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We study matrix ensembles, which are spaces of matrices, often with certain
symmetries, with a probability measure defined on the entries of the
matrices.
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we see that the joint p.d.f. has the determinantal form

KN(Xw,)ﬁ) KN(Xq,Xz) KN(Xw,XN)
1 KN(XZ,X1) KN(XQ,XQ) KN(X27XN)
P(xi,...,xn) = 5— det . . . 3
ZN,ﬁ : : 55 .
KN(X/\/,Xq) K/\/(XN,Xz) KN(XN,XN)
where

N—1
)2 R
Kn(xi, ;) = e /2e™1/2 >~ pr(x)pr(x).-
k=0
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Thanks to Christoffel-Darboux formula

S pe(x)pely) = Pt PUOIPNA() = Pusi()Pn(Y)

k=0 2 x=y

)

the analysis of this expression is much simplified. In the end, this leads to
Wigner’s semicircle law:

on(X) ~ TVIN=R (X < VW)
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The Fourier coefficients of functions f € L'(T) are defined as
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If f e L>°(T), the following expression defines a bounded operator on the
Hardy space H? (P denotes the projection P : > — H?)

T{(9) = P(fg) (g € H).

This is called a Toeplitz operator, and it has the following matrix expression

fo fo1 [
. i foo fa

Ty = (fi-))ij=r = 6 5 g
2 1 0

Its finite truncations ﬁfN) are called Toeplitz matrices.
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There are at least 9 proofs of this result!
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MINORS OF TOEPLITZ MATRICES

If we consider a minor of a Toeplitz matrix, such as

b f-2 f3 f4 fos

o fo fo fo2 fos N

f f fl fU f,‘ f7 = (f/*/ 2’ )f,i:17
W L i fo [

the following formula holds

A ™) oNe) ] -
Nll_}ngo <detTm/e ‘0) = Z X" (m)A(o, ) exp <; I?C}?Ck> )

TESM

where p is a partition of m, and

oo

Ao, m) = [ J(ker)™,

k=1

where 7 has ~, cycles of order k.
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