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Supercharacter Theory
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Main definition

G : a finite group.
Irr(G ): the set of irreducible characters of G .

Definition (Diaconis & Isaacs)

Let K be a partition of G , and let X be a partition of Irr(G ).
The pair (X ,K) is called a supercharacter theory for G if

|X | = |K|.
{1} ∈ K.

For each X ∈ X , the character∑
ψ∈X

ψ(1)ψ

is constant on each element of K.
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Main examples

The unitriangular group with entries in a finite field F of characteristic
p 6= 2.

UTn =


1 ∗

. . .

0 1


 = In +


0 ∗

. . .

0 0




More generally, we consider an algebra A and algebra groups of the form

P = 1 + J,

with P, J ⊆ A, J a nilpotent subalgebra of A.
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The orbit method

Consider actions of P and P × P on J and J0 = Irr(J+).

For x , y ∈ P, a ∈ J and λ ∈ J0,

(x , y) · a := x a y−1

(λx)(a) = λ(ax−1) (xλ)(a) = λ(x−1a)

(x , y) · λ := xλy−1

So we can consider orbits PaP ⊆ J and Pλ,PλP ⊆ J0.

J =
⊔
a∈J

PaP J0 =
⊔
λ∈J0

Pλ =
⊔
λ∈J0

PλP.
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A supercharacter theory for P

Superclasses of P = 1 + J:

{K̂1+a = 1 + PaP : a ∈ J}

Supercharacters of P = 1 + J:

ξ̂λ(x) =
|Pλ|
|PλP|

∑
µ∈PλP

µ(x − 1)

Another formula: denote by Irrλ(P) the set of irreducible constituents of
ξ̂λ. Then

ξ̂λ =
|Pλ|
|PλP|

∑
χ̂∈Irrλ(P)

χ̂(1)χ̂

Note that supercharacters depend on λ ∈ J0.
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Groups defined by involutions
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Involutions

Involution of A

We say that σ is an involution of the algebra A, with the following
properties: for all a, b ∈ A,

σ2(a) = a

σ(a + b) = σ(a) + σ(b)

σ(ab) = σ(b)σ(a)

σ(F .1A) = F .1A

Simple examples:

n × n matrices with σ(M) = MT .

M 7→ JMT J where J is the matrix with ones on the anti-diagonal.

9 / 25



Action of σ on P

Take J ≤ A to be a nilpotent σ-invariant subalgebra, and P = 1 + J.

The group P becomes invariant for the group action xσ := σ(x−1).

We want to construct a supercharacter theory for the centralizer of this
action.

Groups defined by involutions

CP(σ) = {x ∈ P : xσ = x}

Some character theories for groups of this type are known:

The symplectic groups

The orthogonal groups

The unitary groups

All these are subgroups of UTn (definitions to appear later).
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The Cayley transform

For a ∈ J, define aσ := −σ(a) and

CJ(σ) = {a ∈ J : aσ = a}.

Recall P = 1 + J. The map

J → P
a 7→ 1 + a

doesn’t map CJ(σ) to CP(σ).
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The Cayley transform

Remember P = 1 + J.

Cayley transform

Φ : J → P
a 7→ (1 + a)(1− a)−1

Ψ : P → J
x 7→ (x − 1)(x + 1)−1

We have Φ(aσ) = Φ(a)σ, thefore the transform maps CJ(σ) to CP(σ) and
vice-versa.
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Other actions of σ

Given χ̂, a character of P, we define

χ̂σ(x) := χ̂(xσ) = χ̂(σ(x−1))

Denote Irrσ(P) = {χ̂ ∈ Irr(P) : χ̂σ = χ̂} and SChσ(P) similarly.

Given λ ∈ J0, we define

λσ(a) := λ(aσ) = λ(−σ(a))

Redefine:

ξ̂λ(x) =
|Pλ|
|PλP|

∑
µ∈PλP

µ(Ψ(x))

Main properties remain valid, and more:

SChσ(P) = {ξ̂λ : λσ = λ}
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Supercharacter theories for groups
defined by involutions
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Superclasses

Conjugacy classes of CP(σ) are obtained by intersection of classes of P
with CP(σ).

Let SClσ(P) be the set of σ-invariant superclasses of P.

For each K̂ ∈ SClσ(P), we take K̂ ∩ CP(σ) as a superclass.

SClσ(P) → Scl(CP(σ))

K̂ 7→ K̂ ∩ CP(σ)
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Supercharacters – the Glauberman correspondence

How to use the supercharacter theory of P to get one for CP(σ)?

As with superclasses, we associate irreducible characters of P and CP(σ)
using the Glauberman correspondence.

πP : Irrσ(P)→ Irr(CP(σ))

where πP(ξ̂) is the only constituent of ξ̂|CP(σ) with odd multiplicity.
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Supercharacters – definition

Let λ be a σ-invariant element of J0.

Take ξ̂λ ∈ SChσ(P).

Consider all irreducible characters χ̂ that are components of ξ̂λ,
< ξ̂λ, χ̂ > 6= 0.

Consider all their Glauberman correspondents χ := πP(χ̂).

λ→ ξ̂λ → χ̂→ χ

Irrλ(CP(σ)) = {χ ∈ Irr(CP(σ)) :< ξ̂λ, χ̂ > 6= 0}

ρλ :=
∑

χ∈Irrλ(Cp(σ))

χ(1)χ
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Supercharacters – properties

λ→ ξ̂λ → χ̂→ χ

Irrλ(CP(σ)) = {χ ∈ Irr(CP(σ)) :< ξ̂λ, χ̂ > 6= 0}

ρλ =
∑

χ∈Irrλ(Cp(σ))

χ(1)χ

The set {Irrλ(CP(σ)) : λ ∈ J0, λ = λσ} is a partition of Irr(CP(σ)): each
irreducible character of CP(σ) is a component of one and only one ρλ.
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Supercharacters – properties

ρλ =
∑

χ∈Irrλ(Cp(σ))

χ(1)χ

Let ΩP(λ) = {µ ∈ PλP : µσ = µ}.

We have

ρλ(x) =
∑

µ∈ΩP(λ)

µ(Ψ(x))

This proves ρλ is constant on superclasses.

The functions ρλ will be the supercharacters of CP(σ).
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Supercharacters – main result

ρλ(x) =
∑

χ∈Irrλ(Cp(σ))

χ(1)χ(x) =
∑

µ∈ΩP(λ)

µ(Ψ(x))

Compare with ξ̂λ:

|PλP|
|Pλ|

ξ̂λ =
∑

χ̂∈Irrλ(P)

χ̂(1)χ̂

and reduce to the case where ξ̂λ has a linear constituent.

Prove that, in this case, the second formula is a character induced
from a linear character of a subgroup of CP(σ)

Gallagher’s theorem identifies the components of the induced
character.
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Main Examples
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In GLn(K )

Let q = |Kσ|. For a ∈ GLn(K ), define (a∗)ij = aqji .

We consider involutions σu(a) = a 7→ u−1aTu of two kinds:

First kind: Kσ = K , u∗ = uT and uT = ±u.

Second kind: Kσ < K , u∗ = u.

The symplectic, orthogonal and unitary groups can all be written as
CUTn(σu) for adequate involutions σu, with σu(UTn) = UTn.
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Subgroups of UTn defined by involutions

Recall that Jm is the matrix with ones on the anti-diagonal.

For Sp2m(K ), we choose u =
(

0 Jm
−Jm 0

)
(first kind, uT = −u).

For O+
2m(K ) or O2m+1(K ), we choose u = Jn where, either n = 2m,

or n = 2m + 1 (first kind, uT = u).

For O−2m+2(K ), we choose u =
(

0 0 Jm
0 c 0
Jm 0 0

)
where c =

(
1 0
0 −ε

)
for

ε ∈ K x \ (K x)2 (first kind, uT = u).

For Un(K ), we choose u = Jn (second kind, u∗ = u).
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Basic pairs

The known character theory for P = UTn depends on basic pairs (D, ϕ).

D ⊂ {(i , j) : 1 ≤ i < j ≤ n} a basic subset.

ϕ : D → K x .

Superclasses and supercharacters of P are indexed by basic pairs.

Superclasses and supercharacters of CP(σ) are indexed by σ-invariant
basic pairs (need to define action of σ).

This generalises the known theories for these groups.
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