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General introduction

e Topological string theory describes strings probing the geometry of a Calabi-Yau.

Observables only depend on the complex or Kéhler structure and the string coupling gs.

o The main observable is the perturbative free energy: an asymptotic series in gs whose
coefficients are functions of the moduli

F(0>(gs;z,z 2929 2F((O) (2,%)

A longstanding problem is to define a nonperturbative completion for string theory.

e Our approach is resurgent:

F©) — transseries for F [gs, efl/gs] — transseries resummation

o We also look at:

. . . . — 2
- New terms in the transseries with monomial e~/95 .

- Resurgent properties of Gromov-Witten invariants: Fg(“) =>4 Ng.aQ%.




Structure

From Féo) to a transseries in the B-model.

. C . . CAea/o?
Hidden monomials in the transseries: e~“Ns/9s .

Resurgent properties of Gromov-Witten invariants: Ny .

o Resumming the transseries: F' =Y o"e "4/9: SF™),




o From Féo) to a transseries in the B-model.

RCS, J. Edelstein, R. Schiappa, M. Vonk 1308.1695, 1407.4821
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0
From F(; ) to a transseri

o Our goal is to extend

oo oo oo
Zggg_QF,SO) with Z oM e~ A/ 9s Z g: F}(Ln)
g=0 n=1 h=0

oo oo
or 2 : AT e~ (n1A1+n2As+..)/gs E :gf F}(L"Iv"%“)
ni,ng,...=1 h=0

assuming resurgent properties for the free energy.

o The schematic approach is: [LO: Large-order; HAE: Holomorphic anomaly equations]
large-order (g — o)
Perturbative F_(;O) Resurgence Relations
N N =~ - - -
. -
R R S~ R LO large-order

recursion SO N reconstruction




LO: large-order route

To leading order

oo (0) _
© oy L@g—1=h) S p 20%) = lim 402 M
Fq Z (Adom)29 -k 4 Fh +...=> Adom (Z’\S’_\) - gli{go 49 F<O) N

Agom must be the instanton action of smallest absolute value.

Example: local P2

120

100}

e

|A] 6o}

20

10 20 30 40 50 60

1%

— Aj Ay A3 —2A; — Ag

Ag = 2mt; Ay, Aa, Az : associated to conifold point.




HAE: holomorphic-anomaly-equation route

. 0) . .
‘We collapse the tower of equations for F; ; ) into one and use a new transserics ansatz:

ory” 1 (0)
¢ =~ [D.o.F
s 2 g-1

g—1
(0 L,(0
+> 0.0 0.8 |, g>2
h=1

\%

2
9sF ) 4+ U8, O — %gﬁ (DZQZF(U) + (6ZF(0>) ) =V+ iz w
93
1 2| g () p(n)
0s — 5 (0:4)°| FM = = > DM R,
h=1

9
+ % S0 (0B = 0.4 B (0.8 — 0.4 B ™)
m<n h=0

where A(™) =nj A; +ngds + ... and (2,2) = (2,5 = S(z, %)) is a useful change of
variables.
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Summary

o There is a transseries extension of the perturbative free energy F(°) of the form

o0
2929 2F(0) Z nl e~ (m1Ai+naAat.)/gs Zg;l F}(L"hnb--»)

n1,Mn2,.- h=0

that can be obtained from a combination of numerical large-order analysis (LO) and
integration of the holomorphic anomaly equations (HAE).

o Instanton actions are holomorphic (no z or S) and come in pairs +A;.

o There is room for resonance between different sectors (n- A =0, n # 0).

@ There can be transseries monomials like log gs.




o Hidden monomials in the transseries: e~ “Ns/9:.

RCS 1507.04013




Can there be other monomials in gs?

o When z — 0 (i.e. @ — 0 or t — c0) all the instanton actions move off to infinity, so
there are no more poles in the Borel plane.

—A/gs

If the transseries is complete with monomials e we should expect a convergent

series for F(9)(gs; %) for any value of Z (or S).

e This is not what we find:

z—0

oo}
lim F() = Z ggg_sz,O)(S) is still asymptotic!
g=0

But the asymptotic growth is not I'(2g — 1) but I'(g — 1).

e Moreover, the limiting free energy H(°)(gs;u) is universal in the appropriate variable
u := S — const.




5 1 1
H;ll) —u <—u 4+ u+ ,> , Geometries checked:

24 27 2 5
o a/5 5 54 1 1 Local P
HY =u? [ =’ + Zu’ + Zu+ =), Local del Pezzo Es,.. . 8
16 8 2 6 . o e
Lo5 . . ) ) Mirror (}umtllc
1
© _ 5 4 3 2 Local P x P
H — - — — —u+ -,
T (1152“ BT 8>
(0) 7 (565 5 1105 ut 15 ud 175 u?
H:" = - -
©_y (12814 ot Dt Fut g

e Alim, Yau, Zhou (1506.01375) showed that the leading coefficients are determined by the
Airy equation, and this result can be extended to include wu,

¢-=1/3
(O2—z)v(x) =0, where == (275)" %3, v=2"13c"37 Tsl/6epo<0>, s = udg?.

Also ¢ =1 — 75/u is kept fixed.

o Alternatively, from the holomorphic anomaly equations (HAE)

BuH(())f Sa (8 H(o)+ 82H(())+ (6 H(())) ) 1 +i.




The transseries at the large-radius point

o Either the Airy equation (in gs) or the HAE (in u) admit a transseries

H= Z ng_lH_f/O)(u) + Z e Au(u) /s Z ngHém(u)
=0 n=1 g=0

2
where A, = 3.5, Ts = uggf.

o The resurgent properties are inherited from those of the Airy function.

) 81 x=T(g—1-h) 1)
H 271'1'2 A 9—1-h H,”, asg— oo,
h=0
o0
m 1 T(g) 51 P'lg—h)
H 2 (A +— > Aok Hi'» esg—oo,

where S| = —1.

o The HAE could be analyzed from the point of view of parametric resurgence since the
differential equation is wrt u but the transseries variable is 7s.
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The transseries out of the large-radius point

o This transseries at z = 0 is the limit of

o0 oo
Z ggse*"ANs(zyi)/gi 2:@3)9]:91\51(")(37 z).
n=1 g=0

e The action Ayg is not holomorphic, but satisfies

1—»
8z Axs + 502 (82Ans)? = 0.

o An approximate solution near the large-radius point is

- —K
ANS ~ —1e s

where K is the Kéhler potential for the moduli space.

This quantity is proportional to the volume of the Calabi-Yau — possible interpretation
in terms of NS5-branes?




Part III

o Resurgent properties of Gromov—Witten invariants: N, 4.

RCS, R. Schiappa, R. Vaz 1605.07473




Gromov—Witten invariants

The perturbative free energy of the B-model has a mirror dual expansion around @ = 0,

) — Zg2g 2F(0) Zg2g 2 Z N, dQ

g=0

The Gromov-Witten invariants, N, 4, are rational numbers with enumerative and
geometric information about the (mirror) Calabi-Yau.

Question: If the perturbative free energy can be completed to a nonperturbative
transseries, are there nonperturbative analogues of the Gromov-Witten invariants?

resurgence

Fgg(]) Fg(n)

Q-expansion expansion?

]\’rg7d ____________________________ uN(”)nf]




The simplest example: resolved conifold

o The free energies and GW invariants are:

0 _ (=1)971By, .
FO 3207 P29 15 5 (Q), N, 4=
9 29(2g — 2)! i3-24(Q) g,d

(=1)97'Bag 29—3
2g(2g — 2)! '

e For fixed g or d there is no factorial growth of N, ; in the other index.

Only when d o g do we get the combination n™ ~ n! when n — oo (Stirling).

N[ W m m O wm W EE N R VAR
o T T T e T T TR T TS 197 s o TSE T TS T3S TS T 2075 700
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1 1 S 1605 1750 183 186 : 3 0 2101 2511
e 3 17200 1756 1851 1914 i 9 2501 3582
N 5 iTis 1a1s 1ers 101 o 5 S 3ori a0as
17 5 1770 1850 190.6 1971 o 57 2010 2068
1370 1047 1723 1704 1364 1035 1900 2 H o 7 650 3703
1555 1608 1744 1518 1380 100 2027 i i 51 3577 Zoss 2ons aras
507 1688 Arols 1841 1014 108 2035 2 ] HE o7 1 et an
lo2's 17o's 17e.7 180.4 1050 2004 2083 7 7 260 2051 2700 2760 2031
1645 1737 1508 18aT 1063 2057 2105 2 s G 3507 2028 2087 2740 2000 360
1661 1746 1520 1000 1080 2003 2135 2200 2376 2045 2410 55 2601 206 225 273 2841 200
log | N30,4] log | Ng,30] log [Ng,ql
— — —
100 [ ] [ ]
600 |- 1
200 |- 1 L ] 100 |- 1
t 1 200 | 1
ol 1
. o |
P soll .« L
0 20 10 60 80 20 10 60 80 20 40 60 80




The simplest example: resolved conifold

e For d = ap + a1g going to infinity,

3/2
reg -3 () <o

N91d|d:ao+alg (M )2973/2 272

eaq

@ We can connect with the B-model resurgence via the mirror map:

oo
0 ,
ng = § :]\“‘g,de-
d=1

o To connect with the asymptotics of F‘(go) we find value of d that maximizes Ng,de,

29— 3
d= gt , where t=—logQ.

O r(2g—1) ¢t N, Q¢ N I'(2g — 3/2) t3/2
9 " et 94% g_29=3 7 (9r1)20-8/2 22
-3

The precise relation would come from a saddle point expansion around d = QQT
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rsal growth related to A = 27t

o All geometries have a factorial growth of N, 4 at d = (29 — 3)/t that connects with the

(Kéhler) instanton action A = 27t.

The asymptotic behavior is universal, independent of the geometry.

+0oo too _ 3 _ 1), 2-n
N d I(29—35—h) ny 12 P
g,dQ + ~ 20—3_1 Eny h(q)’
g=5d+q n=1h=0 (n27rt) 9g—3 22h+1 ph+2 55
. . 1) .
where we take ¢ € 2N and ¢ € Z; Pp(q) is a polynomial. n(() ) is the first
Gopakumar—Vafa invariant.
57 . i . . - Py =1,
————Loca P?: 0 - 71 2
2 8 o—o—6o—% P = —— + 129 — 4¢°,
O’/-:—’—fw B 12
. . . o o —o- 11545 419¢%2 17643
_— a8 —8—0—0—OC—O— 5 q q 4
3. -5 7 I h=0 Pp=-—— —13lg+ —— - + 8q%,
VEC’ 1 het 288 3 3
a8 r & 1 17534803  33553¢  157393¢2
<= -10f ~ K 1 h=2 P3 = — -
= % o e o o 1 s 51840 24 72
2 ’ &—o— 0o o 3 4 5 6
2 gl e o D hea 15220¢ 20624 4164 32q
-— e e —o—0o 1 .5 9 3 3 3
—20F —Quintic:a— vT—e—0s 5 E
—— ABM:0—— I




Growth related to other instanton actio

e Other instanton actions can control the growth of F;U).

Other slopes d = ag(Q) + a1(Q)g can connect to them.
Quinticfor g = 16, t = 9.45

INga Q% /F|
0.20 % © Kahler action
Geometries checked:
0.15} Local P2
Mirror quintic
ap(Q)+a1(Q)g « conifold action Local P! x P!
0.10+
Xp = O(p —2) & O(—p) — P!
Hurwitz
0.05+
d
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e We find ao(Q) and a1(Q) numerically but cannot identify them in closed form.

eec’ ogf
5 Leeet i
q . osf
_g . N
£y 04
“w} *
02|
15]
0, 00l




The problems

o We don’t know the analytic form of d = ag + a1¢g for actions other than 27¢, although we
have numerical values.

‘We can confirm numerically that the actions for Féo) and N, 4 are in correspondence.

o Resurgence relations for N, ; are not purely numerical: they depend on .

The regular expansion around @ = 0 of F;[)) to obtain N, 4 does NOT work at the
asymptotic level,
P(2g—1)

(0)
Py~ A29—1

F{M.

Both A and F(gl) have a log(Q)-singularity.

o Is there any enumerative and nonperturbative information we can extract from Fé")?




o Resumming the transseries: F'=3%" o" e A/ 9s SF(M),

Work in progress with M. Marifio and R. Schiappa.




Resummation of the transseri

large-order (g — o0)

Perturbative F| éo)

N =~

recursion ~

- N

Equation
formal solution

resummation

compatibility N
Other approaches to FF «—————— Physical F'

Resurgence Relations

reconstruction

large-order

Transseries F —— Fén)




Resummation

Resummation is a process that takes a transseries

+o0o 400 0o
F(o,9532,9) = > 929721 (2,8) + Y ofe ™ AD(E)/9: 3™ gg 5 (M) (2, )

g=0 n#0 g=0
oo 5 —+oo .

+ 3 ol NS0 37 (g2 7yt (2, 8).
n=1 g=0

into a number.

Asymptotic series are resummed with Borel-Ecalle resummation
+oo (n)
o~

+oo o
ZQ?Fg(n) — / dse=/9s ng '
g=0 0 9=0 g:

or its numerical counterpart: Borel-Padé-Ecalle resummation.

Transseries parameters o must be fixed to numerical values.




Nonperturbation definition of topological strings

For toric Calabi—Yau geometries Grassi, Hatsuda, Marifio (1410.3382) proposed a
nonperturbative free energy

F =logZ.
Construction for local CP?:
Underlying Riemann surface: e* +e¥ +e 7Y 4+ 2=0

Operator: O :=e® +ef + e 29 [§,4] =ih, p:=0O"1
Finite traces: Zy(h) := Trp¢, £=1,2,...

o] > £
Partition functions: > | Z(N, %) [« := exp (7 > Zg(h)ﬂ>
PAELE) PR

Dictionary:
472 te . .
h= , N=—, te: conifold flat coordinate.
gs Js
Examples:
1 5 1
Z(1,27) = -, Z(2,47) = — — .
9 324 1237
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Pertubative vs Exact

A
4+ 1 3 1 5 83 7 1 9 5 11 3 1B 7 15 1 17 9
167 87 167 4m 167 8m 167 27x 167 8n 167 4x 167 8n 16n 7« 167 8n
307 T T T T T T T T T T T T T T T T T T
250
- [Refme]
20f
1 « Perturbative
-F 15} - Exact
10f
50
ot ‘




Resummation example: N = 2, h = 47 (gs

Exact result vs resummation of perturbation theory:

5 1
exact (—F) = 9.049 862 102 738 02... = — log (— — )
324 12437

pert (—F(%)) =9.049 862 103 051 21...

The difference is a nonperturbative effect, exponentially small, e=“/9s:

AF =31318...-1071°
1-inst (1) =3.131840...-1071°

Relevant instanton actions are A and As.
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o Using large-order analysis and the holomorphic anomaly equations we can find a
transseries in e~4/9s that extends F'(0).

o At the a special point in moduli space where the Borel plane is empty the F{E(j)(z =0)
grow slowlier, like g! instead of (2¢g)!. Universality.

2
There is a new sector of the transseries in e~ “NS/9% that has NS5-brane features.

o Using the mirror map from B to A-model we can study the resurgence of
Gromov-Witten invariants, N, ;.

Only when d and g are in linear combination do they grow factorially and there is a
correspondence with growth of F(°). Universality for d = (2g — 3)/t.

o We can resum the transseries and match against nonperturbative proposal of
Grassi-Hatsuda—Marino.

We find good results to the right of a Stokes line. Work in progress.




