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Theorem

The number of irreducible representations of G (up to

isomorphism) is equal to the number of conjugacy classes of G.
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Theorem[Brauer]

Let V be a complex vector space of finite dimension.

respecting the product

1. If p is a representation of G over V, then V is a CG-module

ov = p(o)(v);
2. If Vis a CG-module with product ov, then the map
p(o) : v — og belongs to GL(V) and
p: G — GL(G)
o = po)
is a representation of G over V, for all 0 € G and for all
vev.
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The special case of the Symmetric Group

n.° of isoclasses of Irr. Rep. = n.° of conjugacy classes

cycle type

Two permutations are conjugate if and only if they have the same

ll

n.° of conjugacy classes of S,, = n.° of partitions of n
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Isoclasses of Irreducible Representations of S,

Q)

(41)

(1)
(2 (11)
(3) (2.1) (1.1,1)
3.1) (2,2) (21,1) (1,1,1,1)
(3.2) (BL1)  (221) (2.1,1,1)

(L,1,1,1,.1)
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Isoclasses of Irreducible Representations of S
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IrrRep(S,)
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Example: Character table of &3

123 123 123 123 ] 123 123
Conjugacy ;g; 12; ;%g ;23 ;;ia ?;é
Classes (1) (12)  (13)  (23) | (123) (132)
M*)*) "M (** %)
[TT1]
(3)
trivial
(21)
standard
(1,1,1)
sign
=} =
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Classic Approach

A — SA
partition of n Specht module

{classe of irreducible
—

Sn—representations}
‘ /\

[Young Sym metrizer]

v(21)
Young diagram of

the partition(2,1)

Irreducible representation
of 83
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(3)

Constructing the Specht Modules of S;
A1

A2 =(2,1) A3 =(1,1,1)
l ‘ i
1]2] L
!
| =
Ry =83 Ry ={(1),(12)} Rxs ={(1)}
G\ = {(1)} G = {(1)’ (1 3)} G =83
A\ \ \
Young symmetrizers
Sy = ( oo > sign(a)a) € CSs
aER)\I. UEC)\I_
¥ v
(CS3 c 5\
C> o

(CS3 * 5\,
ocES3

A\
(CﬁAz +Cx
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Theorem

When A\ ranges over all distinct partitions of n, {CS,, - s,} is a full
set of non-isomorphic simple CS,-modules.
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5(1)
5(2) S(11)
5(3) 5(2,1) 5(1,1,1)
5(4) 5(3,1) 5(2,2) 5(2,1,1) 5(1,1,1,1)
5(5) 5(a,1) 5(3,2)

5(3,1,1) 5(2,2,1) 5(2,1,1,1) 5(1,1,1,1,1)

RN Ge
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Example: Character table of &3

123 123 123 123 ] 123 123
Conjugacy ;g; 12 ; ;%g ; 23 ;;ia ?;é
Classes (1) (12)  (13)  (23) | (123) (132)
M*)*) "M (** %)
[TT1]
(3) 1 1 1
trivial
(21) 2 0 -1
standard
(1,1,1) 1 -1 1
sign
=} =
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Theorem|[Wedderburn-Artin]

CSp ~ C™*™ x .. x C™" ~ P GL(V?)
AES)H

*x 0 0 O
0 = x 0

CS3 ~ 0 % £ 0 ~ GL(CS3-5y, )DGL(CS;3-5), )BGL(CS3-5,)-
0 0 0 =

Theorem

Let V be an irreducible CS,-module.
The restrictionV|s, , is multiplicity-free.
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Different Approach

{classe of irreducible

Spectrum
] —
S,—representations

PN Resume PN A
of CS, of S, partition of n

v .1

Irreducible representation
Of 84

Young diagram of
the partition (3,1)
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(s0)

Example: The standard representation of S,

Permutation matrices

41 x4

V = {(x1,%,x3,x) € C*: xq + x2 + x3 + x4 = 0}

p:Ss— GL(V)
where for all o € S,

p(G’)(Xl, X2, X3, X4) = (Xg*l(l)v Xo=1(2)» Xo—1(3)> XU*1(4))'

p is an irreducible representation of Sy

[m]
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Example: The standard representation of S,

Permutation matrices

41 x4

V = {(Xl,Xg,X3,X4) eC*: X1+ X2 + X3 + Xa =0}

Cs),;z“

©
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Gelfand-Zetlin Basis

Let V be a simple CS,-module whith canonical decomposition
VP|s, = @ vT.
T

For each T, we can choose a vector v, form each V' Tr obtaining a
basis {vr,} of V,which we call Gelfand-Zetlin basis.

N
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Example: The standard representation of S,

Permutation matrices
S
4 x4

V = {(Xl,Xg,X3,X4) eC*: X1+ X2 + X3 + Xa :0}

V=<(1,1,1,-3)>®<(1,1,-2,0)> & <(1,-1,0,0)>.

Let u=(1,1,1,-3), v=(1,1,-2,0), w = (1, —1,0,0) and
GZ = {u, v, w} which is a basis of V.

(1) (12) (23) (34)
100 10 0 1 0 0 -3 50
010 01 0 0—%% 3 00
001 00 -1 o 3 3 0o 11

u]
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Example: The standard representation of S,

Permutation matrices
S
4 x4

V = {(Xl,Xg,X3,X4) ect X1+ X0+ X3+ Xa :0}

@) 40
CS;

b =(12)
S = (13)+(23)

@ Jo=(14)+(24)+(34)

V Jucys-Murphy elements

@ ol ol @

it

S
pe)
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Example: The standard representation of S,

0 (12) (13)+(23) (14)+(24)+(34)
0 00 1 0 0 2 0 0 -1 00
0 00 01 0 0 -1 0 0 20
0 00 00 -1 0 0 1 0 0 2

v(u) =(0,1,2,-1)
v(v) =(0,1,-1,2) ) weights

y(w) = (0,-1,1,2)

u]
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Example
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Example
Consider
_[1]2]3] 1[2]4] _[1]3]4]
Q1—i Q 3 and Q3—£ )
We have;:
6(Q1) (07 ) 7 ) ( ) (07 ) 7 )
(@) =(0,1,—-1,2) » contents = weights< ~(v)=(0,1,-1,2)
3(Q3) =(0,-1,1,2)

7(w) = (0, -
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VAN

(0,1) (0,-1)
(0,1,2))  [(0.1-1)]) (0-1,-2)
(0,1,2,3) [(0,12-1)] [(0,1-1,0)] [(0,1-1-2)]  (0,-1-2,-3)
(0,1,2,3,4) [(0,1,2,3,-1)]

[(0,1,2-1,0)[(0,1,2,-1,-2)][(0,1,-1,-2)]

[(0,1,-1,-2,-3)]

0,-1,-2,-3,-4)
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Finite Semigroups Representation Theory

Finite Semigroup

u(s)
Regular J-classes

Maximal Subgroups

Irreducible Representations
[m] = =
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Theorem[Clifford,Munn,Ponizovskii]

The number of irreducible representations of S (up to isomorphism)
is equal to the number of irreducible representations of its maximal
subgroups G, with J € U(S).

N
0
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The Rook Monoi
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The special case of the Rook Monoid

n.° of isoclasses of Irr. Rep. = sum of the n.° of isoclasses of Irr.
Rep of its maximal subgroup G,

ll

The list of the maximal subgroups G, of Z, will be isomorphic to

S0.S1,-..,Sn.

|IreRep(Z,)| = 3 |1rRep(Sy)
k=0

u]
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Isoclasses of Irr. Rep. of Z,

n=20
n=1

o [ (11 H =2

v O [ H [0
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rank 0 rank 1 rank 2 rank 3
123 123 123 123 123 123

s d A R e S s A B

123 123 123 123 123 123 123 123

o {1} {2} S{3t | {12} S{13p {23} | {123}

o = &g

m = —3¢€p+ €q1y H e Hegmn

=36y —2eqy — 262y — 2833 H ey e TER)

N3 = —€p T Q) T E{2) T EBY — €12} —E{1,3} —E{2,3} T E{123)}

CZ, ~ (CInUO D...PD (CI,,U,, ~ M( )((CS()) D...D M(n)((CS,,)

n
0

In this case:

Clz ~ M1(CS()) S% M3((C81) ©® M3((C82) o M (83)
] = =
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Theorem[Munn]
Let

n
Qn = U P
r=0
The set {p™ : A € Q,} is a full set of inequivalent irreducible
representations of Z,,, where
p(0) =

2

pA(p(SKU)) Edom(aka),codom(aKU).
|K|=r,rank(exo=r)



Representation Theories of the Symmetric Group and the Rook Monoid

L The Rook Monoid
LDifferent Approach

The character table of 7;

Cicl * *) (% kK *)(*)(* * k) (% * K Kk
pat'fefns G HE ] D] OO | EHE | E*Y
0 1 1 1 1 1 1
] 1 2 0 3 1 0

(1)
(1] 0| 1 1 3 1 0

©)
H 0 1 -1 3 -1 0

(L1)
LT ol o 0 1 1 1

3)
Hj 0 0 0 2 0 -1

2.1)
E 0 0 0 1 -1 1

(1,1,1)
] =

RN Ge
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Where to go?

AN
S]] eSS
\m /

Figure: Taken from Motzkin monoids and partial Brauer
monoids(l. Dolinka, J. East, R. Gray) - 2015.
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Open Problems

v

Construct a supercharacter theory for the rook monoid.

v

Which are the irreducible representations of S, over a field
with arbitrary characteristic?

v

How many commutation classes does the longest element of
S, have?

Brauer's Problem List.

v

N
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