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General context

Quantum Field Theory: aims to describe the fundamental forces of nature.
Formally all the physical information can be extracted from the generating

functional:
Z= /Dapexp (i/d"xﬁ[ga])

Problems:

® Dy =[], 0p(x)
@ Oscillatory integrand

A way to treat the oscillatory behaviour is to perform an analytical
continuation of the integral.
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Chern-Simons action with gauge group SL(2,C):

t 2 1 _ 2
I—ngTr(A/\dA—i— gA/\A/\A)+g/MTr(A/\dAﬁ—gA/\A/\A)

7= / DADA¢"
Yy

The analytic continuation of this theory is of particular relevance for 3d
Quantum Gravity and knot theory.
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Simplified model: Airy function

Zy = /_o; dx exp (iA(x3/3 — x))

Analytic continuation consists in taking A € C,x € C and integrate over a

suitable cycle C.
Suitable cycle means a cycle that connects two regions such that:

Re(iA(x*/3—x)) <0

C
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How to generalize

We want to get this result by means of a general theory.
This will be achieved through homology.

We define the set:
X_r ={x € X|Re(l) < -T}

We want the integration cycles to have their ends lying in X_7.

In terms of homology this means that they should be element of the first
relative homology group H(X,X_r,Z).
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Morse homology

Morse theory establishes a relation between the homology of a space X and
the critical points of a function 4 : X — R defined on the space.

Given a metric g on the space this is obtained by means of the downward

flow equation: .
ox' _ ;0h
o S ow
In particular the cycles are given by the union of all flow lines that start out at
the critical point.

It is worth to notice that the result is independent of the choice of the metric
and of the function.
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The Airy function case

In our case the Morse function is & = Rel.

Since h is unbounded the cycles will flow to X_r, so the generated Homology
is the relative one that we are looking for.

Every good integration cycle is a linear combination of the critical point cycles
with integer coefficients.

SoifC =3 na.Co We can write:

ZA—Zna/ exp(iX(x’ /3 — x))

Ca
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Asymptotic behaviour

It is possible to evaluate the asymptotic behavior of the integral over the
cycles C,, for A — oo :

Zox ~ exp(la)(—iN) "2 > " bA™
=0

Therefore for a generic cycle C = 3~ _ naCa, we have:

Zen = E NaZa
«
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Upward flowing cycles

So given a generic cycle C = Y~ n.C. We want to be able to determine the
coefficients n,.

A natural dual to the downward flowing cycles are the upward flowing cycles:

ox' _ 40n

a8 ow

The only point where an upward flowing cycle K, and a downward flowing
cycle C; can meet is the critical point to which they are attached, so we have:

<C7'7 ICO') - 607’

Therefore:
na = (C,Ka).
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The real cycle

Let’s try to see how to express the real cycle Cr in terms of Morse cycles.
We have two critical points in x = £1 that both lie on Cr.

A non-trivial upward flow starting at a critical point will end at a point with
h > 0 and won't lie on Cr since h vanishes identically on it.

This implies that the coefficients are 1 and then:

Cr=Cy+C_
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Stokes phenomena

It can happen to have flows between critical points, not flowing to —cc.
Then the solution of the downward flow equation is not in the relative

homology.
@ P ® P © o

This happens under certain conditions for A that we can control.
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Analytic continuation of CS

1= i/ Tr(AAdA+ gA/\A/\A)—F i/ Tr(A N dA + EA/\AAA)
81 Ju 3 8T Ju 3
We consider A, A to be independent and #,7 € C.

What Chern-Simons has in common with what we showed?
o Critical points
o Downward flow equations

What is needed to adapt this method?
@ Manifold
@ Non-isolated critical points
0 Z—C
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