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EIGENSTATE THERMALIZATION SCALING

Many-body Hamiltonians are random matrices (7!7)
Eigenstate thermalization hypothesis (which observables?)

E.T.H. Scaling — local, less local & Behemoth operators
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CONTEXT

Increasing # of experiments
in the limit of “isolation:

time of time scale of
measure- << environment
ment effects

e Ultracold trapped atoms/ions

e NMR quantum computing

e Ultrafast pump-probe spectroscopy

Non-equilibrium dynamics of

isolated quantum systems
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THE MANY-BODY EIGENSPECTRUM

Standard many-body

quantum physics Dynamics in isolation

U

U
low-lying parts of No tendency toward ground state

the many-body —
spectrum. Any part of spectrum can be important!

I RO

Motivates study of eigenstates in the middle of the many-body spectrum.

Mid-spectrum eigenstates are (often) somewhat ‘random’



Relevant classes:

GOE and GUE

GOE
Symmetric matrix
Real elements

Elements random &
gaussian-distributed

GUE

Hermitian matrix

Complex elements

Real & imaginary parts

are random and
gaussian-distributed

RANDOM MATRICES

Properties

Eigenstates: coefficients are gaussian-distributed

level spacings (s; = Ej11 — E;)

Eigenvalues: have Wigner-Dyson statistics

Pcoe(s) o« se ™ Poue(s) o s’e

Eigenvalues display level repulsion: P(0)=0



MANY-BODY HAMILTONIANS...

This talk: — lattice systems, finite Hilbert space

Eigenspectrum has a bottom and a top

Typically N, particles in L sites

Particles — fermions, bosons, or up-spins

Thermodynamic limit: L — o0, N, — oo, constant N,/L



MANY-BODY HAMILTONIANS:

RANDOM-MATRIX BEHAVIOR?

Typical many-body Hamiltonian, with
few-body, local interactions:

Hamiltonian matrix is sparse

Elements are not random




MANY-BODY HAMILTONIANS: RANDOM-MATRIX BEHAVIOR?

Example:

Typical many—quy Hamlltonlan, with 04 05 6 6 0 06 06 o o0 060 05 0 o o
few-body, local interactions: 05-040505 0 0 0 0 0 0 0 0 05 0 0
0O 05 04 O 05 O 0 0 0 0o o0 0 0 0 0]
0O 05 0 -04 05 0 0.5 0 0 0o o0 0 0 05 0
0 0 05 05 -0405 O 0.5 0 0o o 0 0 0 0]
0 0] 0 0 05 04 O 0 05 0 O 0 0 0 0]
0 0] 0 0.5 0 0 -04 05 0 0 05 O 0 0 05
[0] 0] 0 0 05 0O 05 -04 05 0O 0 05 0 0 0]
0 0] 0 0 0O 05 O 05 -04 05 0 0 0.5 0 0]
. . . . 0 0] 6] 0 0 0] ] 0 05 04 O 0 0 05 0
Hamiltonian matrix is sparse 6 06 0 0 0 0 05 0 o0 vosos o o o
05 0 6] 0 0 [0] 0 0.5 0 0 0.5 —-0.4 0.5 0 0]
0 05 O 0 0 [0] ] 0 05 0 O 05 —-04 05 O
0 (0] 0 0.5 0 [0] 0 0 0O 05 0 0 05 —-04 05
Elements are not random o 0o 0 0 O 005 O O O O O O 05 04

XX Z chain,

A = 0.8 (L = 6 sites, N, = 2 1-spins)




MANY-BODY HAMILTONIANS:

RANDOM-MATRIX BEHAVIOR?

Typical many-body Hamiltonian, with
few-body, local interactions:

Hamiltonian matrix is sparse

Elements are not random

Nevertheless

Eigenstate coefficients:

usually Gaussian-distributed

Energy eigenvalues:

usually Wigner-Dyson statistics

integrable systems
Exceptions:  very large interactions
spectral edges



COEFFICIENTS OF MANY-BODY EIGENSTATES

[Ea) = ZC” ™) In)’'s —— many-body configurations
L—-1 L-2
Ho= 1Y (TS, + 878+ 815i85:) + Y (ST, + S8k, + 805:5%,)
i=1 i=2
In)'s —
J> = 0 — integrable XXZ chain [T
IERE RS

Jo»~ J1 — non-integrable

(‘chaotic’ or ‘ergodic’) |




COEFFICIENTS OF MANY-BODY EIGENSTATES

Hilbert space Beugeling, Moessner,
E ==§:c n z =cp,VD D= 5
| A) n| > n ) dimension Bdcker, Haque

n P.R.E (2018)
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XXZ + NNN

LEVEL STATISTICS OF MANY-BODY SPECTRA

05

(r) distinguishes
GOE, GUE,
Poisson

[ Si+1 S
ri = mm( 2 )
Si  Sit1

Integrable systems
usually have Poisson
statistics



LEVEL STATISTICS OF MANY-BODY SPECTRA

XXZ + NNN L-15, N =6
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(r) distinguishes
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[ Si+1 S
ri = mm( 2 )
Si  Sit1

Integrable systems
usually have Poisson
statistics



ENTANGLEMENT ENTROPY OF MANY-BODY EIGENSTATES

Haque, McClarty,
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ONLY THE MIDDLE OF THE SPECTRUM?




ONLY THE MIDDLE OF THE SPECTRUM? I

Introduce temperature: (pretend: system is described by canonical e—ﬁH)
tr (e*BHH> 1
broma = AT PR [E4), Ea —
tr (e% ) A eigenstates,

eigenenergies

with  Z(8) = tr (e—BH> = Y

A

— provides a temperature < energy map,
also for a finite system!

Based on eigenvalues alone.



NOT JUST THE MIDDLE OF THE SPECTRUM

1/T

b=

Energy

Energy

mid-spectrum _ . Inflmti_
eigenstates - emperature
states

Negative temperatures!

Mid-spectrum eigenstates
— well-described by |trang)

Finite-temperature eigenstates
—— well-described by exp [—%H] |¥rand )



Entanglement entropy
2

NOT JUST THE MIDDLE OF THE SPECTRUM

XYZ

-~ Page
,,,,,,,,,,,,,,,,,,,,,,,,, — typicality

-5 0 5 10
Eigen-energies or E(B)

mid-spectrum _ tererﬁmti_
eigenstates = perature
states

Negative temperatures!

Mid-spectrum eigenstates
— well-described by |trand)

Finite-temperature eigenstates
— well-described by exp [-%H] Prand)
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THERMALIZATION IN ISOLATED SYSTEMS

Generic (non-integrable) isolated system

Mml\ﬂﬂ AAJ\/\A/\M/\
wwvvvvvvv SRR

driven out of equilibrium

—= many observables thermalize

Some observable

. time
An observable thermalizes

—— relaxes to value dictated by thermal ensemble



THERMALIZATION IN ISOLATED SYSTEMS

An observable thermalizes

{\/\f\/\l\r\ﬂ /\/\/\/\l\\ AN MA

— relaxes to value dictated by thermal ensemble WWUVVWW ”“UV VV yue

Some observable

If initial state is |¢(0)) = > ca|E4), relaxes to time
A

~ 00, |[Ea), E4 — eigenstates,
<O(t)> = <¢(t)|0|¢(t)> : <> Z|CA| EA|O|EA> A eiSenenergies




THERMALIZATION IN ISOLATED SYSTEMS

An observable thermalizes

3 TVUAVVAVAVAUAV /'\WA el ,\/\M/\V
—= relaxes to value dictated by thermal ensemble g W l/\/ \/V |V
2
o
[0]
€
&
1 ~
= —BEa4
(O)therm = Z(ﬁ);e (Ea| O |E4) -

. 1 B |[E4), E4 — eigenstates,
3 defined by energy: EtotaL = mZe PEAE 4 eigenenergies
A




THERMALIZATION IN ISOLATED SYSTEMS

An observable thermalizes

3 TVUAVVAVAVAUAV nwﬂ AAVJ\/\ A
—— relaxes to value dictated by thermal ensemble g W w V VY
2
o
(0]
£
)
~ 1 ~
> lealP(Ea| O Ea) = mZe’BEA(EA|O|EA) e
A s A

|[Ea), E4 — eigenstates,
eigenenergies

Crucial: Eigenstate expectation values (E4|O|Ea)



THERMALIZATION IN ISOLATED SYSTEMS I

Mechanism for thermalization: Eigenstate Thermalization Hypothesis

[ (E4| O|E4)'s are smooth functions of Ey4 ]

— ‘implies’ thermalization

Deutsch, P.R.A (1991); Srednicki, P.R.E (1994)
Rigol, Dunjko, Olshanii, Nature (2008)

........... + many others

Beugeling, Moessner, Haque, P.R.E (2014)

Finite-Size Scaling of ETH



E.T.H. SCALING H = Hxxz+X\) (i —i0)°5;

Oaa = (E4| O |Ea) = (Ea| Shigaie [E4)

L =18

| |
—0.2 0 0.2 —0.2 0 0.2 —0.2 0 0.2

Ea/L Ea/L Ea/L
Scaling of E.T.H. fluctuations: o ~ D12 ~ e ol Beugeling,
Moessner, Haque,
P.R.E (2014)

D = dimension of Hilbert space



E. T.H. SCALING:

OFF-DIAGONAL MATRIX ELEMENTS

Width, real/imag part

0.001

0.1

U S—

F._ 0 ¢ operator A
ISR = operator B
=0 --= const. x 2*
L I\\\\\\\ <
°Qr % 0
g P
o AR LR
- Q 7\ ;
-0.05 0 0.05
| Im( Aaﬁ) | SY.K4 |
10 20

Oap = (E4| O |Ep)

Sachdev-Ye-Kitaev model

(N Majorana fermions)

Haque & McClarty
P.R.B (2019)

o~ D_1/2 ~ 2—N/4



A STANDARD STATEMENT OF E.T.H. Srednicki, 1999

E = (1/2)(E4 + Ep)

(EA|O|Ep) = 6ap FVE) + e °®2 fO(E w) Rap
(UZEB—EA

R4p — a gaussian random variable; f(172) — smooth functions.
[ S ~ logD is the entropy = Distribution width ~ D~1/2 j
Local operators — D=

diagonal matrix elements, off-diagonal matrix elements Hilbert space

both distributions have width ~ D—1/2 dimension



WHICH OPERATORS OBEY ~ D~ 1/2 SCALING?

Khaymovich, Haque, McClarty, P.R.L. (2019)

Eigenstate Thermalization,
Random Matrix Theory
and Behemoths
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OPERATORS IN RMT AND MANY-BODY PHYSICS

Could interpret random matrix as:

Hamiltonian of a single particle
on a fully-connected graph

with random hoppings

H = Z hij JIJ]
ij

hi1
ho1

ha1

hni

hi2
hoo
h32
hao

hn2

h13
ho3
h33
ha3

hn3

hia
hoa
h3za
haa

hna

hin
hon
han
han

hnn




OPERATORS IN RMT AND MANY-BODY PHYSICS

Hamiltonian of a single particle on a fully-connected graph

Not many interesting observables, except:

Node-node correlation function

For : = 3. node occupancy

h21
h31

hay

hoo

h23

h33

ha3

ha4
h3q

hag

haon
han

han




OPERATORS IN RMT AND MANY-BODY PHYSICS

@iy = did; = |i)(j]

o O O o
o O O O
o O O O
O O ~ O

As a matrix?  @;; has a single nonzero element.

Hermitian version:  7;; = Wi + @js
— Matrix with two nonzero elements.
H=Y hydd
1j

O O O o




OPERATORS IN RMT AND MANY-BODY PHYSICS

@y = didy = i) (4

Many-body analogy —
Changes one

a nodei = a many-body configuration |n) many-body configuration
to another.
Qpr = |n><"’| Highly nonlocal

Behemoth operators



OPERATORS IN RMT AND MANY-BODY PHYSICS

Behemoths form a basis for operators.

2 in configuration space —» U

Any operator is a sum of Behemoths.

o O O o
o O O O
O O O o
O O = O
O O O o

(e.g. local observables, 2-point correlators)




FROM NONLOCAL TO LOCAL OPERATORS

(Using spinless-fermion language) Behemoth: ael...d ge,...g,
Series of operators n = Np, M=1or?2
n M
Qu = H ¢, Cj, = Z szoﬁ)
k=1 a=1 2-point correlator: ¢ Gj,
A (2n)-point M nonzero terms . __ (L —2n
correlator. in operator matrix. n=1, M = No—n) "~ O(D)

Can generalize — spins, bosons, Hubbard, Np-non-conserving systems,
allow overlap between n, n’ configurations....

Many types of operators covered in this framework.



WIDTH OF DISTRIBUTIONS: SCALING WITH D

Behemoth distribution ~ Ko(Dx) — Width scales as ~ D~! —; super-ETH scaling

Local operators are sums of M ~ O (D) Behemoths.

Using central limit theorem, width ~+vMD 1~ D12 _ ETH scaling

A ‘typical’ operator is dense, M > O (D)
If M~ O(D'F), width (using CLT) ~D 1252 - sub-ETH scaling

If M~O(D?, width ~D°

ETH works because D~1/2 scaling works because
physical operators are sparse. local operators have M ~ O (D)




NON-LOCAL TO LOCAL TO TYPICAL

XXZ + NNN

Distributions
=

-0.0002 O

(E,IT|Ep

0.0002

(LN)=(17.8). J;=/,=1, A =A,=08

n=7
M=6

-0.0002 0 0.0002

® Behemoth
+ 2-point

L ND—I/Z
RMT
prediction
for 2-point

10

10

0

matrix elements of partially/fully local operators

0.02

Dense
B=1/2
N 0—1/4
Dense
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- D—3/8

-1/2
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