXtre2d3r7R/0NJhrChr0lCEquMRzQSXrGm4EawTKUYCT7C2N77J/PYTU5qH8sFMIuYGZCi5zykxqdSr3PXx49kVrti23S+VcRXPgJaJk5My5Gj0S1+9QUjjgElDBdG66+DIuAlRhlPBpnYv1iwidEyGrJtSSQKm3WR28xSdpMoA+aFKSxo0U39PJCTQehJ4aWdAzEgvepn4n9eNjX/pJlxGsWGSzhf5sUAmRFkAaMAVo0ZMUkKo4umtiI6IItSkMWUhOIsvL5NWreqcV/F9rVy/zuMowhEcwyk4cAF1uIUGNIFCBM/wCm9WbL1Y79bHvLVg5TOH8AfW5w87io8x</latexit>

J3
0 = 0

<latexit sha1_base64="b0hRpERh3v5iaJLQ0BMv26NPKe0=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IURI9FLx4r9AvaUDbbTbt0kw27EyWE+le8eFDEqz/Em//GTZuDtj4YeLw3w8w8PxZcg+N8W6WNza3tnfJuZW//4PDIPj7papkoyjpUCqn6PtFM8Ih1gINg/VgxEvqC9fzZbe73HpjSXEZtSGPmhWQS8YBTAkYa2dX2o8Sx1Jr7XHDgTFcqI7vm1J0F8DpxC1JDBVoj+2s4ljQJWQRUEK0HrhODlxEFnAo2rwwTzWJCZ2TCBoZGJGTayxbHz/G5UcY4kMpUBHih/p7ISKh1GvqmMyQw1ateLv7nDRIIrr2MR3ECLKLLRUEiMEicJ4HHXDEKIjWEUGV+p5hOiSIUTF55CO7qy+uk26i7l3XnvlFr3hRxlNEpOkMXyEVXqInuUAt1EEUpekav6M16sl6sd+tj2Vqyipkq+gPr8wcLiJRc</latexit>

Two possibilities <latexit sha1_base64="m9iorn17f9Ld8P2S8jGXo93bI0I=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CbaCp5ItiF6EohfxVMF+YLuWbJq2odnskmSFsvRfePGgiFf/jTf/jdl2D9r6YODx3gwz8/xIcG0w/nZyK6tr6xv5zcLW9s7uXnH/oKnDWFHWoKEIVdsnmgkuWcNwI1g7UowEvmAtf3yd+q0npjQP5b2ZRMwLyFDyAafEWOmhfNvDj9VLXC70iiVcwTOgZeJmpAQZ6r3iV7cf0jhg0lBBtO64ODJeQpThVLBpoRtrFhE6JkPWsVSSgGkvmV08RSdW6aNBqGxJg2bq74mEBFpPAt92BsSM9KKXiv95ndgMLryEyyg2TNL5okEskAlR+j7qc8WoERNLCFXc3oroiChCjQ0pDcFdfHmZNKsV96yC76ql2lUWRx6O4BhOwYVzqMEN1KEBFCQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fzVmPCA==</latexit>

J2
0 = 0

<latexit sha1_base64="2d9dnw8Aq50o9dphf7xvKfKjwZo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CbaCp5ItiB6LXsRTBfsB7VqyabYNzWbXJFsopb/DiwdFvPpjvPlvzLZ70NYHA4/3ZpiZ58eCa4Pxt5NbW9/Y3MpvF3Z29/YPiodHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o5vUb42Z0jySD2YSMy8kA8kDTomxkle+6+HHalcyhMuFXrGEK3gOtErcjJQgQ71X/Or2I5qETBoqiNYdF8fGmxJlOBVsVugmmsWEjsiAdSyVJGTam86PnqEzq/RREClb0qC5+ntiSkKtJ6FvO0NihnrZS8X/vE5igitvymWcGCbpYlGQCGQilCaA+lwxasTEEkIVt7ciOiSKUGNzSkNwl19eJc1qxb2o4PtqqXadxZGHEziFc3DhEmpwC3VoAIUneIZXeHPGzovz7nwsWnNONnMMf+B8/gDl2ZA4</latexit>

J2
0 6= 0

<latexit sha1_base64="tdT690O7n/cEoqZX3YFq2zO4g+0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpiB5LvYinCqYttqFstpt26WYTdjdCCf0XXjwo4tV/481/4ybNQVsfLDzem5mdeX7MmdK2/W2V1tY3NrfK25Wd3b39g+rhUUdFiSTUJRGPZM/HinImqKuZ5rQXS4pDn9OuP73J/O4TlYpF4kHPYuqFeCxYwAjWRnq8uyAcK4ValWG1ZtftHGiVOAWpQYH2sPo1GEUkCanQ+Yy+Y8faS7HUjHA6rwwSRWNMpnhM+4YKHFLlpfnGc3RmlBEKImme0ChXf3ekOFRqFvqmMsR6opa9TPzP6yc6uPZSJuJEU0EWHwUJRzpC2floxCQlms8MwUQysysiEywx0SakLARn+eRV0mnUncu6fd+oNVtFHGU4gVM4BweuoAm30AYXCAh4hld4s5T1Yr1bH4vSklX0HMMfWJ8/DeCP2Q==</latexit>

J-class B

<latexit sha1_base64="3eF8i7y10mOt6JN4X1VIbyEdJ8o=">AAAB8XicbVDLSsNAFL2pr1pfUZduBovgxpIURJdVN+Kqgn1gG8pkOmmHTiZhZiKU0L9w40IRt/6NO//GSZqFth4YOJxz7517jx9zprTjfFulldW19Y3yZmVre2d3z94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xkfueJSsUi8aCnMfVCPBIsYARrIz3enRGOlUJXlYFddWpODrRM3IJUoUBzYH/1hxFJQip0PqPnOrH2Uiw1I5zOKv1E0RiTCR7RnqECh1R5ab7xDJ0YZYiCSJonNMrV3x0pDpWahr6pDLEeq0UvE//zeokOLr2UiTjRVJD5R0HCkY5Qdj4aMkmJ5lNDMJHM7IrIGEtMtAkpC8FdPHmZtOs197zm3NerjesijjIcwTGcggsX0IBbaEILCAh4hld4s5T1Yr1bH/PSklX0HMIfWJ8/DFuP2A==</latexit>

J-class A

Foc
us h

ere

<latexit sha1_base64="KNQM8Zu3P7HfCrVpcrAIKRy3RU0="></latexit>

J2
0 .Jµ 6= 0 8µ 2 I1 ,

J2
0 .Jr = J0.Js.Jr = 0 8r, s 2 I3

<latexit sha1_base64="NzkNjlXdfUL4vznk7PgdK9Ntq/g="></latexit>

J = �J0 +
X

µ2I1

1

�2
Jµ +

X

r2I3

vrJr ,

<latexit sha1_base64="NiX2hoiCRftGNY6BIKsxAbqksWg="></latexit>

VB3 =const. for � ! 1

<latexit sha1_base64="o9S0lY2jKR1CZMqdDO5hplIy7ds="></latexit>

• The curve C0 = J0.J0 shrinks in the limit: VC0 ⇠ 1
�2

• B3 is fibration C0 ! B2:

1

2

<latexit sha1_base64="/pNRKgAtZFuBT3jbbDVUtPm71ME=">AAACE3icbVC7SgNBFJ31GeMramkzmAhiEXYDomUwjWUE84BsDLOTm2TI7MOZu2JY9h9s/BUbC0Vsbez8GyePQhMPDBzOuXfmzPEiKTTa9re1tLyyurae2chubm3v7Ob29us6jBWHGg9lqJoe0yBFADUUKKEZKWC+J6HhDStjv3EPSoswuMFRBG2f9QPRE5yhkTq504KL8ICTixJPxpAmlY7tauHDHXV9hgPPS6rprZMWOrm8XbQnoIvEmZE8maHayX253ZDHPgTIJdO65dgRthOmUHAJadaNNUSMD1kfWoYGzAfdTiZRUnpslC7thcqcAOlE/b2RMF/rke+ZyXFKPe+Nxf+8Voy9i3YigihGCPj0oV4sKYZ0XBDtCgUc5cgQxpUwWSkfMMU4mhqzpgRn/suLpF4qOmdF+7qUL1/O6siQQ3JETohDzkmZXJEqqRFOHskzeSVv1pP1Yr1bH9PRJWu2c0D+wPr8AXXwnn8=</latexit>

C0 ' P1

<latexit sha1_base64="m/2R8wDeJreabJN9gs2jSSih5Dg=">AAACCnicbVC7TgJBFJ3FF+Jr1dJmFEysyC6J0ZJIY4kJrwSQzA4XmDD7cOaukWyobfwVGwuNsfUL7Pwbh0eh4ElucnLOvTP3Hi+SQqPjfFupldW19Y30ZmZre2d3z94/qOkwVhyqPJShanhMgxQBVFGghEakgPmehLo3LE38+j0oLcKggqMI2j7rB6InOEMjdezjXAvhAacPJZ6MYZyUOk5LCx/uaOW2MM517KyTd6agy8SdkyyZo9yxv1rdkMc+BMgl07rpOhG2E6ZQcAnjTCvWEDE+ZH1oGhowH3Q7mW4wpqdG6dJeqEwFSKfq74mE+VqPfM90+gwHetGbiP95zRh7l+1EBFGMEPDZR71YUgzpJBfaFQo4ypEhjCthdqV8wBTjaNLLmBDcxZOXSa2Qd8/zzk0hW7yax5EmR+SEnBGXXJAiuSZlUiWcPJJn8krerCfrxXq3PmatKWs+c0j+wPr8Afggmmg=</latexit>

C0 ' T 2

<latexit sha1_base64="gIr7qVBoFhYPLrqnGLiAiBKX3Pk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI+lXjxWMLXQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK/hhObuf+4xPXRsTqAacJDyI6UmIoGEUr+dVmv17tlytuzV2ArBMvJxXI0eqXv3qDmKURV8gkNabruQkGGdUomOSzUi81PKFsQke8a6miETdBtjh2Ri6sMiDDWNtSSBbq74mMRsZMo9B2RhTHZtWbi/953RSHN0EmVJIiV2y5aJhKgjGZf04GQnOGcmoJZVrYWwkbU00Z2nxKNgRv9eV10q7XvKuae1+vNJp5HEU4g3O4BA+uoQF30AIfGAh4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/c/eNyQ==</latexit>

B2

<latexit sha1_base64="gIr7qVBoFhYPLrqnGLiAiBKX3Pk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI+lXjxWMLXQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK/hhObuf+4xPXRsTqAacJDyI6UmIoGEUr+dVmv17tlytuzV2ArBMvJxXI0eqXv3qDmKURV8gkNabruQkGGdUomOSzUi81PKFsQke8a6miETdBtjh2Ri6sMiDDWNtSSBbq74mMRsZMo9B2RhTHZtWbi/953RSHN0EmVJIiV2y5aJhKgjGZf04GQnOGcmoJZVrYWwkbU00Z2nxKNgRv9eV10q7XvKuae1+vNJp5HEU4g3O4BA+uoQF30AIfGAh4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/c/eNyQ==</latexit>

B2

<latexit sha1_base64="oEB8Z46efkz4ra83Wuy1dSIg2PU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDLaCq5BURDdCaTeCmwr2AW0Ik+mkHTp5MDMRSij4K25cKOLW73Dn3zhts9DWAxcO59zLvff4CWdS2fa3sbK6tr6xWdgqbu/s7u2bB4ctGaeC0CaJeSw6PpaUs4g2FVOcdhJBcehz2vZH9anffqRCsjh6UOOEuiEeRCxgBCsteeZxuedjge68rOZdTCxU9+ybStkzS7Zlz4CWiZOTEuRoeOZXrx+TNKSRIhxL2XXsRLkZFooRTifFXippgskID2hX0wiHVLrZ7PwJOtNKHwWx0BUpNFN/T2Q4lHIc+rozxGooF72p+J/XTVVw7WYsSlJFIzJfFKQcqRhNs0B9JihRfKwJJoLpWxEZYoGJ0okVdQjO4svLpFWxnEvLvq+UqrU8jgKcwCmcgwNXUIVbaEATCGTwDK/wZjwZL8a78TFvXTHymSP4A+PzB+Nkk30=</latexit>

K̄B3 .C0 = 2

<latexit sha1_base64="CNz4fe1JBYl/IkFo/yKROd83IzM=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVZhURDdCaTeCmwr2AW0Ik+mkHTqZhJmJUELBX3HjQhG3foc7/8Zpm4W2HrhwOOde7r0nSDhTGqFva2V1bX1js7BV3N7Z3du3Dw5bKk4loU0S81h2AqwoZ4I2NdOcdhJJcRRw2g5G9anffqRSsVg86HFCvQgPBAsZwdpIvn1c7gVYwjs/q/kXEwfWfXSDyr5dQg6aAS4TNyclkKPh21+9fkzSiApNOFaq66JEexmWmhFOJ8VeqmiCyQgPaNdQgSOqvGx2/gSeGaUPw1iaEhrO1N8TGY6UGkeB6YywHqpFbyr+53VTHV57GRNJqqkg80VhyqGO4TQL2GeSEs3HhmAimbkVkiGWmGiTWNGE4C6+vExaFce9dNB9pVSt5XEUwAk4BefABVegCm5BAzQBARl4Bq/gzXqyXqx362PeumLlM0fgD6zPH+Bak3s=</latexit>

K̄B3 .C0 = 0

[Lee, Lerche, Weigand ’19]
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Emergent Strings

<latexit sha1_base64="/pNRKgAtZFuBT3jbbDVUtPm71ME=">AAACE3icbVC7SgNBFJ31GeMramkzmAhiEXYDomUwjWUE84BsDLOTm2TI7MOZu2JY9h9s/BUbC0Vsbez8GyePQhMPDBzOuXfmzPEiKTTa9re1tLyyurae2chubm3v7Ob29us6jBWHGg9lqJoe0yBFADUUKKEZKWC+J6HhDStjv3EPSoswuMFRBG2f9QPRE5yhkTq504KL8ICTixJPxpAmlY7tauHDHXV9hgPPS6rprZMWOrm8XbQnoIvEmZE8maHayX253ZDHPgTIJdO65dgRthOmUHAJadaNNUSMD1kfWoYGzAfdTiZRUnpslC7thcqcAOlE/b2RMF/rke+ZyXFKPe+Nxf+8Voy9i3YigihGCPj0oV4sKYZ0XBDtCgUc5cgQxpUwWSkfMMU4mhqzpgRn/suLpF4qOmdF+7qUL1/O6siQQ3JETohDzkmZXJEqqRFOHskzeSVv1pP1Yr1bH9PRJWu2c0D+wPr8AXXwnn8=</latexit>

C0 ' P1

<latexit sha1_base64="gIr7qVBoFhYPLrqnGLiAiBKX3Pk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI+lXjxWMLXQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK/hhObuf+4xPXRsTqAacJDyI6UmIoGEUr+dVmv17tlytuzV2ArBMvJxXI0eqXv3qDmKURV8gkNabruQkGGdUomOSzUi81PKFsQke8a6miETdBtjh2Ri6sMiDDWNtSSBbq74mMRsZMo9B2RhTHZtWbi/953RSHN0EmVJIiV2y5aJhKgjGZf04GQnOGcmoJZVrYWwkbU00Z2nxKNgRv9eV10q7XvKuae1+vNJp5HEU4g3O4BA+uoQF30AIfGAh4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/c/eNyQ==</latexit>

B2

<latexit sha1_base64="oEB8Z46efkz4ra83Wuy1dSIg2PU=">AAAB/nicbVDLSsNAFL3xWesrKq7cDLaCq5BURDdCaTeCmwr2AW0Ik+mkHTp5MDMRSij4K25cKOLW73Dn3zhts9DWAxcO59zLvff4CWdS2fa3sbK6tr6xWdgqbu/s7u2bB4ctGaeC0CaJeSw6PpaUs4g2FVOcdhJBcehz2vZH9anffqRCsjh6UOOEuiEeRCxgBCsteeZxuedjge68rOZdTCxU9+ybStkzS7Zlz4CWiZOTEuRoeOZXrx+TNKSRIhxL2XXsRLkZFooRTifFXippgskID2hX0wiHVLrZ7PwJOtNKHwWx0BUpNFN/T2Q4lHIc+rozxGooF72p+J/XTVVw7WYsSlJFIzJfFKQcqRhNs0B9JihRfKwJJoLpWxEZYoGJ0okVdQjO4svLpFWxnEvLvq+UqrU8jgKcwCmcgwNXUIVbaEATCGTwDK/wZjwZL8a78TFvXTHymSP4A+PzB+Nkk30=</latexit>

K̄B3 .C0 = 2

[Lee, Lerche, Weigand ’19]

<latexit sha1_base64="qio9PFxww00+VcJNG+yckG6g5Ss=">AAACCnicbVA9SwNBEN2LXzF+RS1tVhNBC8NdQLQM2tgICkaFfBx7m0my3N7esTsnhiO1jX/FxkIRW3+Bnf/GTUzh14OBx3szzMwLEikMuu6Hk5uanpmdy88XFhaXlleKq2uXJk41hzqPZayvA2ZACgV1FCjhOtHAokDCVRAej/yrG9BGxOoCBwm0ItZTois4Qyv5xc3yqR+2q00jInrqNxFuMesDDtvVHeWHe95u2S+W3Io7Bv1LvAkpkQnO/OJ7sxPzNAKFXDJjGp6bYCtjGgWXMCw0UwMJ4yHrQcNSxSIwrWz8ypBuW6VDu7G2pZCO1e8TGYuMGUSB7YwY9s1vbyT+5zVS7B62MqGSFEHxr0XdVFKM6SgX2hEaOMqBJYxrYW+lvM8042jTK9gQvN8v/yWX1Yq3X3HPq6Xa0SSOPNkgW2SHeOSA1MgJOSN1wskdeSBP5Nm5dx6dF+f1qzXnTGbWyQ84b5/77Zko</latexit>

M2
k ⇠ M2

het(nk � 1)
<latexit sha1_base64="s9gJTUfRlGf6OuQx9/WZdX6uXw4=">AAACCXicbVC7TsMwFHV4lvIqMLJYtEhMVVKBQEwVLIxFog+pCZHj3rZWHCfYDqKqurLwKywMIMTKH7DxN7htBmg5kuWjc+7VvfcECWdK2/a3tbC4tLyymlvLr29sbm0XdnYbKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMwgvx37zHqRisbjRgwS8iPQE6zJKtJH8Ai658GDGKHznh6VzXDLfbcXtAT6OhB/ikl8o2mV7AjxPnIwUUYaaX/hyOzFNIxCacqJU27ET7Q2J1IxyGOXdVEFCaEh60DZUkAiUN5xcMsKHRungbizNExpP1N8dQxIpNYgCUxkR3Vez3lj8z2ununvmDZlIUg2CTgd1U451jMex4A6TQDUfGEKoZGZXTPtEEqpNeHkTgjN78jxpVMrOSdm+rhSrF1kcObSPDtARctApqqIrVEN1RNEjekav6M16sl6sd+tjWrpgZT176A+szx9qnJg6</latexit>

9qk: q2k � 4mnk

<latexit sha1_base64="9jRYH9CYEzDmAAU5cu7oQmHG8ZI="></latexit>

• D3-brane wrapped on C0 gives rise to emergent heterotic string :

M2
het

M2
S

⇠ ��2

• Gauge theory on divisor S with S.C0 6= 0 becomes weakly coupled:

1

g2YM

= VS ⇠ �2

• String excitation modes satisfy WGC!
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So everythings fine?
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Open Problems 
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Can there be multiple strings that become tensionless at the same rate?
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Open Problems 
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Analysis so far was purely classical!

• N = 1 moduli space is not classically exact.

• Quantum Corrections can obstruct classical infinite distance limits!
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Already observed in N = 2 setups:

1. Vector multiplet moduli space of IIA on CY3.

2. Hypermultiplet moduli space of IIB on CY3.

[Lee, Lerche, Weigand ’19]

[Marchesano, MW ’19]
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• Shrinking of fibral curve can be problematic:

VC0 = M2
het

M2
S

- M2
KK

M2
S

.

) Critical 4D string theory?!
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In type IIB hypermultiplet moduli space the quantum corrections precisely ob-
struct limits with classically intrinsically 4D strings!

2

[Baume, Marchesano, MW ’19]
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Can there be multiple strings that become tensionless at the same rate?
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Does the classical WGC relation also receive quantum corrections?
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Summary of Results
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Uniqueness: For any J-class A or J-class B limit one of the following holds:

1. B3 has a unique P1-fibration and the fiber shrinks at the fastest rate in
the limit (unique emergent heterotic string).

2. B3 has a unique T 2-fibration and the fiber shrinks at the fastest rate in
the limit. (unique emergent type II string)

3. No such unique fibration exists; MKK/MS ! 0 for any solitonic string
(decompactification)

[Kläwer, Lee, Weigand, MW ’20]
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Summary of Results
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Uniqueness: For any J-class A or J-class B limit one of the following holds:

1. B3 has a unique P1-fibration and the fiber shrinks at the fastest rate in
the limit (unique emergent heterotic string).

2. B3 has a unique T 2-fibration and the fiber shrinks at the fastest rate in
the limit. (unique emergent type II string)

3. No such unique fibration exists; MKK/MS ! 0 for any solitonic string
(decompactification)
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For T 2-fibrations:

• ↵0-corrections do not ostruct infinite distance limits with finite volume:
! Classical analysis goes through!

• Reason: Winding modes along the torus fiber give the leading KK tower
) M2

IIB/M
2
KK ⇠ O(1): Emergent string limit!

[Kläwer, Lee, Weigand, MW ’20]
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Summary of Results

2
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For P1-fibrations:

• ↵0-corrections obstruct infinite distance limits with finite volume:
! Perturbative control lost at finite distance in Kähler moduli space
) No emergent string limit!

• Limit: J = �̃J0+
1
�̃
JI1+bJI3 marginally allowed with Mhet/MKK ⇠ O(1).

) Emergent String Limit survives quantum corrections!

[Kläwer, Lee, Weigand, MW ’20]
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For P1-fibrations:

• ↵0-corrections obstruct infinite distance limits with finite volume:
! Perturbative control lost at finite distance in Kähler moduli space
) No emergent string limit!

• Limit: J = �̃J0+
1
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JI1+bJI3 marginally allowed with Mhet/MKK ⇠ O(1).

) Emergent String Limit survives quantum corrections!
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[Kläwer, Lee, Weigand, MW ’20]
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The WGC relation (only applies for the P1 case):

• Classically satisfied by excitations of heterotic string.

• Corrections to F-theory geometry yield correction to the superextremality
bound:

g2
YM

q2kM
2

Pl

M2

k

� g2
YM

Q2

BH
M2

Pl

M2

BH

= 1� 1

2
(�0 +�1) .

• For repulsive force conjecture to be satisfied: find mass renormalisation of
string excitation states.
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Quantum Corrections [Grimm, Keitel, Mayer, Pugh, Savelli, Weissenbacher ’13-’19]



a Max Wiesner      Quantum Corrections for N=1 Emergent Strings & WGC     Iberian Strings 2021      22/01/2021		

Quantum Corrections [Grimm, Keitel, Mayer, Pugh, Savelli, Weissenbacher ’13-’19]
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Quantum Obstructions
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• Recall the classical limit: J = �J0 +
1
�2

P
µ2I1

aµJµ +
P

r2I3
brJ3 .

• Perturbative control requires in particular:

Z
V0
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B3
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[Kläwer, Lee, Weigand, MW ’20]
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Quantum Obstructions
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Condition violated for coe�cient of Z0 and T0: v0

V0
B3

⇠ � � 1

Perturbative control lost, if Z0 6= 0 or T0 6= 0!

[Kläwer, Lee, Weigand, MW ’20]



a Max Wiesner      Quantum Corrections for N=1 Emergent Strings & WGC     Iberian Strings 2021      22/01/2021		

Quantum Obstructions
<latexit sha1_base64="2dqk+hpF+f6nSd9SvyVnsXfWqbg="></latexit>

ReT↵ = ReT 0
↵ + ↵2

✓
(3 + 5)

ReT 0
↵Z

V0
B3

+ 5
ReT 0

↵T
V0
B3

+ 4Z↵ logV0
B3

+ 6T↵ + 7Z↵

◆
.

<latexit sha1_base64="B/ZOxNERPgX46RcEreikxoTP4Ds="></latexit>

• Recall the classical limit: J = �J0 +
1
�2

P
µ2I1

aµJµ +
P

r2I3
brJ3 .

• Perturbative control requires in particular:

Z
V0
B3

⌧ 1 ,
T
V0
B3

⌧ 1 .
<latexit sha1_base64="n2BH4ZKwVv5NMVYSKrOqhuDZo2g="></latexit>

Condition violated for coe�cient of Z0 and T0: v0

V0
B3

⇠ � � 1

Perturbative control lost, if Z0 6= 0 or T0 6= 0!

<latexit sha1_base64="Cb9jqOxkCPpBLAeiBvQ1a6Z/Wqg="></latexit>

B3 : T 2 ! B2:

• In generic models: Z0 = 0 independent
of chosen model.

• K̄.C0 = 0 ) T0 = 0
independently of chosen model.

) Classical limit stays in
perturbative F-theory regime!

[Kläwer, Lee, Weigand, MW ’20]
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Quantum Obstructions
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B3 : P1 ! B2:

• In generic models: Z0 6= 0 but precise
value model dependent.

• K̄.C0 = 2 ) T0 = �36(1 + ↵2)
independently of chosen model.

) Classical limit leads out of
perturbative F-theory regime!

<latexit sha1_base64="Cb9jqOxkCPpBLAeiBvQ1a6Z/Wqg="></latexit>

B3 : T 2 ! B2:

• In generic models: Z0 = 0 independent
of chosen model.

• K̄.C0 = 0 ) T0 = 0
independently of chosen model.

) Classical limit stays in
perturbative F-theory regime!



a Max Wiesner      Quantum Corrections for N=1 Emergent Strings & WGC     Iberian Strings 2021      22/01/2021		

Quantum Obstructions — Consequences
[Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="llIfDnzg3LaV4SqVwDfiNI92ppM="></latexit>

To keep weakly-coupled, tensionless heterotic string limit have to rescale:

J ! J 0 = µJ

• For µ = �1/2 have Mhet/MKK ⇠ O(1) which is marginally allowed by the
quantum corrections (only numerical suppression).

• No further obstruction due to non-perturbative superpotential.

<latexit sha1_base64="mLmuflcJ+xbxCFt+1gEKvCy9oH4="></latexit>

Question: Is the WGC relation a↵ected by the quantum corrections?
∏

µ

¢0 ¡ ¢1

obstructed
Tstr ¡ M 2

KK

¢0 ¬ ¢1

decompactification
M 2

KK ¡ Tstr

µ
2 ª ∏

uniq
ue emerge

nt strin
g

Tstr
ª M

2
KK
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Weak Gravity Conjecture [Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="kl/7GfFEDgJ0+xyfUK6uwqgNd5A="></latexit>

From now on, assume that we have U(1) gauge theory realised on divisor S. In
general, the WGC requires

g2
YM

q2k
M2

k

!

� g2
YM

Q2

BH

M2

BH

gYM!0

=
1

M2

Pl

Here the mass Mk of the states is

M2

k = 8⇡M2

het
(nk � 1)

Proof of this in the asymptotic regime has two components:

• Combinatorial Part: Establish the existence of excitation states satisfying

q2k � 4mnk.

• Geometric Part: Establish a geometric relation between curve volumes

g2
YM

=
2⇡

VS
, M2

het
= 2⇡VC0 , M2

Pl
= (4⇡)VB3 .
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Weak Gravity Conjecture [Kläwer, Lee, Weigand, MW ’20]

[2 x (Lee, Lerche, Lockhart, Weigand ’20)]

<latexit sha1_base64="3l/4ONVr03UuSjp6/H11U0EtOrE="></latexit>

From now on, assume that we have U(1) gauge theory realised on divisor S. In
general, the WGC requires

g2
YM

q2k
M2

k

!

� g2
YM

Q2

BH

M2

BH

gYM!0

=
1

M2

Pl

Here the mass Mk of the states is

M2

k = 8⇡M2

het
(nk � 1)

Proof of this in the asymptotic regime has two components:

• Combinatorial Part: Establish the existence of excitation states satisfying

q2k � 4mnk.

– Excitation spectrum captured by elliptic genus of heterotic string.

– Use general properties of 4D elliptic genus to infer existence of such

states.

• Geometric Part: Establish a geometric relation between curve volumes

g2
YM

=
2⇡

VS
, M2

het
= 2⇡VC0 , M2

Pl
= (4⇡)VB3 .
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Weak Gravity Conjecture [Kläwer, Lee, Weigand, MW ’20]

[see also: Lee, Lerche, Weigand ’19]

<latexit sha1_base64="6VwjHP7T3yrC0wpR+0klAptuqa4="></latexit>

From now on, assume that we have U(1) gauge theory realised on divisor S. In
general, the WGC requires

g2
YM

q2k
M2

k

!

� g2
YM

Q2

BH

M2

BH

gYM!0

=
1

M2

Pl

Here the mass Mk of the states is

M2

k = 8⇡M2

het
(nk � 1)

Proof of this in the asymptotic regime has two components:

• Combinatorial Part: Establish the existence of excitation states satisfying

q2k � 4mnk.

• Geometric Part: Establish a geometric relation between curve volumes

g2
YM

=
2⇡

VS
, M2

het
= 2⇡VC0 , M2

Pl
= (4⇡)VB3 .

– Classically, in the strict asymptotic limit

V(0)

S V(0)

C0

2mV(0)

B3

= 1

– But what about corrections?
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Corrections in F-theory/Heterotic Duality
[Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="7ZRod/R26MNkTgxlExoAF0oQwDQ="></latexit>

To see the e↵ect of the corrections to the WGC relation, we look at (part of)
the F-theory/heterotic dictionary:
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Corrections in F-theory/Heterotic Duality
[Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="7ZRod/R26MNkTgxlExoAF0oQwDQ="></latexit>

To see the e↵ect of the corrections to the WGC relation, we look at (part of)
the F-theory/heterotic dictionary:

<latexit sha1_base64="YIXilNMJ4LlxkgNaKwEjN6JrbhU="></latexit>

• 4D heterotic dilaton Shet satisfies classical relation

2⇡

g2YM

����
Mhet

= (2m)ReShet =
1

2

M2
pl

M2
het

<latexit sha1_base64="BSZksU/MBwfKfG2Kc/Kib1/3JDE="></latexit>

• Geometric classical relation in the
weak coupling limit 1

VS
=

2mVB3
VC0
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Corrections in F-theory/Heterotic Duality
[Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="7ZRod/R26MNkTgxlExoAF0oQwDQ="></latexit>

To see the e↵ect of the corrections to the WGC relation, we look at (part of)
the F-theory/heterotic dictionary:

<latexit sha1_base64="YIXilNMJ4LlxkgNaKwEjN6JrbhU="></latexit>

• 4D heterotic dilaton Shet satisfies classical relation

2⇡

g2YM

����
Mhet

= (2m)ReShet =
1

2

M2
pl

M2
het

<latexit sha1_base64="BSZksU/MBwfKfG2Kc/Kib1/3JDE="></latexit>

• Geometric classical relation in the
weak coupling limit 1

VS
=

2mVB3
VC0

<latexit sha1_base64="7yb2Tmgw/rsISbimLFqFDqhy42o="></latexit>

• O(S0
het) holomorphic and non-holomorphic corrections:

O(S0
het) = �̃ = 2⇡Ref (1)(M)| {z }

=�̃0

+
c

8⇡
KH(M, M̄)

| {z }
=�̃1

+ . . .

<latexit sha1_base64="hEWHe47CJvg0ccltuXErbTAtHXY="></latexit>

• F-theory corrections split into two parts

VSVC0

2mVB3

=
V(0)
S V(0)

C0

2mV(0)
B3

(1 +�0 +�1 + . . .)

�0: classical corrections to the weak coupling limit
from four-fold geometry
�1: ↵0-corrections
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Corrections in F-theory/Heterotic Duality
[Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="7ZRod/R26MNkTgxlExoAF0oQwDQ="></latexit>

To see the e↵ect of the corrections to the WGC relation, we look at (part of)
the F-theory/heterotic dictionary:

<latexit sha1_base64="YIXilNMJ4LlxkgNaKwEjN6JrbhU="></latexit>

• 4D heterotic dilaton Shet satisfies classical relation

2⇡

g2YM

����
Mhet

= (2m)ReShet =
1

2

M2
pl

M2
het

<latexit sha1_base64="BSZksU/MBwfKfG2Kc/Kib1/3JDE="></latexit>

• Geometric classical relation in the
weak coupling limit 1

VS
=

2mVB3
VC0
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• O(S0
het) holomorphic and non-holomorphic corrections:

O(S0
het) = �̃ = 2⇡Ref (1)(M)| {z }

=�̃0

+
c

8⇡
KH(M, M̄)

| {z }
=�̃1

+ . . .

<latexit sha1_base64="hEWHe47CJvg0ccltuXErbTAtHXY="></latexit>

• F-theory corrections split into two parts

VSVC0

2mVB3

=
V(0)
S V(0)

C0

2mV(0)
B3

(1 +�0 +�1 + . . .)

�0: classical corrections to the weak coupling limit
from four-fold geometry
�1: ↵0-corrections

<latexit sha1_base64="A5YkG7CQf53uxCPU45QT9Nwp1tU="></latexit>

Can now match the corrections at the heterotic string scale

2⇡

g2YM

����
Mhet.

= 2mReShet (1 +�0 +�1)�
b

2⇡
log (2⇡VC0)

| {z }
Running from MIIB ! Mhet.

<latexit sha1_base64="IkKEQbRzJbYjrvdAl5RLyfuKCDY="></latexit>

�̃0 = 2mReShet �0

�̃1 = 2mReShet �1 �
b

8⇡
log(2⇡VC0) .

(Identification allows to fix certain coefficients 
 of the F-theory corrections)
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WGC — Perturbative Corrections [Kläwer, Lee, Weigand, MW ’20]
<latexit sha1_base64="iKnKtYxsEk4qzYpJlD0/aoCPqzQ="></latexit>

• Including corrections we get the WGC relation

g2YMq2k
M2

k

� g2YM

4⇡

2m

M2
het

=
2mVB3

VSVC0

1

M2
Pl

= (1��0 ��1 + . . .)
1

M2
Pl

• So WGC not fulfilled except in the strict limit?
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WGC — Perturbative Corrections [Kläwer, Lee, Weigand, MW ’20]
<latexit sha1_base64="iKnKtYxsEk4qzYpJlD0/aoCPqzQ="></latexit>

• Including corrections we get the WGC relation

g2YMq2k
M2

k

� g2YM

4⇡

2m

M2
het

=
2mVB3

VSVC0

1

M2
Pl

= (1��0 ��1 + . . .)
1

M2
Pl

• So WGC not fulfilled except in the strict limit?

<latexit sha1_base64="P82H+LdFE3VC8wVWjCSEjcHiw40="></latexit>

• So far only considered corrections to the gauge coupling.

• Mass of string excitations also get renormalised through stringy e↵ects,
i.e. corrections to

M2
k = 8⇡M2

het(nk � 1)

• In general: very di�cult to calculate these e↵ects.

• Idea: Repulsive force conjecture (RFC) should still be satisfied away from
strict weak coupling limit:

|FCoulomb|
!
� |FGrav|+ |FYuk|
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WGC — Perturbative Corrections [Kläwer, Lee, Weigand, MW ’20]

<latexit sha1_base64="3CsPdc3fupIe56QL0Yqo/2I51uE="></latexit>

• Use this to predict the form of the mass renormalisation at one loop!

M2
k

M2
Pl

=: 8⇡(nk � 1)
M2

het

M2
Pl

(1 + �)

RFC
=) � = �1

2
(�0 +�1) .

• We thus get the 1-loop WGC relation

g2YMq2k
M2

k

!
� 1

M2
Pl

✓
1� 1

2
(�0 +�1)

◆
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WGC — Perturbative Corrections [Kläwer, Lee, Weigand, MW ’20]
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• Use this to predict the form of the mass renormalisation at one loop!

M2
k

M2
Pl

=: 8⇡(nk � 1)
M2

het

M2
Pl

(1 + �)

RFC
=) � = �1

2
(�0 +�1) .

• We thus get the 1-loop WGC relation

g2YMq2k
M2

k

!
� 1

M2
Pl

✓
1� 1

2
(�0 +�1)

◆

Note: This is not to be confused with the  

higher derivative corrections to charge-to-mass ratio of 

extremal black holes!  

[see e.g. Kats, Motl, Padi ’06, Arkani-Hamed, 


Motl, Nicolis, Vafa '06]
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WGC — Perturbative Corrections [Kläwer, Lee, Weigand, MW ’20]
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• Use this to predict the form of the mass renormalisation at one loop!

M2
k

M2
Pl

=: 8⇡(nk � 1)
M2

het

M2
Pl

(1 + �)

RFC
=) � = �1

2
(�0 +�1) .

• We thus get the 1-loop WGC relation

g2YMq2k
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!
� 1

M2
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✓
1� 1

2
(�0 +�1)
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classical picture
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threshold corrections
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classical extremal BH

corrected extremal BH

WGC states

Note: This is not to be confused with the  

higher derivative corrections to charge-to-mass ratio of 

extremal black holes!  

[see e.g. Kats, Motl, Padi ’06, Arkani-Hamed, 


Motl, Nicolis, Vafa '06]
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Summary
<latexit sha1_base64="jzhtu0qn+8rHAIfQj4PFmIM81ho="></latexit>

• In equi-dimensional infinite distance limits in the Kähler moduli space of
F-theory on CY4, there is always a unique emergent string.

• F-theory ↵0-corrections ensure that M2
KK - M2

string is always fulfilled.

• finite volume limits for rationally fibered B3 are out of perturbative control
but allowed for elliptically fibered B3.

• Matching F-theory ↵0-corrections to dual heterotic threshold corrections
! predict mass renormalisation of string excitation modes.

• Gauge threshold corrections and mass renormalisation modify the WGC
super-extremality bound at one-loop.

Thank you!


