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�Ṅ i

Introduction — canonical GR



Jędrzej Świeżewski, University of Warsaw

pij :=
�LHE

�q̇ij
=

p
det q(qikqjl � qijqkl)Kkl

Legendre transform

LHE =

Z

⌃t

d

3
xN

p
det q

�
3
R+K

ij
Kij � (Ki

i)
2
�

�LHE

�Ṅ
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observables — function(al)s on the phase space
Dirac observables — gauge independent observables

for GR:  Dirac observables are observables invariant under diffeomorphisms



Introduction — observables — relational approaches

Jędrzej Świeżewski, University of Warsaw

curvature scalars

Bergmann & Komar



Introduction — observables — relational approaches

Jędrzej Świeżewski, University of Warsaw

curvature scalars

Bergmann & Komar

dust fields

Brown & Kuchař



Introduction — observables — relational approaches

Jędrzej Świeżewski, University of Warsaw

curvature scalars

Bergmann & Komar

dust fields

Brown & Kuchař Rovelli

GPS satellites



Construction — observer’s observables

Jędrzej Świeżewski, University of Warsaw

observer

spat
ial s

lice



Construction — observer’s observables

Jędrzej Świeżewski, University of Warsaw

observer
adapted coordinates

( , )r ✓

spat
ial s

lice



Construction — observer’s observables

Jędrzej Świeżewski, University of Warsaw

observer
adapted coordinates

observables

Qab(r, ✓) : ( , p,�,⇡) 7! qab( , )

P ab(r, ✓) : ( , p,�,⇡) 7! pab( , )

�(r, ✓) : ( , p,�,⇡) 7! �( , )

⇧(r, ✓) : ( , p,�,⇡) 7! ⇡( , )

q r ✓

r ✓

r ✓

r ✓

q

q

q

( , )r ✓

spat
ial s

lice



Construction — observer’s observables

Jędrzej Świeżewski, University of Warsaw

observer
adapted coordinates

observables

Qab(r, ✓) : ( , p,�,⇡) 7! qab( , )

P ab(r, ✓) : ( , p,�,⇡) 7! pab( , )

�(r, ✓) : ( , p,�,⇡) 7! �( , )

⇧(r, ✓) : ( , p,�,⇡) 7! ⇡( , )

q r ✓

r ✓

r ✓

r ✓

q

q

q

these are invariant under spatial diffeomorphisms*

* — preserving the observer

( , )r ✓

spat
ial s

lice



Construction — observer’s observables

Jędrzej Świeżewski, University of Warsaw

observer
adapted coordinates

observables

Qab(r, ✓) : ( , p,�,⇡) 7! qab( , )

P ab(r, ✓) : ( , p,�,⇡) 7! pab( , )

�(r, ✓) : ( , p,�,⇡) 7! �( , )

⇧(r, ✓) : ( , p,�,⇡) 7! ⇡( , )

q r ✓

r ✓

r ✓

r ✓

q

q

q

these are invariant under spatial diffeomorphisms*

* — preserving the observer

( , )r ✓

spat
ial s

lice

Qab =

2

4
1 0 0
0
0

3

5
QAB

by construction



Construction — observer’s observables

Jędrzej Świeżewski, University of Warsaw

observer
adapted coordinates

observables

Qab(r, ✓) : ( , p,�,⇡) 7! qab( , )

P ab(r, ✓) : ( , p,�,⇡) 7! pab( , )

�(r, ✓) : ( , p,�,⇡) 7! �( , )

⇧(r, ✓) : ( , p,�,⇡) 7! ⇡( , )

q r ✓

r ✓

r ✓

r ✓

q

q

q

these are invariant under spatial diffeomorphisms*

* — preserving the observer

( , )r ✓

spat
ial s

lice

Qab =

2

4
1 0 0
0
0

3

5
QAB

by construction
{QAB , PCD} = ���

{·, P ra} = nontrivial

Poisson algebra

{�, ⇧} = �
{�, PAB} = 0, etc.



Construction — observer’s observables 2

Jędrzej Świeżewski, University of Warsaw

{·, P ra} = nontrivial

Qab =

2

4
1 0 0
0
0

3

5
QAB



Construction — observer’s observables 2

Jędrzej Świeżewski, University of Warsaw

{·, P ra} = nontrivial

find a shift generating a diffeomorphism s.t. (L ~Nq)ra = �qra

preserving the observer: N I(�0) = 0, @JN
I(�0) =

Qab =

2

4
1 0 0
0
0

3

5
QAB



Construction — observer’s observables 2

Jędrzej Świeżewski, University of Warsaw

{·, P ra} = nontrivial

find a shift generating a diffeomorphism s.t. (L ~Nq)ra = �qra

preserving the observer: N I(�0) = 0, @JN
I(�0) =

remarkably this can be done!

~N =


1

2

Z r

0
dr0�qrr(r

0, ✓)

�
@r +

"Z r

0
dr0qAB(r0, ✓)

 
�qrB(r

0, ✓)� 1

2

Z r0

0
dr00@B�qrr(r

00, ✓)

!#
@A

Qab =

2

4
1 0 0
0
0

3

5
QAB



Construction — observer’s observables 2

Jędrzej Świeżewski, University of Warsaw

{·, P ra} = nontrivial

find a shift generating a diffeomorphism s.t. (L ~Nq)ra = �qra

preserving the observer: N I(�0) = 0, @JN
I(�0) =

remarkably this can be done!

~N =


1

2

Z r

0
dr0�qrr(r

0, ✓)

�
@r +

"Z r

0
dr0qAB(r0, ✓)

 
�qrB(r

0, ✓)� 1

2

Z r0

0
dr00@B�qrr(r

00, ✓)

!#
@A +


1

2
�qIJ(�0)z

J

✓
�IK � zIzK

r2

◆�
@K

Qab =

2

4
1 0 0
0
0

3

5
QAB



Application — gauge fixing GR

Jędrzej Świeżewski, University of Warsaw

qab =

2

4
1 0 0
0
0

3

5
qAB

qra = �rai.e. the radial gauge



Application — gauge fixing GR

Jędrzej Świeżewski, University of Warsaw

qab =

2

4
1 0 0
0
0

3

5
qAB

qra = �rai.e. the radial gauge

To impose the gauge you need a Hamiltonian which preserves it, namely s.t.

{qra, H[N ] + C[ ~N ]} ⇡ 0 which leads to (L ~Nq)ra = �{qra, H[N ]}, .



Application — gauge fixing GR

Jędrzej Świeżewski, University of Warsaw

qab =

2

4
1 0 0
0
0

3

5
qAB

qra = �rai.e. the radial gauge

To impose the gauge you need a Hamiltonian which preserves it, namely s.t.

{qra, H[N ] + C[ ~N ]} ⇡ 0 which leads to (L ~Nq)ra = �{qra, H[N ]}

The vector constraint
prr = function(qAB , p

AB ,�,⇡)

prA = function(qAB , p
AB ,�,⇡)

Ca ⇡ 0 can be solved for .

, .



Application — gauge fixing GR

Jędrzej Świeżewski, University of Warsaw

qab =

2

4
1 0 0
0
0

3

5
qAB

qra = �rai.e. the radial gauge

To impose the gauge you need a Hamiltonian which preserves it, namely s.t.

{qra, H[N ] + C[ ~N ]} ⇡ 0 which leads to (L ~Nq)ra = �{qra, H[N ]}

The vector constraint
prr = function(qAB , p

AB ,�,⇡)

prA = function(qAB , p
AB ,�,⇡)

Ca ⇡ 0 can be solved for

The resulting theory is parametrised by

.

, .

(qAB , p
AB ,�,⇡) with the Hamiltonian constraint

(
G = 1

2 (p
r
r)2 + 2qABprAprB � qABpABprr + (qACqBD � 1

2qABqCD)pABpCD

(3)R = (2)R� qABqAB,rr � 3
4q

AB
,rqAB,r � 1

4 (q
ABqAB,r)2

prA = �
Z r

0
DBp

B
Aprr =

1

2

Z r

0
pABqAB,r +

Z r

0
DA

 
qAB

Z r0

0
DCp

C
B

!

whereeH[N ] =

Z
N

✓
2
p
q
G�

p
q

2
(3)R+ hmatt

◆



Application — defining spherical symmetry on the quantum level

Jędrzej Świeżewski, University of Warsaw

General Relativity

midisuperspace 
model

Loop Quantum Gravity

quantum spherically 
symmetric models



Application — defining spherical symmetry on the quantum level

Jędrzej Świeżewski, University of Warsaw

General Relativity

qAB , p
AB

midisuperspace 
model

Loop Quantum Gravity

quantum spherically 
symmetric models



Application — defining spherical symmetry on the quantum level

Jędrzej Świeżewski, University of Warsaw

General Relativity

qAB , p
AB

midisuperspace 
model

Loop Quantum Gravity

quantum spherically 
symmetric models



Application — defining spherical symmetry on the quantum level

Jędrzej Świeżewski, University of Warsaw

General Relativity

qAB , p
AB

midisuperspace 
model

Loop Quantum Gravity

quantum spherically 
symmetric models



Application — defining spherical symmetry on the quantum level

Jędrzej Świeżewski, University of Warsaw

General Relativity

qAB , p
AB

midisuperspace 
model

Loop Quantum Gravity

quantum spherically 
symmetric models



Thank you for your attention

References:

General relativity in radial gauge II — Bodendorfer, Lewandowski, JŚ   soon

A quantum reduction to spherical symmetry in lqg — Bodendorfer, Lewandowski, JŚ   PLB 747 (2015)

General relativity in radial gauge I — Bodendorfer, Lewandowski, JŚ   arXiv:1506.09164

Observables for general relativity related to geometry — Duch, Kamiński, Lewandowski, JŚ  JHEP05(2014)077
JHEP04(2015)075


