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Preface

Groupoids and inverse semigroups are two generalizations of the notion of
group. Both provide a handle on more general kinds of symmetry than groups
do, in particular symmetries of a local nature, and applications of them crop
up almost everywhere in mathematics — evidence of this is the number of
related textbooks in analysis, geometry, topology, algebra, category theory,
etc. [1,2,3,5,9, 14, 15, 16, 19, 29, 32]. The fact that inverse semigroups and
étale groupoids are somewhat similar in spirit is made apparent by several
known constructions that go back and forth between both. The main purpose
of these notes is to deepen this correspondence in a way that to some extent
subsumes all the others. The method in question has been introduced in [33],
where it turns out that quantales are crucial because they play the role of
mediating objects between inverse semigroups and étale groupoids. For this
reason [ shall also address quantales in these notes, in particular providing
much more background material about them than in [33].

I also hope in this way to make available (at least the beginnings of) a
useful reference textbook for those general algebraic aspects of quantales and
their modules that keep being recalled in introductory sections of research
papers but otherwise are scattered in the literature. I shall not attempt to be
exhaustive, and in particular I shall not address spatial aspects of quantales
such as those of [11]. An older monograph on quantales is that of Rosenthal
[36], part of whose material I revisit in these notes, and the interested reader
may also wish to look at two more recent survey papers, one by Mulvey [22],
and the other by Paseka and Rosicky [28].

A strong motivation for developing this material comes from noncommu-
tative geometry in the sense of Connes [3]. Quantales have been originally
proposed [20] as being generalized spaces in their own right and, in particu-
lar, spaces that can provide a notion of “spectrum” for noncommutative C*-
algebras capable of classifying them up to isomorphism [12, 13, 21, 24, 25, 26].
This effort has been greeted with several difficulties (see, e.g., [12, 13]), and in
order to make sense of the ideas involved it may be useful to focus on specific
types of C*-algebra. The C*-algebras that are constructed out of groupoids
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and inverse semigroups play a major role in noncommutative geometry, and
it is therefore natural to address them. More than that, it is natural to look
at groupoids per se because they alone often play the role of generalized
spaces. It is fortunate that, as we shall see, there is a rather perfect match
between étale groupoids, complete and infinitely distributive inverse semi-
groups (herein called abstract complete pseudogroups), and the quantales
known as inverse quantal frames. We can summarize this with the following
diagram, where all the arrows are invertible maps up to isomorphism, and
those on the right are also functors:

Inverse
quantal - - - - - - equivalence of cats.

frames

o S

Btale . gems——— iﬁéﬁiiz
groupoids T bisections—————— p
pseudogroups

From a slightly different standpoint, C*-algebras are sometimes regarded
as mediating objects between groupoids and inverse semigroups (e.g., this
happens occasionally in [29]). The material presented in these notes has the
effect, in this context, of replacing C*-algebras by quantales. To a large ex-
tent these are the right mediating objects because they are not subject to
restrictions motivated by analysis, such as requiring unit spaces of groupoids
to be locally compact Hausdorff, etc. In addition, an advantage of mak-
ing the role of quantales explicit is the possibility of bringing the theory
to bear on more general kinds of groupoids, such as open groupoids. More
precisely, the equivalence of categories in the above diagram enables us to
replace inverse semigroups by quantales when moving from étale groupoids
to open groupoids. Apart from brief considerations about open groupoids,
I shall not address this topic in these notes, and I also leave untouched im-
portant aspects such as algebraic topological tools for quantales themselves
(e.g., cohomology), and the connections to C*-algebras, which need further
elaboration.

I have tried to be as constructive as possible, in the sense of providing
definitions and results that can be carried over to an arbitrary topos, although
without being fussy about this. The main advantage of such an effort, at
least in principle, is that in this way theorems are proved in their greatest
generality; for instance, a theorem proved constructively yields automatically
an equivariant version of itself, simply by interpreting the theorem in the



topos of G-sets for a group G, or a version for sheaves by interpreting the
theorem in the topos of sheaves (of sets) on a space or a site. The main
results in these notes are indeed constructive, and occasionally readers will
see explicit symptoms of this such as when a distinction is made between
the powerset (1) of a singleton and its order dual p(1)°". Classically these
two lattices are isomorphic, of course, but this is not so in a general topos.
Another symptom is the use of locales instead of topological spaces, although
this is also motivated by pragmatic reasons that do not have to do with
constructivity. In any case there are places, for instance in many exercises,
where constructivity is neglected. This tends to happen, for instance, when
we deal with spatial aspects of locales. I have not placed any clear road signs
in the text warning about constructivity or the lack of it because readers
familiar with these things probably do not need to be warned, while others
may comfortably assume that everything is taking place in the category of
sets.

The notes are divided into three chapters. Chapter I addresses the more
classical aspects of topological groupoids and inverse semigroups. Still, the
general equivalence between abstract complete pseudogroups and topologi-
cal étale groupoids that it presents does not seem to be found elsewhere in
the literature. Chapter II develops general algebraic aspects of quantales,
including the theory of supported quantales that has been introduced in [33].
Finally, Chapter III describes localic groupoids and in particular localic étale
groupoids and their relation to quantales.

A large portion of these notes is based on [33]. Most of the rest has
grown out of six lectures which I gave at the University of Antwerp in
September of 2005 during a two week course organized by Freddy van Oys-
taeyen in the scope of the SOCRATES Intensive Program 103466-1C-1-
2003-1-BE-ERASMUS-IPUC-3: GAMAP: Geometric and Algebraic Meth-
ods of Physics and Applications, and they have received an additional boost
from a working seminar on groupoids and noncommutative geometry that
I have been running in the scope of the FCT/POCI2010/FEDER grant
POCI/MAT /55958/2004, jointly with Catarina Carvalho, Rui Loja Fernan-
des, and Radu Popescu, at the Department of Mathematics of Instituto Su-
perior Técnico since October 2005.

August 2006,
Instituto Superior Técnico.
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Chapter 1

Groupoids and inverse
semigroups

In this chapter we shall give basic definitions and results concerning groupoids
and inverse semigroups, culminating with a general bijective (up to isomor-
phism) correspondence between topological étale groupoids with unit space
X and abstract complete pseudogroups (i.e., complete and infinitely distribu-
tive inverse semigroups) that act on X in a suitable way. The construction of
abstract complete pseudogroups from the groupoids is given in terms of local
bisections (equivalently, open G-sets in the terminology of [32]), and, in the
converse direction, from an abstract complete pseudogroup S we construct a
groupoid whose arrows are the germs of the elements of S. This generalizes
the well known germ groupoid of a pseudogroup, which we also recall, and
it can be regarded also as a generalization of the classical correspondence
between sheaves and local homeomorphisms.

1 Groupoids

Let us start by looking at groupoids. We start with discrete groupoids. Then,
using these as motivation, we introduce internal groupoids in a category,
and then topological groupoids, which are internal groupoids in Top; as an
example we describe the germ groupoid of a pseudogroup. Of course, there
would be no need to give the general definition of internal groupoid just
for defining topological groupoids, but we do this because we shall later, in
Chapter 111, have to work with localic groupoids, which are internal groupoids
in the category Loc of locales.
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Discrete groupoids. A (discrete) groupoid is a small category all of
whose arrows are invertible. Hence, a groupoid G can be explicitly described
as consisting of a set of arrows (or morphisms) Gy, a set of objects Gy, and
structure maps

{(V__
GQ dl Gl U Go
d

where G is the set Gy X, G of composable pairs of arrows:
Go ={(z,y) € G x Gy | r(z) =d(y)} .

The map m is called the multiplication, or product; d is the domain map; r
is the range map, or codomain; i is the inverse map; and wu is the units map.
The axioms satisfied by these maps are, writing = for i(x) (the inverse of
x), xy for m(z,y) (the product, or composition, of x and y), and 1, for u(x)
(the identity arrow, or unit, on z), the following.

Category axioms:

d(l,) = = (domain of a unit)

r(ly) = =« (range of a unit)

d(xy) = d(x) (domain of a product)

r(zy) = r(y) (range of a product)

(ry)z = xz(yz) (associativity)

lygmxz = @ (left unit law)

tlyy = =« (right unit law)

Inverse axioms:

d(z7') = r(x) (domain of inverse)

r(z7!) = d(x) (codomain of inverse)
zxt = lgu) (left inverse law)
t7'z = 1,4 (right inverse law)

We shall often write G for the set of arrows G; and regard Gy as a subset
of G by identifying it with its image u(Gg), which makes sense because u is
necessarily injective (cf. exercise 1.1.5-2).

We shall usually write z : * — y to specify that an arrow z has domain
d(z) = x and range r(z) = y, and we denote by G(x,y) the set of arrows
z:x — y. The set G(x,z) is a group. It is called the isotropy group at x
and we denote it by I,.
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For any groupoid G the binary relation on Gy defined by x ~ yifz 1 2 — gy
for some arrow z is an equivalence relation whose equivalence classes are
called the orbits of the groupoid. The isotropy groups are invariants of the
orbits, i.e., I, =2 I, if x ~ y. A groupoid is connected, or transitive, if there is
exactly one equivalence class. In this case there is, up to isomorphism, only
one isotropy group. We refer to it as the isotropy of G, and denote it by .

A map of groupoids f : G — G’ (G’ has structure maps d’, 7', etc.) is a
functor from G to G'. In other words, it consists of a pair of functions

fl . Gl ad Gll
fo: Gy — G
that preserve the structure maps of the groupoids in the appropriate way;

that is, for all z € Gy and y, z € G (we use the same names for the structure
maps of both groupoids):

fold(y)) = d/(f1(y))

folr(y)) = 7'(Ay))
fille) = g
filyz) = fiy)fi(2)

It is clear that fy is completely determined by f;, and we shall usually write
just f instead of f;. Maps automatically preserve inverses: f(x~1) = f(z)™'.
An isomorphism of groupoids f : G — H is a map that has an inverse
functor f~!: H — G. Two groupoids G and H are isomorphic if there is an
isomorphism f: G — H.

Example I.1.1 Groups. Any group G is a groupoid with G; = G, Gy =
G x G, and Gy = {1}. This is a transitive groupoid with I = G.

Example 1.1.2 Group bundles. Consider a set X and a family (G,) of
groups indexed by X. We obtain a groupoid G, called a group bundle over
X, by defining Gy = X, Gy =[], G, setting 1, to be the unit of the group
G, for each z € X, letting d(g) = r(g9) = z for each g € G,, defining the
product of composable arrows to be group multiplication and the inverses
to be group inverses. (In other words, a group bundle is just a groupoid
such that d = r.) The isotropy groups are the groups G, and the orbits are
singletons.

Example 1.1.3 Equivalence relations and pair groupoids. A groupoid
which has at most one arrow between any two units is the same thing as an
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equivalence relation on Gy, with d(z,y) = x and r(z,y) = y and multiplica-
tion given by (x,y)(y, z) = (x, z). Equivalently, this is, up to isomorphism,
a groupoid whose isotropy groups are all trivial; the orbits are precisely the
equivalence classes. For any set X the obvious groupoid G with Gy = X and
G1 = X x X is called the pair groupoid of X and it is denoted by Pair(X).
This is the same as a transitive groupoid with trivial isotropy.

Example 1.1.4 Groupoids of “automorphisms” of bundles. Let X be
a set, C' a category, and consider a family A = (A, ).ex of objects of C. We
define the groupoid Aut(A) whose set of objects is X and whose arrows from
x to y are the triples (z, f,y) with f : A, — A, an isomorphism of C. The
domain and range maps are given by d(z, f,y) = « and r(z, f,y) = y, the
multiplication is given by

(z, f,y)(y,9,2) = (x,90 f,2) ,

the inverses are given by

(z, fy) ' =y, [ )

and the units are 1, = (z,ida,,z). Given a groupoid G, a representation
of G on A is a map of groupoids G — Aut(A). For instance, an abelian
representation is a representation on a family of abelian groups (i.e., C' is the
category of abelian groups), a linear representation is a representation on a
family of linear spaces, etc.

We shall see more examples in section 1.

Exercise 1.1.5 1. Show that in a groupoid G the following conditions

hold for all z € Gy and y,z € Gy: (1,)7! = 1,, (y7')! = y and

(yz)~' = 27y~ (Hence, any groupoid is an involutive category.)

2. (Alternative definition of groupoid.) Let G be a set, G2 a subset of
G x G, x — 27! an endomap of G, and (z,y) — xy a map from G5 to
G, satisfying the following relations:

2) ()"
) If (2, ), ( z) € Go then (xy, 2), (z,yz) € Gy and (xy)z = z(y=z)
(c) (71, z) € Gy and if (z,y) € Gy then 27 (zy) =y

(d) (z,x _1) € Gy and if (2,2) € G? then (zx)z! =2

Show that G is a groupoid with d defined by z — zz~! and Gy = d(G).
Show that any groupoid is of this form, up to isomorphism.
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3. Let G and H be discrete groupoids. Show that the product G x H as
categories is a groupoid.

4. Let G and H be transitive discrete groupoids, with isotropy groups
I and Iy, respectively. Show that the product groupoid G x H is a
transitive groupoid with isotropy Ig X Ig.

5. Let G be a transitive discrete groupoid with isotropy /. Show that G
is isomorphic to the product groupoid I x Pair(Gy).

Internal groupoids. Many of the groupoids that arise in practice, such
as topological groupoids, algebraic groupoids, the localic groupoids that we
shall see later in these notes, etc., are examples of internal groupoids in the
sense of internal category theory (see [17, Ch. XII]), and it is useful to look
at their axioms and elementary properties in this general context. In order
to do this, first we observe that the set Go = G X, G1 in the definition of
a discrete groupoid G is the pullback (in the category of sets) of the maps d
and r (we write m; and 7y for the first and second projections, respectively):

Gy h={(f 9

|

Go

G

Let C be any category with pullbacks (i.e., any pair of arrows ¢ — e «— e
has a pullback in C'). Then, generalizing the definition of discrete groupoid,
we define an internal groupoid G in C to consist of a pair of objects (G, Go)
of C — G is called the object of arrows and Gy is called the object of objects
— equipped with structure morphisms (in C)

7

()«
G2mG1 U G()

_—

where G5 is the pullback G X, G1 (we shall use for these maps the same
names as in the definition of a discrete groupoid), all of which are required to
satisfy the axioms that we now describe in the form of commutative diagrams.
As in the previous section for discrete groupoids, we begin by listing the
category axioms (i.e., the axioms that define an internal category in C),
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where for the associativity axiom we write G5 for the pullback Gy X, G1 of
the morphisms r o my : Go — Gy and d : G; — Gy.

Domain and codomain of a unit

G

/UT\ dou = idGO
rou = idg,

Go=——=Go=—=0Gy

Domain and codomain of a product

G = G = G
dl mi J{T dom = dom

rom = T 0Ty
Go G Go

T

Associativity (See also exercise 1.1.61.)

Gg mxid G2
ideJ/ im mo (m X idg,) = mo (idg, x m)
Go ™ Gy

Left and right unit laws

(uod,id) (id,uor)
2

G1 Gl . .
mo (uod,idg,) = idg,
\ im/ mo (idg,,uor) = idg,
G

1

The remaining axioms of internal groupoids are now those for the inverse
morphism i.

Domain and codomain of inverses

G, —~G =G

dot = r
\ld/ rot = d

Go
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Left and right inverse laws

G, (idi) Gy (i id) G

mo (id,i) = wod
di lm lT mo (i,id) = wuor
Go Gy Gy

u u

Let G and G’ be internal groupoids in a category with pullbacks C. The
definition of map of groupoids is a straightforward generalization of that of
the discrete case: a map from G to G’ is an internal functor, i.e., a pair of
morphisms of C'

fl . Gl — Gll
fo:Go — G
such that the following diagrams are commutative:
G- a G- G- Gy
dl id’ Tl lr’ TU Tu’ ml im’
Go 7 Gy Go = Gy Go % Gy G, = G

Similarly to discrete groupoids, fy is completely determined by f;, and we
shall usually write just f instead of fi. An isomorphism of groupoids is a
map (f1, fo) such that both fy and f; are invertible in C'.

Exercise 1.1.6 1. Recall that we have defined G35 to be the pullback
G2 X, G7 of the morphisms r oy : Gy — Gy and d : G; — Gj.
The expression m X id in the associativity axiom can then be explicitly
identified with the pairing morphism (m o w1, 7). (Warning: we use
the same notation m; and 7y for the projections of both pullbacks Go
and G3.) For the same definition of G5 give a similar interpretation of
id x m.

2. Let Gy X, G1 be an arbitrary pullback of Gg _d, Go <4 G . Show
that mo : Gy Xg, G1 — G is an isomorphism with inverse (d,id).

3. Show that for any internal groupoid we have i o7 = id.
4. Let x : Go — G2 be the pairing (i o my,7 0 7). Show that
1om=moy

(this is the analogue of the condition (zy)™! = y 'z~ of discrete

groupoids).



8 CHAPTER I. GROUPOIDS AND INVERSE SEMIGROUPS

5. Show that x as above is an isomorphism with x~! = .

6. Show that the following diagram (which is always commutative for any
category (7) is a pullback if G is a groupoid.

G1 Xa, G1 i G,
") |
G, y Gy

7. Show that the converse holds; that is, the above diagram is a pullback
if and only if G is a groupoid.

8. Prove that maps of internal groupoids preserve inverses; that is, show
that for any map f : G — G’ the following diagram is commutative:

G —L-a

GIT)Gll

Topological groupoids. A topological groupoid is an internal groupoid
G in the category of topological spaces and continuous maps. In other words,
it consists of a pair of topological spaces G; and GGy equipped with continuous
maps

{)__ -
G2 n G1 U Go

where now G is the pullback in the category of topological spaces, namely
the subspace G1 X¢g, G1 (with the relative topology) of the space G x Gy
with the product topology. The axioms of internal groupoids can be written
in the same way as those of discrete groupoids, of course, and we shall adopt
the same notation and terminology as in the discrete case.

The topological groupoids that arise in practice usually satisfy properties
that make them especially well behaved. As examples we mention two that
will be relevant in these notes: a topological groupoid G is open if its domain
map d is open; if furthermore d is a local homeomorphism the groupoid G is
said to be étale.

Equivalently, an open groupoid is one whose topology is closed under
pointwise multiplication of open sets (equivalently, m is an open map), and
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the étale groupoids are the open groupoids whose subspace of units is open.
(For these and other facts about open or étale groupoids see the list of ex-
ercises below.) The latter condition is strong, in particular implying that
the topology of the groupoid has a basis of “open G-sets” (see exercise 1.1.8-
6), but it does not imply that the groupoid in question is open, hence not
necessarily étale, as the following example shows.

Example 1.1.7 Let G be the topological groupoid defined by

Go = R

G; = RI{x}
dlz)=r(x) = zifzxeR
dix)=r(x) = 0

)
m(x, %) = 0

(Hence, this is a group bundle over R with trivial isotropy I, for all = # 0
and Iy = Zs.) Gy is open in G, but the groupoid is not open because {x} is
open in G but d({*}) = {0} is not open in R.

Exercise 1.1.8 In the exercises that follow, GG is a fixed but arbitrary topo-
logical groupoid. We identify the space of objects Gy with the space of units
u(Go), we write G instead of G, for any subsets U,V C G we write UV for
the pointwise product

UV ={zylzel yeV, r(x)=dy)}
and we write U~! for the pointwise inverse {x~! | z € U}.

1. Show that for any open set U C G we have, denoting the topology of

G by Q(G),
UNG)G C (JXNY X, YeQQG), Xy~ CU}
c (Jiveaw vvtcuy
GUNG) C (JIXNnY X, Ye@), X 'Y CU}

N

H{vea@ | vvcuy

2. Show that if m is open then so is d.

3. Prove the converse: if d is open then so is m (hint: show that open
maps are stable under pullback and use exercise 1.1.6). Conclude that
G is open if and only if the pointwise product UV of any two open sets
U,V C G is itself an open set.
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4. Show that G is étale if and only if m is a local homeomorphism (hint:
local homeomorphisms are stable under pullback).

5. Prove that if f and g are local homeomorphisms and go h = f then h
is a local homeomorphism. Based on this, show that if GG is étale then
the set of units G is open in Gj.

6. By a G-set of G is meant a subset U C G such that the restrictions
dly : U — Gp and r|y : U — Gy are both injective.

(a) Show that U is a G-set if and only if UU ™! C G and U~'U C Gy.

(b) Show that if Gy is open in G then the open G-sets form a basis
for the topology of G. (Hint: apply exercise 1 with U = G, and
show that the open G-sets cover G.)

7. Show that G is étale if and only if it is open and Gy is open in G.

8. By an r-discrete groupoid is meant a topological groupoid G whose
r-fibers r~!(x) are discrete subspaces of G. Prove that any topological
groupoid G whose unit subspace Gy is open in G (in particular, any
étale groupoid) is necessarily r-discrete. (Renault [32] defines r-discrete
to mean that Gy is open.')

Germ groupoids of pseudogroups. Let X be a topological space,
and let Z(X) be the set of all the partial homeomorphisms on X, by which
are meant the homeomorphisms h : U — V with U and V open sets of
X. This set has the structure of an involutive semigroup; the involution is
inversion,

h:U—V — h1: VU,

and the multiplication is given by composition of partial homeomorphisms
wherever this composition is defined: if h : U — V and b/ : U' — V' are
partial homeomorphisms then their product is the partial homeomorphism

Wi N (VAU = K (VN U

defined at each point of its domain by (hh')(z) = h'(h(z)). In these notes we
shall use the following essentially standard terminology.

In [32, 1.2.8(iv)] it is further stated that a locally compact r-discrete Hausdorff
groupoid is étale if and only if it has a basis of open G-sets. This is wrong, as exer-
cise 6 and example 1.1.7 show. However, this plays no role in [32] because the groupoids
are assumed to have Haar measures, which implies that they are open.
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Definition 1.1.9 Let X be a topological space. By a pseudogroup over X
will be meant any subset P C Z(X) which is closed under the multiplication
and the involution of Z(X). A pseudogroup P over X is full if it is also
closed under identities in the sense that idy € P for every open set U C X
and it is complete if it is full and for all h € Z(X) and every open cover (U,)
of dom(h) we have h € P if h|y, € P for all a. The (complete) pseudogroup
Z(X) is called the symmetric pseudogroup on X.

There is a very natural construction of a topological étale groupoid from
any full pseudogroup over X. First we define a small category whose set
of objects is X and whose arrows are the pairs (z, h) such that h € P and
z € dom(h). We set d(z,h) = x and r(z,h) = h(z), the composition is
defined by

(l’, h’)(h’(w)? k) = (33, ko h) )

and the object inclusion map is defined by = — (x,idy). Furthermore this
category has an involution defined by
(z,h)" = (h(z),h7"),
and satisfying the property
(@, h)(x, h)" (2, h) = (x, h) ;

This is an inverse category, meaning that for each arrow (x, h) there is exactly
one other arrow (y, k) such that

(@, h)(y, k) (2, h) = (z,h) and  (y,k)(x, h)(y, k) = (y, k) ;
of course, this unique arrow is (z, h)*.

From this inverse category we define a groupoid as a quotient: define
two arrows (x,h) and (x,k) to be equivalent, and write (x,h) ~ (x,k), if
hly = k| for some open neighborhood U C dom(h) Ndom(k) of x (hence, in
particular, h(z) = k(x)). The equivalence class of (z, h) is therefore identifed
with the pair (x, germ, h), where germ, h is the germ of h at x, that is the
set

germ, h ={k € P |z € domk, k|y = h|y for some open U with z € U} .

The pairs (z, germ, h) are the arrows of a groupoid whose set of units is X,
and whose structure maps are as follows:

d(x,germ, h) = =x
h(z)

x, germ,, idx)

(
— (z,germ, (ko b))
(h(x), germh(w)(h’l)) .

=
8

—= N N~
|
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This is called the groupoid of germs of P, and it is denoted by Germs(P). It
can be given a topology by defining as a basic open set, for each h € P, the

set
Up = {(z,germ, h) | z € domh} .

It is clear that d is then a local homeomorphism, and thus Germs(P) is an
étale groupoid.

2 Inverse semigroups

Now we present the basic theory of inverse semigroups and immediately
prove that every topological étale groupoid G is the groupoid of germs of
an inverse semigroup equipped with an action on Gy. In order to obtain a
converse to this we shall have to study completeness and distributivity for
inverse semigroups. In particular, the inverse semigroups of local bisections
of étale groupoids will be shown to be precisely the complete and infinitely
distributive inverse semigroups.

Basic definitions and examples. By an inverse of an element z of a
semigroup is meant an element y in the semigroup such that

ryr =

yry =

An inverse semigroup is a semigroup for which each element has a unique
inverse. Equivalently, an inverse semigroup is a semigroup for which each
element has an inverse (hence, a regular semigroup) and for which any two
idempotents commute.

In an inverse semigroup the inverse operation defines an involution, and
we shall always denote the inverse of an element z by =! or z*. The set of
idempotents of an inverse semigroup S is denoted by E(S).

An inverse monoid is an inverse semigroup that has a multiplicative unit,
which is usually denoted by e.

A semigroup homomorphism beween inverse semigroups automatically
preserves inverses. The category whose objects are the inverse semigroups
and whose arrows are the semigroup homomorphisms will be denoted by
InvSGrp. The category whose objects are the inverse monoids and whose
arrows are the monoid homomorphisms will be denoted by InvMon.

As examples of inverse semigroups we have:

1. Any pseudogroup on a topological space.
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2. Any subsemigroup of operators on a Hilbert space consisting entirely
of partial isometries and closed under adjoints.

3. The set Z(G) of “G-sets” (in the sense of [32, p. 10]) of a discrete
groupoid G, under pointwise multiplication and inverses, where by a
G-set is meant a set U for which both the domain and range maps are
injective when restricted to U. (We remark that this terminology is
unfortunate because it collides with the standard usage of “G-set” for
a set equipped with an action by a group G' — see, e.g., [18].) This is
an inverse monoid with unit Gy.

The Wagner-Preston theorem asserts that every inverse semigroup is iso-
morphic to a pseudogroup.

Exercise 1.2.1 Give an example of an inverse semigroup that is not isomor-
phic to any full pseudogroup.

Etale groupoids as germ groupoids. Not every étale groupoid is of
the form Germs(P) for a pseudogroup P, but every étale groupoid is obtained
by taking germs of a more general notion of “pseudogroup”. First we need
the following notion:

Definition 1.2.2 Let S be an inverse semigroup. By a representation of S on
a topological space X will be meant a homomorphism of semigroups p : S —
Z(X). The representation is full if p restricts to an isomorphism E(S) —
E(Z(X)) = QX). By an inverse semigroup over X will be meant a pair
(S, p) consisting of an inverse semigroup S equipped with a representation
p:S —Z(X). If pis full (in this case S is necessarily a monoid) then (.5, p)
is said to be a full inverse semigroup over X.

Of course, any pseudogroup P over a space X is an inverse semigroup over
X if we take the underlying representation to be the inclusion ¢ : P — Z(X),
and P is a full pseudogroup if and only if (P,¢) is a full inverse semigroup
over X. The construction of the germ groupoid of a full pseudogroup (see
section 1) can be generalized in a straightforward way. As we shall see, the
étale groupoids are precisely the topological groupoids which can be thus
obtained, up to isomorphism.

For each element s € S of a full inverse semigroup (.5, p) over X we shall
think of the open set dom(p(s)) as being the domain of s, hence defining a
map S — Q(X). By an element of S over U will be meant an element s € S
whose domain is U.
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Theorem 1.2.3 Let (S, p) be a full inverse semigroup over X, and for each
open set U € Q(X) let D(U) be the set of elements over U:

DWU) ={s € S|dom(p(s)) =U}.

The assignment
D:QX) — p(S)

defines a presheaf of sets on the space X, with each restriction map
DU) — D(V)

for V-.C U being defined by
s fs,

where f € E(S) is the (unique) idempotent such that p(f) = idy (equiva-
lently, dom(p(f)) = V). The local homeomorphism of germs of the presheaf
D is the domain map of an étale groupoid Germs(S, p) whose unit space is

X.

Proof. The restriction maps are obviously functorial, and thus D is a presheaf.
Its germs are concretely described as pairs (z, germ, s) where x € X and
germ,, s is the set of all ¢ € S such that € dom(p(t)) and ft = fs for
some f € E(S) such that z € dom(p(f)). The set A of all the germs can
be equipped with the usual “sheaf topology”, namely that which is obtained
from a basis of open sets of the form, for each s € S,

Us = {(x, germ, s) | x € dom(p(s))} ,
making the projection d : A — X defined by (z, germ, s) — z a local home-

omorphism. The groupoid structure is similar to that of the germ groupoid
of a full pseudogroup:

d(x,germ, s) = x
r(z,germ, s) = p(s)(z)
u(x) = (x,germ,e)
(z,germ, s)(p(s)(z), germ,, 5, 1) = (@, germ,(st))
(z,germ, s) 1 = (p(s)(2), germy (g ay(s71))

Verifying that this is a topological (hence, étale) groupoid is now straight-
forward. 1
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Now we see that every étale groupoid can be obtained in this way from
a suitable inverse semigroup over its unit space. Recall from section 2 that
the G-sets of a discrete groupoid G form an inverse semigroup Z(G). We can
make this more general:

Definition 1.2.4 For an étale groupoid G we define the inverse semigroup
Z(G) to consist of the open G-sets of G.

Exercise 1.2.5 Let G be an étale groupoid.

1. Show that Z(G) is a sub inverse monoid of the inverse monoid of all
the G-sets.

2. Show that each open G-set is the image of a unique local bisection of
G (by a local bisection is meant a continuous local section s : U — G4
of the domain map d, defined on an open set U C (G, and such that
r o s is injective and open).

3. Show that the assignment pg : Z(G) — Z(Gy) defined by
Ur—ros,

where s : d(U) — G is the local bisection whose image is U, makes
Z(G) a full inverse monoid over Gy.

Theorem 1.2.6 Let G be an étale groupoid, and let pe : Z(G) — Z(Gy) be its
full representation as in the previous exercise. Then G = Germs(Z(G), pc).

Proof. Part of the proof is a consequence of the equivalence between sheaves
and local homeomorphisms: from a local homeomorphism p : £ — X we
obtain the sheaf of continuous local sections of p, whose space of germs with
the sheaf topology is homeomorphic to E. The only unusual aspect to be
checked is that, despite the fact that in moving from G to Z(G) we are not
producing the sheaf of all the local sections of d, the space A of germs of local
bisections is nevertheless homeomorphic to G. This is because r is a local
homeomorphism and thus every continuous local section is, once restricted
to a suitably small open set, a local bisection. This shows not only that
the germs are the same but also that the local bisections are enough to give
us a basis for the sheaf topology. It remains to be seen that the remaining
structure maps of G are preserved in the passage to Germs(Z(G), pi). This
is done by straightforward verification, and we check the multiplication only.
Consider two arrows z,y € G with r(z) = d(y). Let U and V with x € U
and y € V be open G-sets. The previous discussion shows that such G-sets
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necessarily exist and their germs at d(x) and d(y) correspond to z and v,
respectively, via the homeomorphism h : G = A. Then we have

h(z)h(y) = (germy) U)(germy, V) = germy,) (UV) = h(zy)

showing that the groupoid multiplication is preserved. M

Distributivity and completeness. The natural order of an inverse
semigroup S is a partial order, defined as follows:

x <y <= x = fyfor some f € E(S).

The product of any two idempotents f and g is their meet, fg = f A g, and
S is an inverse monoid if and only if the set of idempotents has a join, in
which case we have e = \/ E(S). In the case of a pseudogroup an idempotent
f is the identity map on an open set U, and thus the natural order becomes

x <y <= x=y|y for some open set U C dom(y) such that idy € S .

Hence, for pseudogroups the natural order is just the restriction order on
partial maps.

Exercise 1.2.7 Let S be an inverse semigroup.
1. Show that s <t if and only if s = ss™t.
2. Show that s <t if and only if s = tg for some g € E(S).

3. Let X be a subset of S such that the join \/ X exists. Show that the
join \/ X! exists and \/ X! = (\/ X)L

4. (This is [14, p. 27, Prop. 17].) Let X C S be a subset. Show that:
(a) if \/ X exists in S then \/,_y zz™! exists in E(S) and

VXN 0=\ aa

rzeX
(b) if \/ X exists in S then \/,_y 7'z exists in F(S) and
NV NVx)=\ a2z,
rzeX

Hint: the solution is similar to the final part of the proof of theorem
[.2.8 below.
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5. Let X C E(S) be such that X has a join in S. Show that \/ X € E(S).

The following is a useful property of homomorphisms with respect to the
natural order. We shall say that a homomorphism h : S — T of inverse
semigroups preserves joins if, for all subsets X C S| if the join \/ X exists in
S (with respect to the natural order) then the join \/ h(X) exists in 7" and
we have h(\/ X) =\ h(X).

Theorem 1.2.8 Let S and T be inverse semigroups and h : S — T a homo-
morphism of semigroups. The following are equivalent:

1. hlgs) : E(S) — E(T) preserves joins;
2. h:S — T preserves joins.

Proof. The implication 2 = 1 is trivial (cf. exercise 1.2.7-5 above). For
the other implication assume that h|g(g) preserves joins, and let X C S be a
subset for which the join \/ X exists. We have \/ X = (\/ X)(V X)1(V X) =

(V,zz1)(V X). Hence,

h (\/ X) . ((\/(xx_l)) \/X) —h <\/(m—1)> h (\/ X)

(\/ hlﬁ)) h (\/ X) - (\;h(:v)h(x)1> h (\/ X) ,

Let us write & for the last expression on the right. It is clear that for
all z € X we have h(z) = h(z)h(z) 'h(z) < & and thus £ is an up-
per bound of the set h(X). Let z be another upper bound. Then for all
r € X we have h(z)h(z)™" < 2h((V X)™') = 2(h(V X))™. Hence, we
have \/, h(z)h(z)™" < z(h(V X)), and thus £ < z(h(\/ X)) 'h(V X) < z,
showing that ¢ is the least upper bound of h(X). 1

An important property of any symmetric pseudogroup Z(X) is that it is
distributive in the sense that the multiplication distributes over all the joins
that exist; that is, for all s € P and all X C P such that \/ X exists in P we
have that both \/, .y sz and \/,_y #s exist in P and

s(\/X): \/sx and (\/X)s: \/:Us.

zeX zeX

Accordingly, we adopt the following definition:
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Definition 1.2.9 An inverse semigroup S is said to be infinitely distributive
if, for all s € S and all subsets X C S for which \/ X exists in S, the following
conditions hold:

L. \,ex 57 exists in S;

2. \,cx ®s exists in S;
3. 5(VX) = V,ex s57;
1 (VX)s = Ve o

A very important property of inverse semigroups is the following:

Theorem 1.2.10 Let S be an inverse semigroup. The following conditions
are equivalent:

1. S is infinitely distributive;

2. E(S) is infinitely distributive.

Proof. This is proved in [14] for infinite distributivity with respect to joins
of non-empty sets, but the proof applies equally to joins of any subsets. [

Corollary 1.2.11 If (S, p) is a full inverse semigroup over a space X then
S 1s infinitely distributive. In particular, any full pseudogroup s infinitely
distributive.

An analogous and related property of inverse semigroups concerns dis-
tributivity of binary meets over joins:

Theorem 1.2.12 ([35]) Let S be an infinitely distributive inverse semigroup,
let z € S, and let (y;) be a family of elements of S. Assume that the join
V., yi exists, and that the meet x AN\/, y; exists. Then, for all i the meet x Ay,
exists, the join \/,(x A vy;) exists, and we have

x/\\/yi:\/(x/\yi).

%

Hence, the distributivity in E(S) determines the distributivity in the
whole of S, both with respect to multiplication and to binary meets (which
in F(S) are the same, of course).

Finally, we notice that a full pseudogroup P over a topological space X
is complete (cf. definition 1.1.9) if and only if any set Z C P of pairwise
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compatible elements has a join \/ Z (see exercise 1.2.14 below), where two
partial homeomorphisms h and k are compatible if they coincide on the in-
tersection of their domains and their inverses h=* and k=1, too, coincide on
the intersection of their domains — in other words h and k have a join hV k
in Z(X). Noticing that i and k are compatible if and only if both hk~! and
h~'k are idempotents in P, we are led to the following definitions:

Definition 1.2.13 Let S be an inverse semigroup. Two elements s,t € S
are said to be compatible if both st~! and s~'t are idempotents. A subset
Z C S'is compatible if any two elements in Z are compatible. Then S is said
to be complete if every compatible subset Z has a join \/ Z in S (hence, S
is necessarily a monoid with e =\/ E(S)). By a complete inverse semigroup
over a space X is meant a complete (and necessarily infinitely distributive)
inverse semigroup equipped with a full representation S — Z(X).

We have defined completeness with respect to arbitrary compatible sub-
sets (instead of just non-empty ones as in [14]). Hence, a complete inverse
semigroup necessarily has a least element 0.

Exercise 1.2.14 1. Let S be an inverse semigroup, and let s,t € S.

(a) Show that s™'t € E(S) if and only if fs = ft for f = ss 't~}
(i.e., s and ¢ coincide on the intersection of their domains).

(b) Show that st~! € FE(S) if and only if gs™' = gt ™! for g = s~ 'st ¢
(i.e., s7' and ¢! coincide on the intersection of their domains).

2. Let S be an inverse semigroup. Show that any two elements of S for
which an upper bound exists in S are necessarily compatible.

3. Show that a full pseudogroup is complete if and only if it is complete
as an inverse semigroup.

4. Any full representation p : S — Z(X) preserves all the joins that exist
in S. Why?

Representation theorem. We are now ready to give a characteriza-
tion of the inverse semigroup actions that arise from étale groupoids.

Theorem 1.2.15 Let G be an étale groupoid with unit space X. Then
(Z(G), pg) is a complete inverse semigroup over X. Any complete inverse
semigroup over X arises in a similar way from an étale groupoid.
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Proof. Tt is easy to see that Z(G) is a complete inverse semigroup. For the
converse, let then (S, p) be an arbitrary complete inverse semigroup over X
and let G = Germs(S, p). We shall show that S and Z(G) are isomorphic,
much in the same way in which one shows that a sheaf is isomorphic to the
sheaf of local sections of its local homeomorphism. First let us define a map

—

(=) : S — Z(G) as follows, for each s € S:
5= {(z,germ, 5) | = € dom(p(s))}

This assignment clearly is a semigroup homomorphism, and it is injective
due to distributivity, for if dom(p(s)) = dom(p(t)) (equivalently, ss=! = t¢t~!)
then the condition germ, s = germ, t for all z € dom(p(s)) implies that there
is a cover (f,) of ss™! such that for each x € dom(p(s)) we have f,s = f,t,
and thus, due to infinite distributivity,

s=ss"s=(\/fo)s =\ (fes) =\ (fut) = (\/ fu)t =ttt =t

(In other words, the presheaf D of theorem 1.2.3 is necessarily separated.)
Now let U be an open G-set of G. Then, by definition of the topology of
G, U is a union of G-sets of the form Us, = {(z,germ, s) | z € dom(p(s))}.
Let Us and U; be two such G-sets. For all x € dom(p(s)) N dom(p(t)) we
must have, since U is a G-set, a unique arrow of GG in U with domain z.
But U; UU; C U, and thus both (z,germ, s) and (z, germ, t) belong to U,
therefore implying that germ, s = germ, ¢; that is, there is an idempotent
fo < ss71tt7! such that 2 € dom(p(f,)) and f,s = f,t, and thus

(ss7'tt™)s = (\/ fo)s = \[(fas) = \/ (fut) = (ss 7'ttt .

T

Hence, by exercise 1.2.14, we have s~'t € E(S). Similarly, considering any
point x € cod(p(s)) Ncod(p(t)) we conclude, because there must be a unique
element in U with codomain z, that s(s~!'st™'t) = (s~ 'st~'t) [this is imme-
diate from the previous argument because x € dom(p(s~!)) N dom(p(t71))],
and thus st™' € F(S) again by exercise 1.2.14. We have thus proved that
the set X that indexes the cover U = J,.x U, is compatible. Since S is

complete, we have a join \/ X in S, and it is now clear that \73( = U, for

Vr=Us=Uu=v.

seX seX

—

where we have used the fact that (—) preserves all the existing joins, which
is a consequence (cf. theorem 1.2.8) of the fact that its restriction to the
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idempotents does, since that restriction is an isomoH)\hism. Finally, we ob-
viously have p(s) = pe(S) for all s € S; that is, (—) commutes with the
representations p and pg, and thus (S, p) and (Z(G), pe) are the same up to
isomorphism. H

We shall conclude this section by establishing some terminology, which
will be used later.

Definition 1.2.16 By an abstract full pseudogroup will be meant an in-
finitely distributive inverse semigroup whose idempotents form a complete
lattice. And by an abstract complete pseudogroup will be meant a complete
and infinitely distributive inverse semigroup. The category of abstract full
pseudogroups AFPGrp has the abstract full pseudogroups as objects and the
monoid homomorphisms that preserve the joins of sets of idempotents as ar-
rows. The category of abstract complete pseudogroups is the full subcategory
of AFPGrp whose objects are the abstract complete pseudogroups.

By an abstract complete (resp. full) inverse semigroup over a topologi-
cal space X is meant an abstract complete (resp. full) inverse semigroup S
equipped with an order isomorphism E(S) = Q(X).

Exercise 1.2.17 1. Let S and T be abstract full pseudogroups. Show
that

(a) S is meet-complete; that is, if X # () then A X exists in S;

(b) A homomorphism h : S — T of abstract full pseudogroups neces-
sarily preserves all the joins that exist in S; that is, if X C .S has
a join \/ X then so does h(X), and we have \/ h(X) = h(\/ X).

2. Show that a sheaf of abelian groups on a topological space X is “the
same” as a commutative abstract complete pseudogroup over X.






Chapter 11

Quantales

Quantales have much in common with rings. Just as rings are semigroups
in the tensor category of abelian groups, so quantales are semigroups in the
tensor category of sup-lattices. Accordingly, we shall begin by studying gen-
eral properties of sup-lattices, including all the basic constructions such as
direct sums, quotients, tensor products, etc. Then we address the theory of
quantales themselves, including involutive quantales and quantale modules,
along with several basic examples. To conclude this chapter we study sup-
ported quantales and inverse quantales, as well as adjunctions between their
categories and the categories of inverse semigroups and abstract complete
pseudogroups.

1 Sup-lattices

Sup-lattices are just complete lattices, but the former name suggests that
only the suprema are relevant algebraic operations. All the material of this
section follows closely the presentation given in [10], where the term “sup-
lattice” has been introduced.

Basic definitions and properties. By a sup-lattice is meant a par-
tially ordered set L each of whose subsets X has a join, or supremum, \/ X
in L. We shall also write \/, z; for the join of a family (x;) of elements of L.
The join of the empty set, \/ ), is the minimum of L and we denote it by 0,
or simply 0. Similarly, the join of L itself, \/ L, is the maximum of L, and
we denote it by 1, or just 1.

A homomorphism of sup-lattices h : L — M is a function that preserves
arbitrary joins; that is, such that for each X C L we have

h(\/X) —\/h(X).

23
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In particular any homomorphism preserves 0 (but in general not 1):

The category whose objects are the sup-lattices and whose arrows are the
homomorphisms is denoted by SL.

Remark II.1.1 Any sup-lattice L is of course a complete lattice: given any
subset X C L, the infimum, or meet, A X coincides with \/ X*, where X* is
the set of lower bounds of X:

X={ycL|y<azforallze X}.

However, the structure defined by the joins is not “the same” as that which
is given by the meets because the homomorphisms of sup-lattices do not pre-
serve meets in general, and we adopt the terminology “sup-lattice” whenever
we think of a complete lattice as being an object of SL.

Example 11.1.2 The following are sup-lattices:
1. The powerset p(X) of a set X, with the inclusion order.

2. The set of projections of a Hilbert space, with the order given by P < @)
if PQ=QP=P.

3. The topology of a topological space, under inclusion of open sets. The
joins are unions, and the meet of a family (U;) of open sets is the interior
of their intersection:

/i\Ui = int (ﬂ Ui) :

4. The set of closed sets of a topological space. The join of a family (X;)
of closed sets is the closure of their union (meets are just intersections):

V&ZU&.

5. The set of subgroups of a group. Meets are intersections, and the join
of a family (H;) of subgroups is the subgroup generated by the union

U, Hi.

6. The set of right ideals of a ring, with meets and joins as in the previous
example.



1. SUP-LATTICES 25

7. The completed real line R U {—o0} U {+o0}.

We shall see that there are many ways in which the category SL can be
regarded as being “similar” to the category of abelian groups. As a first
example, we remark that just as the set of homomorphisms hom(A, B) from
an abelian group A to another abelian group B is itself an abelian group
with sums computed pointwise, so the set of homomorphisms hom(L, M)
from a sup-lattice L to another sup-lattice M is itself a sup-lattice; given two
homomorphisms f,g : L — M we define f < g if f(z) < g(z) for all z € L,
and the joins are calculated pointwise:

(\/ fz‘) () = \/fz‘(l’) :
The operation of composition of homomorphisms
— o —:hom(M, N) x hom(L, M) — hom(L, N)
is then, extending the analogy with abelian groups, a “bilinear” operation:

90<\i/fz~> = \(gof)

2

<\/gi> of = Viof):

7

7

Duality. Let L be a sup-lattice. The dual of L is L with the order
reversed, and we denote it by L°P.

Now let f: L — M be a homomorphism of sup-lattices. This has a right
adjoint (in the sense of category theory — see [17, Ch. IV])

fo M — L,

which is defined by

foly) =\{z e L| fx) <y}

Since right adjoints preserve meets, it follows that f, defines a sup-lattice
homomorphism

fOp . MOp SN LOp ,
which is called the dual of f.
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Hence, we obtain a contravariant endofunctor on SL
(=) : SLP — SL .

It is immediate that (L°P)°® = L for any sup-lattice L, and it is also easy
to see that (f°P)°? = f for any sup-lattice homomorphism (the second dual
(f°P)°? is defined as the right adjoint of f°P : M° — L°P  which coincides
with the left adjoint of f, : M — L, i.e., it is f itself). Hence, the functor
(—)°P is an isomorphism of categories and it is its own inverse. We say that
it is a strong self-duality on SL.

Products and coproducts. Let L and M be sup-lattices. Their
cartesian product L x M is a sup-lattice with the order defined so that
(z,y) < (z,w) if and only if < z and y < w; the joins are given by

Vo) - <\/mz,\/ ) |

This is a product in the categorical sense because the projections
L<"—LxM-"=M

have the universal property of a product: for any pair of sup-lattice homo-
morphisms

LNy

there is a unique homomorphism h : N — L x M such that m; o h = h; and

WQOh:hQ:

LXM—>M

Of course, h is the pairing <h1,h2> defined by (hi, ha)(n) = (hi(n), ha(n)).
This construction extends in the obvious way to any family (L;) of sup-
lattices, with the product [, L; having coordinatewise order and joins.

Another analogy with the category of abelian groups is that products
and coproducts in SL coincide (for sup-lattices this is even true for infinitary
products and coproducts, as we shall see). In order to see this, let (L;) be a
family of sup-lattices. Define, for each i, the homomorphism

LzILi—>HLi
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to be the dual (m;)®” of the projection

;- | | Li® — L,
i

where of course [[; L, = ([[, L:)®. It is easy to see that the homomor-
phisms ¢; are the coprojections of a coproduct.
We call the cartesian product [[; L; thus defined the direct sum of the

family L;, and denote it by @, L;. The direct sum of two sup-lattices L and
M is denoted by L & M.

Exercise I11.1.3 1. Verify that the coprojections ¢; indeed define a co-
product. Do this directly in terms of the definition by duality of the
coprojections and the universal property of the product.

2. Show that the coprojections ¢; and ¢o of the direct sum L& M are given
explicitly by ¢1(x) = (z,0) and w2(y) = (0,y).

The last exercise can be generalized in the obvious way to an arbitrary
coproduct €, ; L;, by means of the formula ¢;(x) = (y;);er with y; = x if
j:iandyj:Oifj#i.l

Free sup-lattices. Let X be a set, and consider the mapping = — {z}
of X into p(X). It is easy to see that for any other mapping f : X — L,
where L is a sup-lattice, there is a unique homomorphism of sup-lattices

ffr(X) = L

such that f*({z}) = f(z) for all x € X. In other words, p(X), as a sup-
lattice, is freely generated by the set X. Concretely, the homomorphism f*
is explicitly defined by, for all U C X,

)=\ 1.

As an application, consider a terminal set 1, and let L be a sup-lattice.
The maps 1 — L°P are in bijective correspondence with the homomorphisms
from the free sup-lattice p(1) to L°P, and thus we have an isomorphism (of
sup-lattices)

L°? = hom(p(1), L°P) .

IThis requires, when working in an arbitrary topos, that the indexing set I be decidable.
In particular, this formula can always be used in “standard” mathematics, i.e., in the topos
of sets.
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Hence, by duality we also have
L°® = hom(L, p(1)") .

It follows that (—)°” is a representable functor, with representing object
o(1)" (the “dualizing object” in SL). We shall denote this sup-lattice by
0. In order to simplify our notation we shall denote hom(L, ) by L*, and,
accordingly, the hom-dual of a sup-lattice homomorphism f : L — M, which
is given by composition with ¢,

prof,

is denoted by
ffoMr— L.

Quotients. Although quotients of sup-lattices can be described in terms
of the standard tools of (infinitary) universal algebra, for sup-lattices there
is a better way. For motivation we remark that if L is a sup-lattice and
0 C L x L is a congruence on L (i.e., a sub-sup-lattice of L & L) then any
x € L is congruent to the join \/[z]y of its equivalence class, and the subposet
of Ly C L defined by

Ly={z € L|z=\/|z]o}

is isomorphic to the quotient sup-lattice L/6. In other words, quotients of L
can be represented by certain canonical subsets of L. As we shall see, these
are just the subsets of L which are closed under arbitrary meets.

Let L be a sup-lattice. A closure operator on L is a monotone map
j : L — L such that for all x € L we have

1.z < j(z),

2. j(4(x)) < j(x) (hence, j(j(2)) = j(x))-

We shall refer to the fixed-points of a closure operator j on L as the j-closed
elements (or simply closed), and we shall denote the set of j-closed elements
of L by

Li={zeL|z=jx)}.

(Equivalently, this is the image of j in L.) It is easy to see that the set L; is
closed under arbitrary meets in L (including 1 € L;).

Conversely, if S C L is a subset closed under arbitrary meets we define a
closure operator jg : L — L by

js@) = Ny e Sla <y},
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and we have jr, = j and L;, = S.

Now let us see that the quotients correspond precisely to closure oper-
ators (and hence to subsets closed under meets). Let f : L — M be a
homomorphism of sup-lattices, and let j : L. — L be the composition of f
with its right adjoint: j = f. o f. From the properties of adjoints it follows
that j is a closure operator, and the restriction j|r, : L; — M defines an
order isomorphism onto the image f(L) C M. In particular, the following
universal property enables us to think of L; as the quotient of L by j:

Proposition I1.1.4 Let L be a sup-lattice and j a closure operator on L. Let
also f : L — M be a homomorphism such that j(z) = j(y) = f(z) = f(y)
for all z,y € L (equivalently, such that j < f.o f). Then there is a unique
homomorphism f : L; — M such that the following triangle commutes:

L ! L]
7

\V
M

The poset of closure operators on a sup-lattice L is a complete lattice and
for any binary relation R C L x L there is a least closure operator jg such
that j(z) = j(y) for all (z,y) € R. The set of closed elements L;, coincides
with the set

Lp={zrel|ly<z < z<zforall (y,2) € R},

and it is the quotient of L by the congruence generated by R (quotient of L
by R, for short) in the sense that any homomorphism f : L — M such that
(y,2) € R= f(y) = f(z) factors uniquely through jg: L — Lg.

Exercise I1.1.5 1. Let L be a sup-lattice and j a closure operator on L.
Show that the join of a subset X C L, in L; is j(\/ X), where \/ X is
the join in L.

2. Show that any closure operator on a sup-lattice L is of the form j =
f« o f for a suitable homomorphism f.

3. Let f: L — M be a sup-lattice homomorphism. Show that f(x) = f(y)
if and only if f.(f(x)) = f.(f(y)), for all z,y € L.

4. Let L be a sup-lattice and let j, k two closure operators on L. Show
that the following conditions are equivalent:
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(a) j(z) =j(y) = k(x) = k(y) for all z,y € L;
(b) j<k;

(c) jok=koj=k;

(d) Ly C L.

Generators and relations. The previous results provide an easy way
of presenting sup-lattices by generators and relations. If X is a set and

R C p(X) x p(X)

is a binary relation on @(X) then p(X)g is the sup-lattice generated by X
subject to the set of relations R, where each pair (U, V) € R can be thought

of as a formal equation
Vu=\Vv.

The universal property of this construction is easy to describe: for any map
f X — L into a sup-lattice L such that

\V Fw) =\ f(v)

for all (U, V) € R there is a unique homomorphism
ffrpX)p— L

that extends f in the obvious way (i.e., f*(jr({z})) = f(z) for all x € X).
In order to simplify notation we shall often denote the injection of gen-

erators X — p(X)g by [.] and the defining relations by the conditions with

respect to which [.] is universal; for instance, a pair (U, V) € R may be

represented by the equation
Vil= V.

zeU yeVv
Tensor products. Let L, M and N be sup-lattices. A bimorphism
from L x M to N is a function

f:LxM—N

that preserves joins in each variable separately:

f (\/Xy> =V fay)

zeX

f(fc,\/Y) =\ f(z.y).

yey
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The tensor product of L and M is by definition the codomain of a universal
bimorphism
(x,y)—2@y:LxM—>LM,

of which it is easy to give an explicit description by generators and relations:
the set of generators is L x M and the relations are described by the equations

(\/X)@y = \/x@y
x@(\/Y) = \z®y.

(In the notation of the previous section we would have z ® y = [(z,y)].)

SL is a closed monoidal category with respect to this tensor product, with
©(1) as the tensor unit. Similarly to the category of abelian groups, the right
adjoint to — ® N is hom(N, —); that is, for each N we have the familiar
isomorphism

hom(M ® N, L) = hom(M, hom(N, L)),

natural in the variables M and L, which in fact is an order isomorphism.

Exercise 11.1.6 1. Show that = ® y can be explicitly described as the
following subset of L x M, for each (z,y) € L x M:

10,1) U [(z,y) U [(1,0) .
2. Show, for all sup-lattices M and N, that we have order isomorphisms
hom(M,N) = hom(N*®@ M)*

M&®N = hom(M,N*)*.

3. Show, for all sets X and all sup-lattices M, that we have order isomor-
phisms

p(X)eoM = PM
o(X)®p(Y) = (X xY).

2 Quantales and modules

In this section we shall study basic properties of quantales and their mod-
ules, and we shall describe several simple examples related to C*-algebras,
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groupoids, etc. We shall focus entirely on algebraic aspects. In particular,
although locales are examples of quantales (and we mention this here), we
shall wait until Chapter III in order to provide a more thorough treatment
of locale theory, in particular one that includes the view of locales as being
generalized (point free) spaces.

Unital quantales. In the previous sections we have seen how we can
obtain, from an étale groupoid GG, an inverse semigroup whose elements are
the open G-sets of G. But in fact it is not only the open G-sets that can
be multiplied; for any open groupoid G the pointwise multiplication of any
two open sets is an open set (in other words, the multiplication map is open,
cf. exercise 1.1.8), and thus the topology (G,) is itself a semigroup. If
furthermore G is étale then u(Gy) is open in Gy, and thus this semigroup is
a monoid. The structure thus obtained is the following:

Definition I1.2.1 By a quantale () is meant a sup-lattice together with an
associative product (a,b) — ab satisfying

a (\/ bi> =\/(ab;)

)

and

for all a, b, a;,b; € Q. The quantale () is said to be unital provided that there
exists an element e € ) for which

ea — a = ae

for all a € Q). An idempotent quantale is one whose multiplication is idempo-
tent, and a commutative quantale is one whose multiplication is commutative.

By a quantale homomorphism f : ) — @' is meant a sup-lattice homo-
morphism which is also a homomorphism of semigroups. A homomorphism
of unital quantales is unital if it is a homomorphism of monoids. We shall
denote by Qu the category whose objects are the quantales and whose mor-
phisms are the quantale homomorphisms. The category of unital quantales
and unital homomorphisms will be denotd by Qu,.

Example 11.2.2 Quantales as generalized topologies. The topology
Q(X) of any topological space X is a unital quantale with multiplication
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given by intersection of open sets and e = X. More generally, let L be a
locale, by which is meant a sup-lattice satisfying the distributivity law

al (\/ bi) =\/(ab;) .

i

(Locales will be studied in section 1.) Then L is a quantale with unit e = 1
and multiplication given by ab = a A b. Such quantales are idempotent and
commutative. Conversely, any idempotent unital quantale with e = 1 is a
locale (and therefore commutative), as will be seen in section 1.

Example I1.2.3 Groupoid quantales. The topology of any open groupoid
(G is a quantale under pointwise composition of arrows, and it is unital if G is
étale. In fact the latter condition characterizes topological étale groupoids;
that is, G is étale if and only if its quantale is unital, as will be seen later.

Example I1.2.4 Quantales of binary relations. Let X be a set. The
set of binary relations
Rel(X) = p(X x X)

is the topology of the discrete pair groupoid Pair(X) and thus it is a unital
quantale. The multiplication is the composition of binary relations, which
extends the usual composition of functions. We shall in general take the
multiplication in the forward direction: RS = S o R.

Example I1.2.5 Endomorphism quantales. Let L be a sup-lattice. The
set of sup-lattice endomorphisms of L

End(L) = hom(L, L)

is a unital quantale with multiplication fg = g o f and unit e = id; (cf.
section 1). If L = p(X) then End(L) = Rel(X): each endomorphism

fp(X) = p(X)

can be identified with the relation

{(v,y) e X x X |y e f({x})} .

Example I1.2.6 Free quantales on semigroups. Let M be a monoid
with unit 1. Then the powerset (M) is a unital quantale with e = {1} and
multiplication computed pointwise:

UV ={ay|lxelU yeV}.
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This is actually the free unital quantale on M, in the sense that if @) is a
unital quantale and f : M — @ is a homomorphism of monoids then there
is a unique homomorphism f* : (M) — @ of unital quantales such that
ff{z}) = f(z) for all x € M (f*, of course, coincides with the unique
sup-lattice extension of f — cf. section 1). This establishes an adjunction
between the category of monoids and the category of unital quantales Qu,,
where the left adjoint is, on objects, the assignment M — (M), and the
right adjoint in the forgetful functor.

It is often useful to think of a quantale as being a kind of ring, with the
difference that the underlying additive abelian group has been replaced by a
sup-lattice, and the bilinearity of the multiplication has become distributivity
of the multiplication with respect to joins (instead of sums) in each variable.
We can make this idea precise in terms of the tensor category structure of SL:
a quantale @ is just a semigroup in SL (in the sense of tensor categories), just
as a ring is a semigroup in the category of abelian groups. Concretely, then,
a quantale is a sup-lattice ) equipped with a sup-lattice homomorphism (the
multiplication)

1:RRQ—Q
satisfying associativity in the sense that the following diagram is commuta-

tive:
= Y®id

RRE®Q)—(Q2Q)®Q R®Q
id®~yl lv
R®Q 5 Q

Similarly, a unital quantale is the same as a monoid in SL; that is, in addition
to the multiplication v there is a unit homomorphism

U:p(l)e@

such that the following diagram is commutative:

p(1)®Q —M -~ QeQ~—"""—Qp(1)

:

Example 11.2.7 Tensor quantales. Unital quantales can be defined from
sup-lattices by the usual “tensor algebra” construction: if L is a sup-lattice,
its “tensor quantale” is

TL) =P L =p1)@Lo(LeL)®(LeLL)®...

n€eNg

1R
1R
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with multiplication defined by concatenation of pure tensors:
(1 ®..0a,) 01 ®...0by) =01 Q.. Qa, Qb ® ... R0b,y, .

This has a universal property: if @) is a unital quantale and h : L — @
is a sup-lattice homomorphism there is a unique homomorphism of unital
quantales h* : 7(L) — @Q that extends h (we identify L with a sub-sup-
lattice of 7(L)). This shows that the forgetful functor from unital quantales
to sup-lattices has a left adjoint.

Exercise 11.2.8 1. Let @) be a quantale, and a € ). Since the multi-
plication preserves joins in each variable we have two sup-lattice en-
domorphisms () — @, namely multiplication by a on the left and on
the right. The right adjoints to these are called residuations, they are
denoted by a\— and —/a,? and they are defined by the formulas

ar <y <= z<a\y
ra<ly <= xz<yla.

(a) Show that the following properties hold:
ioala\y) <y
ii. z <a\(ax)
iii. a(a\(ax)) = ax
iv. a\(a(a\y)) = a\y

(b) Write and prove analogous formulas for /.

2. Let C be a small category with set of objects Cy C ;. Show that the
powerset p(C1) is a quantale under pointwise multiplication, and that
it is unital with unit CY.

3. The previous exercise generalizes the example of 11.2.6. Can you find
an analogous universal property for the unital quantale p(C) of a small
category C'?7

2Another common notation for a/x and x\a is © —; a and * —, a, respectively —
see [11]. This and other arrow based notations are motivated by intuitionistic logic and
Heyting algebras, where the implication operation is right adjoint to meet (conjunction):
xNa <y <= = <a—y. More generally, for any commutative quantale the two resid-
uations coincide and this provides the grounds for interpreting the implication connective
of the linear logic of [4] — see also [36] and [37].
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Involutive quantales. An involutive semigroup is a semigroup S equipped
with an tnvolution

(=) :S—5,
by which is meant a map satisfying, for all x,y € S, the conditions

ok

X = T

(xy)” = y'a~.

If S is a monoid with unit 1 then we necessarily have 1* = 1; that is, 1 is a
self-adjoint, or hermitian, element.

Definition I1.2.9 By an involutive quantale is meant an involutive semi-
group in SL; in other words, this is a quantale () equipped with a sup-lattice
endomorphism

(=)":Q—0

which is also a semigroup involution. By a homomorphism of involutive
quantales f : Q — @ is meant a quantale homomorphism that commutes
with the involution:

fla®) = f(a)" .

The category of involutive quantales and involutive homomorphisms will be
denoted by Qu*, and the category of unital involutive quantales and unital
involutive homomorphisms will be denoted by Qu..

Example 11.2.10 Commutative quantales. Any commutative quantale
() can be made an involutive quantale by equipping it with the trivial invo-
lution a* = a. Conversely, an involutive quantale whose involution is trivial
is necessarily commutative.

Example 11.2.11 Groupoid quantales. Let G be an open topological
groupoid. The topology €2(G1) is an involutive quantale with the involution
given by pointwise inversion:

Ur=U0"".

In particular, the quantale Rel(X) of binary relations on a set X is involutive
with involution

R ={(y,2) | (z,y) € R} .
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Example 11.2.12 Endomorphism quantales. If L is a self-dual sup-
lattice, by which one means a sup-lattice equipped with an antitone order
automorphism (—)" : L — L, then End(L) is involutive with

)= (VHze Ll f@) <y})

This agrees with the involution of Rel(X) when L = p(X) and we take the
duality to be complementation: Y/ = X \ Y.

!/

Example 11.2.13 Symmetric sup-lattice 2-forms. Let L be a sup-
lattice. A symmetric 2-form on L [34] is a sup-lattice bimorphism

p:LxL—0

satisfying ¢(z,y) = ¢(y,x) for all z,y € L3 A continuous endomap of o is
a pair of sup-lattice homomorphisms f, g : L. — L such that

o(r,9(y) = o(f(2),y) .

The set End(y) of continuous endomaps of ¢ is a unital involutive quantale
under the pointwise order, with unit (idy,idy ), multiplication

(fa)f59)=(f"ofgod)

and involution (f, g)* = (g, f). If the 2-form ¢ is faithful, by which is meant
that if p(z,y) = ¢(z,2) for all x € L then y = z, then any continuous
endomap is of the form (f, f*) with f* as in the previous example for the
duality z — 2’ = \/{y € L | p(z,y) = Oy}, and thus End(p) = End(L) as
unital involutive quantales.

Example I1.2.14 Free involutive quantales. Example I1.2.6 can be ex-
tended to involutive quantales. If S is an involutive semigroup then (.5)
is an involutive quantale with the pointwise involution. Furthermore it is a
free involutive quantale on S; in other words, the assignment S — ©(S) is
the object part of a functor which is left adjoint to the forgetful functor from
involutive quantales to involutive semigroups, and similar remarks apply to
involutive monoids and unital involutive quantales. A different adjunction
holds for groups and unital involutive quantales. First, a functor from uni-
tal involutive quantales to groups can be defined by mapping each unital
involutive quantale () to its group of units

Q={a€Q|aa” =a"a=c¢e},

3Readers not interested in constructivity may assume that U is the chain 2 = {0, 1}
with 0 < 1, as in [34].
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since any homomorphism of unital involutive quantales h : ) — K restricts
to a group homomorphism h|gx : @ — K*. Then it is easy to see that this
functor has a left adjoint that to each group G assigns p(G); in other words,
if G is a group, @) is a unital involutive quantale, and h : G — Q* is a group
homomorphism then there is a unique homomorphism of unital involutive

quantales h* : p(G) — @ such that h*({z}) = h(z) for all z € G.

Exercise 11.2.15 1. Provide a suitable definition of involutive semigroup
in an arbitrary tensor category. Prove, in this general setting and in
the case of a monoid, that the unit is self-adjoint.

2. Let G be a discrete groupoid, and let Q¢ be the set of maps G — (Q,
where 0 = p(1). Show that QF is a unital involutive quantale under
the following convolution multiplication,

(fr9)@) =\ fw)Ag(z),

T=Yz

with unit being the map e : G; — Q such that e(z) = 1 if and only if
x € u(Gyp), and with involution

3. Show that we have an isomorphism of unital involutive quantales

p(Gl) = QG .

4. Show, for an open (resp. étale) topological groupoid G, that the invo-
lutive quantale (resp. unital involutive quantale) Q(G;) is isomorphic
to $&, by which is meant the set of continuous maps G; — $ equipped
with a quantale structure given by formulas as above, where $ = {0, 1}
is Sierpiniski space, whose topology is Q($) = {0, {1}, {0,1}}.

5. Let () and R be unital involutive quantales.

(a) Show that the sup-lattice tensor product @) ® R has a natural
structure of unital involutive quantale with

e = €Q®€R
(roy)('ey) = (22')® (yy)
(z@y) = 27"y .
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(b) Show that @ ® R is the commuting coproduct of @) and R, by
which is meant that the coprojections

r—rRe:QQ —->QRR
y—exRy:R— QR

are universal among the pairs of homomorphisms of unital invo-
lutive quantales

Q*f>K<97R

such that f(z)g(y) = g(y)f(z) for all z € @ and y € R; that is,
for any such pair there is a unique homomorphism

h:QQ®R—K

such that the following diagram commutes:

Q —®e Q ® R eR— R

(c) Conclude that the coproduct in the category of unital involutive
quantales Qu, coincides with the sup-lattice tensor product.

6. Let G and H be discrete groupoids. Show that the unital involutive
quantale p(G x H) is isomorphic to p(G) ® p(H).

7. Let G be a transitive discrete groupoid with isotropy I. Show that we
have an isomorphism of unital involutive quantales:

p(G) = p(I) ® Rel(Go) -
8. Let GG be a topological groupoid whose decomposition into transitive
components is

Show that we have an isomorphism of unital involutive quantales:

Q(G) = @Q(Gi) .
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Nuclei and quotients. Quotients of quantales and of involutive quan-
tales can be handled in terms of a suitable kind of closure operator, called
a nucleus. These generalize the nuclei for locales (cf. Chapter III) and have
been introduced under the name quantic nucleus in [27] (cf. [36]).

Definition I1.2.16 Let @) be a quantale. A nucleus (or quantic nucleus) on
@ is a closure operator

J:Q—=Q
such that for all z,y € @) we have
3(2)jy) < j(zy) .

Moreover, if @) is involutive then the nucleus j is said to be nvolutive if it
preserves the involution:

j@®) = j(@)" .
(Equivalently, j(z)* < j(z*), see 11.2.23.)

Nuclei define quotients of quantales just as closure operators define quo-
tients of sup-lattices:

Theorem I1.2.17 Let () be a quantale and let j be a nucleus on Q).
1. The sup-lattice Q); is a quantale with multiplication defined by
(2,y) — j(zy)
and j : Q — Qj is a (surjective) homomorphism of quantales.
2. If Q is unital then so is Q);, with unit j(e).

3. If Q is wnvolutive and j is an involutive nucleus then Q); is involutive
and the involution is the same as in @ (hence, we have Q; = Q;).

4. Bvery quotient of quantales arises like this: if h : Q) — R is a surjective
homomorphism of quantales and h, is its right adjoint then the closure
operator k = h, o h is a nucleus and the restriction

flow 1 Q5 — R

is an isomorphism of quantales. Similar remarks apply to unital quan-
tales and tnvolutive quantales.
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Example I1.2.18 Let R be a ring. The multiplicative semigroup structure
of R makes p(R) a quantale, and the closure operator j that assigns to each
subset X C R the additive subgroup generated by X is a nucleus. The
quotient quantale p(R); is the set Sub(R) of all the additive subgroups of
R. The product of two subgroups A and B is the subgroup generated by the
pointwise product of and A and B, and it can be described explicitly by the

formula
(IIQl) AB = {a161 + ...+ a,b, | a; € A, b, € B (TL =1,2,.. )} .

Moreover, if R is a unital ring with unit 1z then Sub(R) is a unital quantale
with the unit e being the additive subgroup generated by 1z. And if R is
an involutive ring (i.e., R is equipped with an additive operation x +— z*
which is an involution for the multiplicative semigroup of R) then Sub(R) is
an involutive quantale with the involution computed pointwise.

Example I1.2.19 Let S be a topological semigroup with topology Q(S).
The topological closure on p(S) is a nucleus, and thus the sup-lattice c(.5)
of closed sets of S is a quantale quotient of (S): the product of two closed
sets X and Y is the topological closure of the pointwise product:

XY ={ay|lzeX, yeY}.
If S is involutive then so is ¢(S), under pointwise involution.

Example I1.2.20 The two previous examples can be combined into various
kinds of topological algebras. For instance, if A is a topological C-algebra
we have several quotients: Sub(A) as in I1.2.18; the subset Sub¢(A) C Sub A
consisting of all the linear subspaces of A; the subset c(A) C p(A) of topo-
logically closed subsets; the subset Sub®(A) = Sub(A) Nc(A) of topologically
closed additive subgroups; and the subset Subg(A) = Subg(A) N c(A) of
topologically closed linear subspaces. These form the following commutative
diagram of quotient maps:

o(A) — Sub(A) — = Subg(A)

A i

¢(A) — = Sub®(A) — = Sub&.(A)

The multiplication in Subg(A) is given by the same formula (I1.2.1) as in
Sub(A), and in Sub“(A) and Subg(A) we have

UV:{a1b1+...+anbn|a¢€U, bZEV(nzl,Q,)}

If Ais an involutive algebra these sets define quotients of involutive quantales.
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Example I1.2.21 Self-adjoint operator algebras. If A is a C*-algebra
the involutive quantale Subg(A) of 11.2.20 plays the role of a spectrum of A
21, 24, 25, 12, 13], and it is usually denoted by Max A. Similarly, the set
of weakly closed linear subspaces of a Von Neumann algebra B is a unital
involutive quantale Max,,(B) [30, 24, 25].

The assignment A — Max A of the above example extends to a functor
from the category of C*-algebras and *-isomorphisms to the category of in-
volutive quantales and involutive homomorphisms. It has been shown that
this functor is a complete invariant for unital C*-algebras:

Theorem 11.2.22 ([13]) Let A and B be unital C*-algebras. Then A and
B are x-isomorphic if and only if Max A and Max B are isomorphic as unital
involutive quuantales.

Exercise 11.2.23 1. Show that the following conditions on a nucleus j
of an involutive quantale () are equivalent:

(a) j is involutive;
(b) j(z)* < j(z*) for all z € Q;
(c) Qj is a self-adjoint subset.

2. Recall the notion of residuation of Exercise 11.2.8-1. Show that for an
involutive quantale @) the following properties hold for all a, x € Q:

(a\z)" = a"/a’
(x/a)" = a*\z*.

3. Show, for an arbitrary quantale @), that the subsets of the form @); for
a nucleus j on @ are precisely those (necessarily meet-closed) subsets
S of @ such that x/a € S and a\z € S for all z € S and a € Q.

Generators and relations. Let () be a quantale and R C Q) x @ a
subset. Similarly to what we did for sup-lattices in section 1, we want to
find the universal solution, now for quantales, for identifying y and z for all
(y,2) € R. Noticing that the nuclei on @ form a complete lattice it is easy
to show that this quotient coincides with @), where vp is the least nucleus
v that equalizes R in the sense that v(y) = v(z) for all (y, z) € R.

Alternatively, we may begin by showing that if R is closed under multi-
plication then the quantale quotient coincides with the sup-lattice quotient:
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Lemma 11.2.24 Let ) be a quantale and R a subset of Q x Q) such that
(ayb,azb) € R for all (y,z) € R and a,b € Q (for instance, R could be a sub-
semigroup of Q@ X Q). Then the closure operator jr defined after Proposition
I1.1.4 is a nucleus (that is, jr = vg).

Hence, for general R the quantale quotient can be computed in two steps.
First we generate a new subset R’ C ) x (Q by closing R under multiplication:

R = {(ayb,azb) e Q x Q| (y,2) € R, a,b € Q} .

(R is the least subset of () x @ that contains R and for which we have
(y,2) € R = (ayb,azb) € R for all a,b € ).) The second step is to define
the sup-lattice quotient with respect to R’. In other words, vg = jg.

In fact we may amalgamate the two steps into a single one, thus describing
the quotient in one gulp, as follows:

Theorem I1.2.25 Let () be a unital quantale, and R C Q) X (Q a set. Then
Qo coincides with the set ()' of those elements x € @ such that for all
(y,2) € R and all a,b € Q we have ayb < x <= azb < x.

Proof. First, it is easy to see that @)’ is closed under meets and residuations
(cf. Exercise 11.2.23), and thus it defines a nucleus k on Q). Furthermore, for
all (y,z) € R and = € @ we have y < k(z) if and only if z < Ek(x), and
thus from y < k(y) and z < k(z) we conclude z < k(y) and y < k(z), i.e.,
k(y) = k(z). Hence, vg <k, ie., Q" C @Q,,. Conversely, let us prove that
Qu, CQ'. Let z,a,b € @Q and (y, z) € R. Then,

ayb < vg(r) <= vgr(ayb) < vgr(x) = vr(a)vg(y)vr(b) < vr(z)
< vr(a)vr(z)vr(b) < vgr(x) = azb < vg(x) .

In a similar way we conclude that azb < vg(z) = ayb < vg(z), and thus

VR<LZ') S Ql. I

Now we can present quantales easily by generators and relations: given a
set of generators X and a set of relations R C (X ™) x p(X™T), the quantale
presented by X and R is p(X™),,. Similarly to what we did in the case of
sup-lattices, we may replace the explicit description of the relations in R by
the properties with respect to which the injection of generators

[]: X — (X)),

is universal.
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Example I1.2.26 Tensor quantales. Let L be a sup-lattice. The tensor

quantale
T(L)=p L=

neNp

can be presented by generators and relations by taking L to be the set of
generators, with the following relations, for all X C L:

[\/X} =\l .

zeX

Exercise 11.2.27 1. Obtain similar descriptions for unital quantales and
involutive quantales presented by generators and relations.

2. State and prove a theorem similar to 11.2.25 but with each (y,z) € R
being interpreted as an inequality y < z.

3. Show that the unital involutive quantale Max A of a unital C*-algebra
A (cf. Example 11.2.21) has the following presentation by generators
and relations:

e The set of generators is A.

e The relations are as follows:

e = [la]
0 = [04]

[a][b] = [ab] L
[a] < Vo] (fa€);a).

Right-sided elements. Let () be a quantale. An element a € (@ is
right-sided if al < a, and strictly right-sided if al = a. Similarly, a is left-
sided (vesp. strictly left-sided) if 1la < a (resp. la = a). An element a is
two-sided if it is both right- and left-sided. The sets of right-sided, left-sided,
and two-sided elements of ) are denoted respectively by R(Q), L(Q), I(Q).

Example I1.2.28 1. Let R be a ring. Then R(Sub(R)) is the set of right
ideals of R.

2. Let A be a C*-algebra. Then R(Max A) is the set of norm-closed right
ideals of A.

3. Let L be a sup-lattice. Then R(End(L)) = L°°, L(End(L)) = L, and
I(End(L)) has only two elements. For the first isomorphism, L —
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R(End(L)), we map each z to its annihilator a, : L — L, which is
right-sided in End(L):

0 ify<z
aa(y) = { 1 otherwise.

The second isomorphism, L. — L(End(L)), is given by = +— ¢, where

) ={ 0 o

x otherwise.

4. In particular, let X be a set. Then R(Rel(X)) = L(Rel(X)) = p(X).

5. More generally, let G be a discrete groupoid. Then
R(p(G)) = L(p(G)) = p(Go) -

Modules and representations. Just as a quantale is a semigroup in
the monoidal category SL so a quantale module is an action in SL. More
precisely, let () be a quantale with multiplication

7T:R®Q—Q.
Then by a left )-module is meant a sup-lattice M equipped with a left action
a: QM — M

satisfying associativity with respect to the quantale multiplication; that is,
such that the following diagram is commutative:

Qe QoM —=~QeQ oM —"" QM

id@al la

QM _ M

We shall usually write az for a(a ® z), and with this notation associativity
becomes the equation

a(bzr) = (ab)x .

We shall also in general assume that ()-modules are unitary whenever () is
unital, meaning that the action satisfies, for all x € M,

ELXL =T .
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A right module is defined in a similar way. Of course, a (-module structure
on M can be equivalently defined as a representation of () on M, by which
is meant a homomorphism

Q — End(M) .

Nuclei and quotients can be handled in an analogous way to that of quantales.
A nucleus on M is a closure operator

j:M—=M

satisfying aj(z) < j(ax) for all @ € @ and x € M, and the subsets M, of
fixed-points of a nucleus on M are precisely the quotients of M.

If @ is a unital quantale and X is a set then the free (unitary) left (or right)
Q-module generated by X is the function module QX of all maps X — Q
with the obvious action given by pointwise multiplication. The injection of

generators
X - Qf

sends each z € X to the corresponding “unit vector” e,:

_Je ffy==x
e(y) = { 0 otherwise.

We conclude this section with a note on tensor products of modules.
Let ) be a quantale, and let My and gN be a right and a left ()-module,
respectively. A module bimorphism

f:MxN—L
into a sup-lattice L is a sup-lattice bimorphism such that
f(ma,n) = f(m,an)
for all m € M, n € N, and a € ). There is a universal module bimorphism
(mn)—>me@n: MxN—MeqgN ,

and M ®¢g N is called the tensor product (over Q) of the modules M and
N. The usual formulas of commutative algebra and noncommutative algebra
apply to quantale modules.

Exercise 11.2.29 1. Let Q be a quantale. Show that the sup-lattice of
right-sided elements R(Q) is a left -module under multiplication by
elements of @ on the left, and that L(Q) is a right @-module under
multiplication by elements of () on the right. Verify that if ) is unital
then so are the modules R(Q)) and L(Q).
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2. By analogy with what was done above for quantales, fill in the details,
for quantale modules, of the theory of nuclei, quotients, residuations,
generators and relations.

3. Show that, concretely as a subset of p(M x N), the tensor product
M ®qg N consists of those sets X € M ® N satisfying the additional
property that, for all m € M, n € N, and a € Q,

(ma,n) € X <= (m,an) € X .

4. List “typical” formulas involving tensor products of ring modules that
apply equally to quantale modules.

3 Supported quantales

In this section we study a special kind of unital involutive quantale for which
there is an additional operation, called a support, satisfying a few simple
properties whose consequences are important. Moreover, the supports that
arise in our examples are of a kind known as stable. Such supports are
uniquely defined and they are automatically preserved by unital involutive
homomorphisms. Hence, possessing a stable support is a property rather
than extra structure. In addition, we shall see that these quantales are
closely related to inverse semigroups, and as we shall see in Chapter I1I these
facts will ultimately help us characterize in a precise (and yet simple) way
the quantales that arise as topologies of étale groupoids. Although in this
chapter we do not go that far, we shall nevertheless establish adjunctions
between inverse semigroups and stably supported quantales which will later,
in Chapter III, provide the grounds for an equivalence of categories between
abstract complete pseudogroups and inverse quantal frames.

Supports. Let G be a discrete groupoid, and let ¢ : p(G) — p(G)
be the direct image of the domain map followed by the direct image of the
inclusion Gy — G: that is, for all U C G,

This operation satisfies the simple properties of the following definition:

Definition I1.3.1 Let ) be a unital involutive quantale. A support on @ is
a sup-lattice endomorphism

¢:Q—Q
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satisfying, for all a € Q,

(I1.3.2) sa < e
(I1.3.3) sa < aa*
(I1.3.4) a < saa

A supported quantale is a unital involutive quantale equipped with a specified
support.

Example 11.3.2 1. The only support of a locale (cf. Example 11.2.2) is
the identity.

2. As already mentioned above, a support for the powerset o(G) of a
discrete groupoid G is obtained from the domain map of G:

U ={u(d(z)) |z € U}.

As we shall see ahead, this is the only possible support for such a
quantale.

3. In particular, the support of the quantale Rel(X) of binary relations
on a set X is given by <R = {(x,z) | (z,y) € R for some y}.

Now we address general properties of supported quantales.

Lemma I1.3.3 Let Q be a supported quantale. The following conditions
hold:

(I1.3.4) sa = a, foralla<e
(I1.3.5) ssa = <a

(I1.3.6) a = cba, ifca < b
(I1.3.7) = gaa

(I1.3.8) (ca)* = <a

(I1.3.9) a = as(a”)

(I1.3.10) ca=0 & a=0

(I1.3.11) sa < ¢(aa")

(I1.3.12) cal = al

(I1.3.13) al = aa'l

(I1.3.14) sa = <asa

(I1.3.15) a < aad*a

(I1.3.16) s(al)b = alAb

(I1.3.17) slal) = alAe
(I1.3.18) sland) < ab”
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Furthermore,

the subquantale |e coincides with ¢Q) and it is a locale with ab = a N\ b;

all the elements of <QQ are projections, and <Q) is a unital involutive
subquantale with trivial involution,

the sup-lattice homomorphism ¢QQ — R(Q) defined by a — al is a
retraction split by the map R(Q) — <Q which is defined by a — <a;

the map < : R(Q) — <Q is an order embedding.

Proof. First we prove properties (I11.3.4)—(11.3.18).

(11.3.4):

(I1.3.5):
(I1.3.6,11.3.7):
(I1.3.8):

(I1.3.9):

(I1.3.10):

(11.3.11):
(11.3.12,11.3.13):

)
)
(I1.3.14):
(IL.3.15):

)

(IL.3.16):

From (I1.3.4) and (I1.3.2), if a < e we have a < caa < gae = ga, and
from (I1.3.3) and (I1.3.2) we have ca < aa* < ae* = ae = a.

Immediate from the previous one because ¢a < e.

From (I1.3.4) and (I1.3.2): if ca < ¢b we have a < caa < ¢ba < ea = a.
We have ca = ¢sa < (ca)(sa)* < e(sa)*, and thus sa < (sa)*, ie.,
sa = (ca)*.

From (I1.3.7) and (I1.3.8) we have a = a™ = (¢(a*)a*)* = ac(a*)* =
as(a®).

If ca = 0 then a = 0 because a < caa. The converse, i.e., <0 = 0, is
trivial because ¢ preserves joins (but we remark that the axiom ¢a < aa*
would also imply <0 = 0 for more general maps ¢).

Follows from (I1.3.3 I1.3.5

11.3.4): cal < aa*l < al <caal <cal.

) an
Follows from (I1.3.3) an
) an

Follows from (I1.3.4) a ca < ¢caga = sasa < <a.

d (I11.3.5).

d (11.3.4):
d (IL.3.5):
Follows from (I1.3.4) and (I1.3.3): a

11.3.3 saa < aa*a.

From (I1.3.12) we have ¢(al)b < ¢(al)l = all = al. Since ¢(al)b <
eb = b, we obtain the inequality

¢(al)b <alAbD.
The converse inequality follows from (I1.3.4):

al Ab <g¢(al Ab)(al Ab) <g(al)b.
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(I1.3.17): Follows from the previous one with b = e.
(I1.3.18): Follows from (I1.3.3): <(a Ab) < (a Ab)(a A b)* < ab*.

The downsegment |e coincides with ¢@ due to (I1.3.4). It is of course a
unital subquantale, and it is idempotent due to (I1.3.14). Therefore it is
an idempotent quantale whose unit is the top, in other words a locale with
ab=a Ab (cf. section 1).

We have already seen that the elements a < e are idempotent and, by
(I1.3.8), self-adjoint, i.e., projections. Hence, the locale <@, with the trivial
involution, is an involutive subquantale of ().

Now we verify that the support splits the map (—)1 : ¢Q — R(Q). Let
a € R(Q). Then, by (I1.3.12), ¢al = al = a.

It follows that ¢ : R(Q) — <@ is an order embedding because it is a
section. 1

Exercise 11.3.4 1. Let ) be a unital involutive quantale such that a <
aa*a for all a € Q). Show that @) is a Gelfand quantale in the sense of
23] (i.e., such that a = aa*a for all right-sided elements a). Conclude
that every supported quantale is a Gelfand quantale.

2. By a locally Gelfand quantale [31] is meant an involutive quantale @
such that for all projections p = p? = p* € Q the involutive subquantale
lp is Gelfand. Show that any supported quantale is a locally Gelfand
quantale.

Stable supports. Now we shall study the particularly well behaved
supported quantales whose supports are stable.

Lemma I1.3.5 Let QQ be a supported quantale. The following conditions are
equivalent:

1. for all a,b € Q, ¢(ab) = ¢(ach);
for all a,b € Q, s(ab) < ca;
foralla € Q, ¢(al) =<a;
foralla e Q, al Ne =ga;

foralla,b e @, al Nb=cab;

S & e

the map (—)1 : <Q — R(Q) is an order isomorphism whose inverse is ¢
restricted to R(Q) (in particular, R(Q) is a locale with al Abl = ¢abl);
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7. for all a,b € Q, a < cba if and only if ca < ¢b;
8. for all a € Q, ca < bl if and only if ca < <b.

Proof. First we show that the first five conditions are equivalent. First,
assuming 1, we have ¢(ab) = ¢(asb) < ¢(ae) = <a, which proves 2. Conversely,
it 2 holds then

s(ab) < <(asbb) < ¢(ash) < ¢(abb™) < (ab) ,

and thus 1 holds. It is obvious that 3 is equivalent to 2, and now let us show
that 3, 4, and 5 are equivalent. First, (I1.3.16) tells us that ¢(al)b = al A b,
and thus if 3 holds we obtain cab = al Ab. Hence, 3 implies 5, which trivially
implies 4. Finally, if 4 holds we have ¢(al) = all Ae = al Ae = ¢a, and thus
3 holds.

Now we deal with the remaining conditions.

(1=-6) Assume 1, and let a € ). Then ¢(cal) = ¢(casl) = ¢(sae) = ¢sa =
¢a. This shows that the map (—)1 : ¢@ — R(Q) is an order isomorphism
with ¢ as its inverse, because we have already seen that it is a retraction split
by <.

(6=3) Let a € ). We have al = cal for any support, and thus assuming
6 we have ¢(al) = ¢(sal) = <a.

(2=7) Assume a < ¢ba and that 2 holds. Then ¢a < ¢(cba) < ¢cb = <b.
The converse is the condition that a < <ba follows from ¢a < ¢b, which
coincides with (I1.3.6).

(7=2) From the condition a < gaa we obtain, multiplying by b on the
right, (ab) < ca(ab), and thus assuming 7 we obtain ¢(ab) < <a.

(3=8) Assume that 3 holds and that ¢a < bl. Then ca = ¢ca < ¢(bl) =
¢b. Conversely, if ca < ¢b then ¢a < ¢be < bl = bl.

(8=2) We have ¢(ab) < abb*a* < al, and thus assuming 8 we conclude
s(ab) <ca. 1

Definition 11.3.6 A support is stable if it satisfies the equivalent condi-
tions of I1.3.5. A quantale equipped with a specified stable support is stably
supported.

Example I1.3.7 All the examples of supports discussed so far are stable. A
simple example of a supported quantale whose support is not stable is the
four element unital involutive quantale that, besides the elements 0, e, and
1, contains an element a such that

a?=a"=a<e,

al =1.
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This quantale has a unique support, defined by ¢a = a, which is not stable:
s(al)=cl=¢e £ a=cqa.

Lemma I1.3.8 Let () be a stably supported quantale.

1. Let a,b € Q, and assume that the following three conditions hold:

e

aa®

ba .

IA A CIA

Then b = ca.
2. ¢(ab) = asb for all a,b € Q with a < e.

Proof. 1. Assume b < e. Then, from I1.3.5-7, the condition a < ba implies
¢a < b. And the condition b < aa* implies b < al, which, by II1.3.5-8, is
equivalent to b < ¢a. Hence, if all the three conditions hold we conclude that
b= sa.

2. If a < e we have ashb < e, and thus ashb = ¢(ash) = ¢(ab). |

Theorem 11.3.9 1. If @ has a stable support then that is the only support
of Q, and the following equation holds:

(I1.3.10) ca=eNaa” .

2. If Q has a support and K has a stable support then any homomorphism
of unital involutive quantales from @ to K preserves the support. (In
particular, the relational representations Q — Rel(X) of Q are ezactly
the same as the support preserving relational representations.)

Proof. 1. Let b= e Aaa*. Then by (I1.3.2) and (I1.3.3) we have ¢a < b, and
thus a < ba, by I1.3.5-7. Hence, by I1.3.8, we conclude that b = ¢a, which
justifies the equation.

2. Let h: Q — K be a homomorphism of unital involutive quantales, let
a € @, and let b = h(sa). Then we have:

b= h(sa) < h(e) =
b= h(sa) < h(aa*) )

h(a) < h(saa) = h(sa)h(a) = ba .
Hence, by 11.3.8 we conclude that h(ca) = b = ¢h(a); that is, the support is
preserved by h. |
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This theorem justifies the assertion that having a stable support is a
property of a unital involutive quantale, rather than extra structure on it,
and it motivates the following definition for the category of stably supported
quantales (whose morphisms necessarily preserve the supports):

Definition 11.3.10 The category of stably supported quantales, StabQu, is
the full subcategory of the category of unital involutive quantales Qu_ whose
objects are the stably supported quantales.

In addition, the following theorem implies that each unital involutive
quantale has an idempotent stably supported completion (idempotence mean-
ing that any stably supported quantale is isomorphic to its completion, which
is a consequence of StabQu being a full subcategory):

Theorem I1.3.11 StabQu is a full reflective subcategory of Qu..

Proof. 1t is straightforward to see that the limits in StabQu are calculated
in Qu,, and thus the proof of the theorem will follow from verifying that the
solution set condition of Freyd’s adjoint functor theorem [17, Ch. V] holds.

In order to see this, first consider the category whose objects are the
involutive monoids M equipped with an additional operation ¢ : M — M,
of which we require no special properties, and whose morphisms are the
homomorphisms of involutive monoids that also preserve the operation .
Let us refer to such monoids as ¢-monoids. From standard universal algebra
it follows that there exist free ¢-monoids.

Now let X be a set and let us denote by F(X) the corresponding free
¢-monoid. Let also f : X — K be a map, where K is a supported quan-
tale. Since the support makes K an ¢-monoid, f has a unique homomorphic
extension f’ : F(X) — K, of which there is then a unique join preserv-
ing extension f” : p(F (X)) — K. Besides being a sup-lattice, p(F(X)) is
itself an ¢-monoid whose operations are computed pointwise from those of
F(X) (hence preserving joins in each variable). Furthermore, each of these
operations is preserved by f”.

Now let () be a unital involutive quantale, and let

h:Q— K

be a homomorphism of unital involutive quantales, where K is stably sup-
ported. As above, there is a factorization:

Q




o4 CHAPTER II. QUANTALES

Hence, the (necessarily stable) supported subquantale S C K generated
by the image h(Q) is a surjective image of p(F'(Q)), where the surjection
o(F(Q)) — S is both a sup-lattice homomorphism and a homomorphism of
¢-monoids. This surjection determines an equivalence relation 6 on p(F(Q))
such that:

e ( is a congruence with respect to joins, ¢, and the involutive monoid
structure;

e the injection of generators ) — (F(Q))/6 is a homomorphism of
unital involutive quantales;

e the quotient p(F(Q))/0 is stably supported.

Therefore we obtain a factorization

Q—"—p(F(Q))/0

K

in Qu (which implies that A" is in fact a homomorphism of supported quan-
tales, by I1.3.9). Since K and h have been chosen arbitrarily, the solution
set condition now follows from the observation that the set of congruences
which satisfy the above three conditions is small.

(One may also observe that the set of congruences is closed under inter-
sections, and that the desired reflection is p(F(Q))/O, where © is the least
congruence.)

Exercise 11.3.12 1. Show that the following conditions are equivalent,
for any supported quantale Q:

(a) The support of @ is stable;

(b) Foralla € @, ca = A\{b€<Q|a<ba};

(c) Foralla e @, ca=\/{becQ|b<al};

(d) The sup-lattice bimorphism @ x ¢@Q — <@ defined by (a, f) —

s(af) makes <@ a left @-module.
2. Let @ be a supported quantale.

(a) Show that the following conditions are equivalent:

i. For all a € @, if ca < bb* then ca < ¢b;
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ii. Foralla € @, ca=\/{be<Q|b<aa*}.

(b) Calling a support that satisfies these equivalent conditions weakly
stable, show that any stable support is weakly stable. Does the
converse hold?

3. Let @ be a stably supported quantale. Show that the sup-lattice iso-
morphism ¢@ = R(Q) of Lemma I1.3.5-6 is an isomorphism of left
(Q-modules with respect to the left module structure of ¢@ of the pre-
vious exercise and the left module structure of R(Q) which is given by
left multiplication (cf. Exercise 11.2.29).

4. Provide an explicit description of the stably supported reflection of
the unital involutive quantale End(Sub¢(C?)) of sup-lattice endomor-
phisms on the lattice of complex linear subspaces of C2.

Inverse quantales. Now we shall see that supported quantales are
closely related to inverse semigroups.

Definition I1.3.13 Let ) be a unital involutive quantale. A partial unit in
@ is an element a € ) such that the following two conditions hold:

The set of partial units of @) is denoted by Z(Q).

Example I1.3.14 Let X be a set, and Q = Rel(X) the quantale of binary
relations on X. Then Z(Q) is the set Z(X) of partial bijections on X. Hence,
Z(Q) is an inverse monoid and, as we shall see below, this is a consequence
of the fact that @) is a supported quantale. More generally, if @ = o(G)
for a discrete groupoid (G, a partial unit is the same as a G-set, and thus

(@) = Z(G).

Lemma I1.3.15 Let QQ be a unital involutive quantale. Then Z(Q) is an
nvolutive submonoid of Q.

Proof. The set Z(Q) is clearly closed under involution, and e € Z(Q). It
is also closed under multiplication, for if a and b are partial units then
(ab)(ab)* = abb*a* < aea* = aa* < e, and in the same way (ab)*(ab) < e.
Hence, Z(Q) is an involutive submonoid of Q. 1

Lemma I1.3.16 Let Q) be a supported quantale, and let a € Z(Q). Then,
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3. a® = a if and only if a < e,
4. b<aif and only if b = cba, for all b € Q.

Proof. 1. We have ¢a < aa* < caaa® < cae = ga.

2. This is a consequence of the above and of the equality a = caa.

3. If a < e then a is an idempotent because ¢() is a locale. Now assume
that a®> = a. Then aa* = aaa* < ae = a. Hence, aa* < a, and, since aa* is
self-adjoint, also aa* < a*. Finally, from here we conclude that a < e because
a=aa*a <a*a<e.

4. Let b € @ such that b < a (in fact, then b € Z(Q)). Then,

sba < bb*a < ba*a < be =b < cbb < ¢ba .
This shows that b < a implies b = ¢ba. The converse is trivial. |

In the following theorem the category of inverse quantales should be nat-
urally assumed to be the category whose objects are the supported quantales
and whose morphisms are the unital and involutive homomorphisms that
preserve the supports, although the theorem is true even if we consider as
morphisms all the homomorphisms of unital involutive quantales (in any case
the distinction disappears once we restrict to stable supports).

Theorem I1.3.17 1. Let QQ be a supported quantale. Then Z(Q) is an
tnverse monoid whose natural order coincides with the order inherited
from Q, and whose set of idempotents E(Z(Q)) coincides with Q.

2. The assignment QQ — Z(Q) extends to a functor I from the category of
supported quantales to the category of inverse monoids InvMon.

Proof. 1. Z(Q) is an involutive submonoid of @), and in particular it is a
regular monoid because for each partial unit a we have both aa*a = a and
a*aa® = a*. Hence, in order to have an inverse monoid it suffices to show that
all the idempotents commute, and this follows from I1.3.16-3, which implies
that the set of idempotents of Z(Q) is the same as ¢, which is a locale.
Furthermore, the natural order of Z(Q) is defined by a < b < ¢ab = a, and
thus it coincides with the order of @), by I1.3.16-4.

2. T is a functor because if h : () — K is any homomorphism of unital
involutive quantales and a € @) is a partial unit then h(a) is a partial unit:
h(a)h(a)* = h(aa*) < h(e) = e, and, similarly, h(a)*h(a) < e. Hence, h
restricts to a homomorphism of monoids Z(Q) — Z(K). §
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We shall be particularly interested in supported quantales with the addi-
tional property that each element is a join of partial units. As we shall see,
such quantales are necessarily stably supported.

Definition I1.3.18 By an inverse quantale will be meant a supported quan-
tale ) such that every element a € () is a join of partial units:

a=\/{peZ(Q |b<a}.

The category of inverse quantales, InvQu, is the full subcategory of Qu
whose objects are the inverse quantales.

From I1.3.14 it follows that p(G) is an inverse quantale for any discrete
groupoid G. In particular, the quantale of binary relations Rel(X) on a set
X is an inverse quantale.

An alternative definition of the concept of inverse quantale can be found
in Exercise I1.3.22.

Lemma I1.3.19 Any inverse quantale is stably supported (hence, InvQu is
a full subcategory of StabQu ).

Proof. Let Q be an inverse quantale, and let a,b € (), such that
a = \/ S;
b=\t
J

where the s; and ¢; are partial units. Then,

§(CLb) = g (\/ Sﬂfj) = \/§(Sitj> = \/ Sitj(Sitj)* = \/Sltjt;S:

j ] ] tj
< Vsisi=\slsi) =¢ (\/&) =ca. 1
The converse is not true; that is, not every stably supported quantale is

an inverse quantale (see I11.2.21 in section 2).

Lemma I1.3.20 Let S be an inverse semigroup. The set L(S) of subsets of
S that are downwards closed in the natural order of S is an inverse quantale.
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The unit is the set of idempotents E(S) (which, if S is a monoid, is just |e),
multiplication is computed pointwise,

XY ={zy|lzeX, yeY},

the involution is pointwise inversion, X* = X1 and the (necessarily unique)
support is given by the formula

X ={zz'|zecX}.

Proof. Consider an inverse semigroup S. It is straightforward to verify that
the sup-lattice £(S) is an involutive quantale, with the multiplication and
involution defined above. In particular, for multiplication this means that
downwards closed sets are closed under pointwise multiplication (this would
not be true for an arbitrary partially ordered involutive semigroup, for which
downwards closure would be required after taking the pointwise multiplica-
tion), which is a consequence of the fact that we are dealing with the natural
order of an inverse semigroup: if z < w € XY for X,Y € L(S), then w = xy
with z € X and y € YV, and 2z = zz7'w = 227 (ay) = (227 '2)y € XYV
because zz 'z < z € X, and X is downwards closed. For the involution it
is similar, but more immediate.

In order to see that the set of idempotents E(S) is the multiplicative unit,
consider X € L(S). The set E(S) contains the idempotent x~'z for each
x € X, and thus the pointwise product X E(S) contains all the elements of
the form zz~'z = x. Hence, X C XE(S). The other elements of X E(S)
are of the form zy~ly, with x € X, and we have zy~'y < z in the natural
order of S, implying that zy~ly € X because X is downwards closed. Hence,
XE(S)=X. Similarly we show that E(S)X = X.

In order to see that £(.S) is an inverse quantale we apply 11.3.22. First,
each X € L£(S) is of course a union of partial units:

X=|J{lz|zex}.
Secondly, let X € £(S). Then
XX*X ={ay 2 |z,y,z€ X} D2 {or 'z |z eX}={r|zeX}=X.
To conclude, we show that the operation ¢ : £L(S) — L£(.S) defined by
X =| {UU | U e Z(£(S)) and U C X}
coincides with the (clearly join-preserving) operation

X ={zxx7'| 1€ X}
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of the statement of this lemma, thus showing that £(.5) is an inverse quantale.
If U € Z(L(S)) then UU* C E(S), i.e., zy~t € E(S) for all z,y € U. But
then

py =y ey ) =ay e = ey gy Ty = () ey y)
so we see that xy~! is of the form 227! with z = zy~'y < x, where z € U
because U is downwards closed. We therefore conclude that UU* coincides
with the set {zz~! | z € U}, and from this the required formula for ¢X
follows. |

Theorem 11.3.21 The functor I, restricted to the category of stably sup-
ported quantales StabQu, has a left adjoint from the category of inverse
monoids InvMon to StabQu, which to each inverse monoid S assigns the
quantale L(S).

Proof. First we remark that the embedding S — L(S) actually defines a
homomorphism of monoids S — Z(£(S)), which provides the unit of the
adjunction. Now let @ be a stably supported quantale, and h: S +— Z(Q) a
homomorphism of monoids. Then h preserves the natural order, and thus it
defines a homomorphism of ordered involutive monoids S — () because, as we
have seen, the natural order of Z(Q) is just the order of @ restricted to Z(Q).
It follows that h extends (uniquely) to a homomorphism of unital involutive
quantales h : £(S) — Q, namely the sup-lattice extension h(U) = \/ h(U).
i

Exercise 11.3.22 1. Let @ be a unital involutive quantale such that ev-
ery element in () is a join of partial units. Show that () is a supported
quantale (hence, an inverse quantale) if and only if the following con-
ditions hold:

(a) a < aa*a for all a € Q (equivalently, a = aa*a for all a € Z(Q));
(b) the operation ¢ : Q — () defined by
(I1.3.11) sa = \/{bb* |beZ(Q) and b < a}
is a sup-lattice homomorphism.
Show that when these conditions hold the operation ¢ is the support.

2. Give an example of a unital involutive quantale ) satisfying a < aa*a
for all a € @ but such that the operation ¢ defined by (I1.3.11) does
not preserve joins.
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Enveloping quantales. Recall (cf. Definition 1.2.16) that by an ab-
stract complete pseudogroup is meant a complete and infinitely distributive
inverse monoid. We have seen in the previous section how to obtain an in-
verse quantale from an arbitrary inverse semigroup. In the case of an abstract
complete pseudogroup there is another useful inverse quantale £Y(S), here
referred to as the enveloping quantale of S, which takes into account the joins
that exist in .S. From here until the end of this section S will be a fixed but
arbitrary abstract complete pseudogroup.

Definition 11.3.23 By a compatibly closed ideal of S is meant a downwards
closed set (possibly empty) which is closed under the formation of joins of
compatible sets. The set of compatibly closed ideals of S is denoted by

£Y(S).

Lemma I1.3.24 L£Y(S) is a quotient of L(S) both as a locale and as a unital
mvolutive quantale, and it is an inverse quantale.

Proof. Let j : L(S) — L(S) be the closure operator that to each downwards
closed set U C S assigns the least compatibly closed ideal that contains U.
First we remark that j is explicitly defined by

J(U) = {\/X | X CU, Xis compatible} .

In order to see this, let <y € j(U). Then y is of the form \/Y for some
compatible set Y C U, and thus z = 2 A VY = \/(x AY), where the set
xANY ={xAy|y €Y} is of course compatible. Hence, we have z € j(U),
showing that j(U) is downwards closed. Now let Z C j(U) be a compatible
set. Each element z € Z is of the form \/ U, for some compatible set U, C U,
and the fact that Z is compatible implies that the set 2’ = |J,., U. is
compatible. But we also have \/ Z =\/ Z', and thus z € j(U), showing that
J(U) is closed under the formation of joins of compatible sets. It is thus a
compatible ideal, clearly the smallest one containing U.

Now we shall show that j is both a locale nucleus and a nucleus of involu-
tive quantales, thus proving that £¥(.S), which coincides with the quotient of
L(S) obtained as the set of fixed-points of S, is a unital involutive quantale,
a locale, and a quotient of L£(S).

Let I,J € L(S). Let X C I and Y C J be compatible sets such that
VX =\ Y. Let us denote this join by z. We have z € j(I) N j(J), and all
the elements of j(I) N j(J) can be obtained in the same way. Now define the
set

Z={zNylzeX, yeY}.
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We have Z C I N J, and

\/Z: \/ \/(:E/\y): \/ (x/\\/Y) = \/(x/\z): (\/X)/\z:z.

zeX yeY zeX zeX

Hence, z € j(I N J), and we conclude that j(I)Nj(J) Cj(INJ),ie., jisa
nucleus of locales.

Let again I, J € £(.S). Consider an arbitrary element of j(I)j(J), which
is necessarily of the form zy with x = \/ X and y = \/ Y, where X C I and
Y C J are compatible sets. We shall show that xy € j(XY), hence proving
that j is a nucleus of quantales. First, we remark that XY is a compatible
set, since it is bounded above by zy. Its join \/(XY') coincides with xy,
due to infinite distributivity, and thus xy € j(XY'). Clearly, j preserves the
involution of the quantales, and thus j is a nucleus of involutive quantales.
The involution of L£Y(S) is, similarly to that of £(S), given by pointwise
inversion.

Finally, j is also a nucleus with respect to the support of £(S) because
the support is, since £(S) is stably supported, expressed in terms of locale
and unital involutive quantale operations:

U =UU"NE(S).

Hence, the conclusion that £Y(.S) is stably supported follows, and it is ob-
viously an inverse quantale because it has a basis consisting of the principal
ideals |s with s € S, which are partial units of £¥(S). §

Example 11.3.25 From the results about groupoids and quantales in Chap-
ter III it will follow (but it can also be verified directly) that if G is a discrete
groupoid then we have an isomorphism £Y(Z(G)) = o(G). In particular, the
enveloping quantale £Y(Z(X)) of the symmetric inverse monoid Z(X) of a
set X is isomorphic to the quantale of binary relations p(X x X) on X.

Theorem 11.3.26 L£Y(S) is the quotient of L(S) (in the category of stably
supported quantales StabQu) determined by the condition that joins of E(S)
should be preserved by the injection of generators S — LY(S).

Proof. This is a consequence of exercise 1.2.17, from which it follows that
the homomorphisms of abstract complete pseudogroups (i.e., those monoid
homomorphisms that preserve joins of compatible subsets)

h:S—=1(Q),

where () is any stably supported quantale, are exactly the monoid homo-
morphisms that preserve just the joins of sets of idempotents. Hence, the
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universal properties corresponding to preservation of joins of idempotents,
on one hand, and to preservation of arbitrary joins, on the other, are the
same. 1

The universal properties possessed by enveloping quantales are by now
essentially obvious, once one takes into account the analogous properties for
L(S). We shall provide an explicit description of them.

Let S be an abstract complete pseudogroup, and let ) be a stably sup-
ported quantale. The monoid of partial units Z(()) is an abstract complete
pseudogroup, and if h : S — Z(Q) is a homomorphism of abstract complete
pseudogroups there is a unique homomorphism of unital involutive quantales
h: L£Y(S) — Q such that the following diagram commutes,

s—|s

S ———LY(9)

\lﬁ

Q

where h is explicitly defined by

WU)=\/{h(s) €Q|secU}.
In other words, we have:

Corollary I1.3.27 LV defines a functor from ACPGrp to StabQu, which is
left adjoint to the functor I : StabQu — ACPGrp.

A consequence of this is also, for S an inverse semigroup, that £(S) =
LY(C(S)), where C(S) is the completion of S in the sense of [14, Section

1.4] (but including the join of the empty set), and in fact we have C(5) =
Z(L(S)).



Chapter 111

Localic groupoids

In this chapter we describe the main results of these notes, which involve a
three-fold correspondence between localic étale groupoids, abstract complete
pseudogroups, and the so-called inverse quantal frames. The reason for work-
ing with localic groupoids rather than topological groupoids is essentially of
a pragmatic nature: the question of whether or not one can reconstruct a
topological étale groupoid from the inverse quantale structure of its topology
cannot be expected to have a positive answer unless the groupoid satisfies
some topological separation axioms (it should at least be Ty). In practice we
shall often need the groupoid to be sober, and this means that we can think
of it instead as being a spatial locale. But it may be observed that spatiality
really plays no role in the theory, and thus the natural thing to do is to work
with arbitrary locales (and luckily so because, roughly, spatiality is the topos
dependent part of the theory). The net effect is that topological groupoids
become algebraicized in a rather natural way. Indeed we may view the kind
of algebra involved as playing, with respect to general topology, a similar
role to that of commutative rings in algebraic geometry (from this viewpoint
localic groupoids become a topological counterpart of algebraic groupoids).

1 Locales

We shall begin by studying general locale theory. Since locales are examples
of quantales, most of the general algebraic properties of locales have already
been studied in Chapter II, but now we shall deal with specific aspects of
locale theory, namely those which carry analogies with topological spaces.

Frames. We have already provided a definition of the notion of locale
(cf. Example 11.2.2), as being a particular kind of unital quantale. Let us

63
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recall the definition here:

Definition II1.1.1 By a locale is meant a sup-lattice L satisfying the fol-
lowing distributivity law, for all x € L and Y C L:

:c/\\/Y: \/x/\y.

yey

Locales are also known as frames. The distinction in terminology will be
addressed below. The relation to quantales can be described as follows:

Proposition II1.1.2 ([10]) Any frame L is an idempotent unital quantale
whose unit is the top. Conversely, any unital quantale with these properties
s a frame.

Proof. 1f L is a frame then it is obviously a unital quantale with e = 1 and
the idempotent multiplication given by binary meet. Conversely, let L be an
idempotent unital quantale with e = 1, and let a,b € L. We shall prove that
ab = a A b, showing that L is a frame. First, we have ab < al = ae = a and
ab < 1b = b, showing that ab is a lower bound of a and b. Let ¢ be another
lower bound of a and b. Then ¢ = cc < ab, and thus ab is the greatest lower
bound: ab=aAb. |}

Definition II1.1.3 A homomorphism of frames is a homomorphism of unital
quantales between frames. The resulting category, denoted by Frm, is the
category of frames.

Frm is a full subcategory of the category of commutative unital quantales,
and algebraically we handle frames in much the same way as we handle
commutative unital quantales. For instance, any homomorphic image of a
frame is still a frame, and thus frame quotients are described by quantale
nuclei. Also, the coproduct of two frames as unital quantales is again a
frame, and thus the coproduct of two frames L and M coincides with their
tensor product L ® M as sup-lattices, with meet defined by

@y A @' @y)=(zrd)@yAY),
where the coprojections
L-">L®M<"-M
are given by

i) = 2@ 1y
ia(y) = 11®y.



1. LOCALES 65

The motivation behind locales is topological: the topology Q(X) of a
topological space X is a frame, and if f : X — Y is a continuous map then
the inverse image f~! : p(Y) — p(X) restricts to a frame homomorphism
71 Q) — Q(X). Hence, the category of frames can be regarded as an
approximation of (the dual of) category of topological spaces and continuous
maps, and locales are often referred to as point-free spaces — or, more tongue-
in-cheek, pointless spaces [6, 7].

Many definitions and properties readily carry over from topological spaces.
We provide some simple examples:

Definition II1.1.4 Let L be a frame, and let a € L. By a cover of a is
meant a subset C' C L such that a < \/C. A cover of L is by definition
a cover of 1. We say a frame L is compact if every cover of L has a finite
subcover: that is, for all C' C L such that \/ C' = 1 there is a finite subset
F C C such that \/ F = 1.

Of course, a space X is compact if and only if its frame (X)) is compact.
Another similar situation occurs with the notion of regularity:

Definition II1.1.5 Let L be a frame, and let a,b € L. We say that a is
well inside b, and write a € b, if there exists ¢ € L such that bV ¢ =1 and
a N c=0. Then L is reqular if every x € L is the join of the elements well
inside itself:

x = \/ a .

Of course, a space X is regular if and only if the frame (X)) is regular.

Definition IT11.1.6 Let L be a frame. A basis of L is a cover B of L such
that for all @ € L we have

a=\/[{beB|b<a}.

The following simple property of any basis will play an important role
later on.

Proposition I11.1.7 Let h : L — M be a frame homomorphism, and let
B C L be a basis of L which furthermore is a downwards closed subset. Then
h is injective if and only if its restriction h|g : B — M is.
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Proof. Assume that h|p is injective. We shall prove that h is injective (the
converse is trivial). Let b € B and x € L be arbitrary elements. Then,

h(b) < h(x) <= h(b) A h(z) = h(b)
< h(bAz)=h(b)
< bAz=Db (Because b Az € B.)
— b<=zx.

Now let z and y be arbitrary elements of L. Then y = \/Y for some Y C B,
and we have

h(y) < h(z)

rrees

Hence, h is an order embedding. |}l

Exercise 111.1.8 1. Let L be a frame, and let 5 be a closure operator on

L. Show that j is a nucleus if and only if j(z Ay) = j(z) A j(y) for all
x,y € L.

. Show that the sup-lattice tensor product of two frames is a frame.

. Show that Frm is a reflective subcategory of the category of commuta-
tive unital quantales.

. Show that the topological notion of regularity is equivalent to the def-
inition given in Definition III.1.5.

. Show that if L is a regular frame then so is any of its quotients.

. Show that the notion of regularity of II1.1.5 can be defined equivalently
in terms of residuations, by defining the well-inside relation as follows,

aZb << -aVvb=1,
where —a = 0/a.

. Let p: E — X be a local homeomorphism. Consider the set I'(p) of
all the continuous local sections of p, ordered by restriction. The sets
S C I'(p) for which \/ S exists in I'(P) are precisely the sets of sections
which are pairwise compatible. Defining £Y(I'(p)) to be the set of
downwards closed sets of I'(p) which are closed under the formation of
joins (as in Definition I1.3.23), show that £Y(I'(p)) is a locale isomorphic
to the topology Q(F) of E. (This technique will be used in Theorem
111.2.13.)
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Frames versus locales. The idea that Frm is an approximation of
Top°® gives rise to the following notion:

Definition IT1.1.9 Let A and B be locales. By a (continuous) map f : A —
B of locales is meant a frame homomorphism f* : B — A, referred to as the
inverse image of f. The resulting category is the dual of Frm, and we denote
it by Loc. It is called the category of locales and continuous maps, or simply
the category of locales. We shall denote by

Q: Top — Loc

the (obvious) functor that to each topological space X assigns the locale
Q(X) and to each continuous map f : X — Y assigns the map

Q(f) = Q(X) — ()
which is defined by Q(f)* = f~1

Before we proceed we shall introduce some more or less traditional nota-
tion: the identity functor on Frm is a contravariant functor O : Loc®™® — Frm;
accordingly, if A is a locale we shall write O(A) for the locale itself seen as
an object of Frm. Metaphorically, O(A) can be thought of as the frame of
“open sets of A”, in imitation of the notation Q(X) for topological spaces.
For example, using this notation we could have said, in the above definition,
that a locale map f : A — B is defined to be a frame homomorphism

£ O(B) — O(A) .

This may seem unreasonably redundant, but this notation is often useful.
For instance, if A and B are two locales we shall write A x B for the product
of A and B in Loc, with the following projections:

A< AxB-2-pB

Of course, this is the coproduct in Frm of the frames O(A) and O(B), where
the coprojections are nf and m;; indeed, we could have defined the locale
product A x B by the equation

O(A x B) = O(A) ® O(B) .

Accordingly, we shall usually write O(A) x O(B) (rather than again A x B)
for the product in Frm, without any need to specify the category in question.
(But cumbersome expressions like O(€2(X)) should be avoided!)
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Another aspect in which we distinguish frames and locales is when we
refer to quotients and subobjects: a subframe is just a subset of a frame
which is a unital involutive subquantale; but by a sublocale of a locale A will
always be meant a frame quotient of the frame O(A), mimicking the fact that
a subspace inclusion X — Y determines a surjective frame homomorphism
Q(Y) — Q(X); that is, we should think of a sublocale as the localic analogue
of a subspace. We shall be loose about the precise definition of the notions of
sublocale, which can often be taken to be a nucleus, or equivalently a subset
of a frame closed under arbitrary meets and residuations (cf.I1.2.23-3), or an
isomorphism class of a frame surjection.

Exercise 111.1.10 1. Let p: X — B and ¢ : Y — B be maps of locales.
Show that the pullback X XY coincides, as a frame, with the tensor
product O(X) ®opy O(Y) of O(X) and O(Y'), which are regarded as
right and left O(B)-modules, respectively, with the action given by
multiplication via change of “base ring”:

OX)®0O(B) — O(X)
VeU — VAp'(U)

O(B)®0(Y)
U W

l

oY)
W AqgU) .

1

2. Show that the topology (X xY") of a product space is a frame quotient
of U(X) ® Q(Y) (hint: each U ® V' is mapped to the open rectangle
UxV).

3. Show that if X is a locally compact space then Q(X xY) = Q(X)@Q(Y)
(cf. [8]).
4. Let Q be the set of rational numbers with the subspace topology of the

reals. Show that Q(Q x Q) and Q(Q) ® Q(Q) are not isomorphic (cf.
8])-

5. Recall the negation operator — of frames (cf. Exercise I11.1.8), which
is given by —a = 0/a. Show that the double negation a — ——a is a
nucleus on any frame.

6. Let j : L — L be a nucleus on the frame L. We say that j is dense if
7(0) = 0.
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(a) Show that if i : X — Y is the inclusion of X into Y as a subspace
then X is dense in Y if and only if the nucleus induced by i (i.e.,

iy oi!) is dense.

(b) Show that —— is dense, on any frame.
(c) Show that —— is the least dense nucleus, on any frame.

(d) Let R be the space of real numbers. Show that the locale Q(R)--
has no points (hint: both Q and R \ Q are dense in R).

Open sublocales and closed sublocales. We have already given a
definition of the notion of sublocale, and now we shall give two important
examples, namely the open and the closed sublocales, which are the localic
counterpart of open and closed subspaces of topological spaces.

Definition ITI.1.11 Let L be a locale, and let j be a nucleus on O(L). The
sublocale defined by j is open (and j itself is said to be open) if j is the
nucleus induced by the quotient

(=)ANa:0O(L) — la
for some a € O(L).

Of course, if L is the topology of a space X, then an open sublocale |[U
with U € Q(X) is the topology of the open subspace U.

Definition IT1.1.12 Let L be a locale, and let a € O(L). The mapping
(=)Va:0O(L)— O(L)

is a nucleus on O(L), and it is called a closed nucleus. The image of this
nucleus is just Ta, which may be regarded as a concrete definition of the
closed sublocale induced by a.

Again the motivation behind this terminology is topological. If X is a
topological space and C' C X is a closed subspace then Q(C) is isomorphic
to the frame T(X \ C). In other words, the sublocale induced by a in the
previous definition should be regarded as the analogue of a closed subspace
consisting of the “complement of a”.

Open and closed sublocales have many interesting properties. For in-
stance, the set N(L) of nuclei on a frame L is itself a frame, called the
assembly of L. This is the localic generalization of the boolean algebra of
all the subspaces of a space, but unlike the topological case it is not comple-
mented. There is a frame homomorphism, which is both a monomorphism



70 CHAPTER I1II. LOCALIC GROUPOIDS

and an epimorphism (but not an isomorphism), from L into N (L), which to
each a € L assigns the closed nucleus corresponding to a. We shall not go
more into the properties of the assembly of a frame (except for a few exercises
below) because we shall not need them in these notes. For more details see
[3].

Exercise 111.1.13 Show that the open nucleus corresponding to a is given
in terms of residuations by z — z/a.

Open maps and local homeomorphisms. A localemap f: L — M
is said to be semiopen if the frame homomorphism f* : O(M) — O(L)
preserves all the meets of O(M); equivalently, if f* has a left adjoint fi —
the direct image of f. (For adjoints between partial orders see [17, Ch. IV]
or [8, Ch. I].)

This terminology is motivated by open maps of topological spaces: if
f: X — Y is a continuous open map then the direct image map

U i(U) ={f(x) [z €U}

is a sup-lattice homomorphism Q(X) — Q(Y) and it is left adjoint to
1) — Q(X). However, semiopen maps are insufficient as a lo-
calic generalization of open maps, in particular because they are not stable
under pullback (cf. exercise I11.1.16).

The right localic definition of open map is based, as with topological
spaces, on the idea that open subspaces are mapped to open subspaces; in
this case open sublocales must be mapped to open sublocales. In order to
make sense of this idea first we need to define what we mean by the image
of a sublocale. For that we remark that in Frm every homomorphism

h:OM) — O(L)

can obviously be factorized as moe where e : O(M) — h(O(M)) is surjective
(equivalently, a regular epimorphism in Frm) and m : h(O(M)) S O(L) is
a subframe inclusion (hence, a monomorphism in Frm). Consequently, Loc
has a “dual” factorization system: every map f : L — M factors as an
epimorphism e followed by a regular monomorphism m (i.e., a sublocale
inclusion)

LHG'L/%M .

Hence, L’ is a sublocale of L, and we define it (up to isomorphism) to be the
image of f.
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Definition I11.1.14 Let f : L — M be a map of locales, and let i : S — L
a sublocale inclusion (i.e., i* : O(L) — O(S) is a surjective frame homomor-
phism). The image of S by f is the image of the map f oi. The map f is
open if the image of every open sublocale of L is an open sublocale of M.

The open locale maps f : L — M are exactly the semiopen maps that
satisfy the following condition for all a € O(L) and b € O(M),

Sa A fr(b)) = fila) A D,

known as the Frobenius reciprocity condition (see [9, p. 521] or [10, Ch. V]).
If a € O(L), the open sublocale of M to which |a is mapped is | fi(a).

Definition I11.1.15 An open locale map f : L — M is a local homeo-
morphism if there is a cover C of L such that for each a € C the frame
homomorphism

(=) Aa)o f": OM) — la

is surjective (this is the analogue for locales of a continuous open map of
spaces whose restriction to each open set in a given cover is a subspace
inclusion).

Exercise 111.1.16 1. Let L be a locale and consider the following sublo-
cale inclusion ¢ : M — L. Show that M is an open sublocale if and
only if ¢ is an open map.

2. Show that a continuous map of topological spaces f : X — Y is a local
homeomorphism if and only if the map of locales Q(f) : Q(X) — Q(Y)
is a local homeomorphism.

3. Let f: X — Y be a continuous map of topological spaces. Show that
if f is open then so is Q(f). Show that the converse fails; that is, f is

not necessarily open of Q(f) is.

4. Show that both open maps and local homeomorphisms are stable under
pullbacks.

5. Show that semiopen maps are in general not stable under pullbacks.

6. Give a suitable definition of local section for maps of locales and repeat
Exercise I11.1.8-7 for local homeomorphisms of locales.
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Groupoids. A localic groupoid is an internal groupoid in Loc. The
definitions of open groupoid and of étale groupoid are analogous to the cor-
responding notions for topological groupoids, now with open maps and local
homeomorphisms being defined for locales:

Definition II1.1.17 Let GG be a localic groupoid

i

)
Gy —"> G Go

IS

We say that G is open if d is open, and that G is étale if d is a local homeo-
morphism.

Spatial locales and sober spaces. Just as spaces give rise to locales
via the functor €2, so locales can be approximated by spaces via a spectrum
functor Y. Such spatial aspects will be largely irrelevant in these notes, but
we include them in this section for the sake of motivation.

We shall write 1, as usual, for some fixed final object in Loc. This is an
initial frame, which in turn is a free sup-lattice on one generator, so we may
use again the O notation and write

O(1) = p(1) .

The locale 1 is the localic analogue of a “singleton” space, and we may use
it in order to define points of locales:

Definition I11.1.18 Let A be a locale. By a point of A is meant a map
p:1— A (equivalently, a frame homomorphism p* : O(A) — O(1)).

The set of points of A is therefore given by the covariant hom functor

Loc(1,—) : Loc — Set .

There is an obvious pairing

Loc(1,A) x O(A) — O(1)

that maps each (p,a) to p*(a), and thus each a € O(A) defines a function
a: Loc(1,A) — O(1) ,

in turn defining a subset U, C Loc(1, A) by

Uo={plalp) =low} ={p|p'(a) =low} -

The family (U,) is a topology on Loc(1, A):
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Proposition II1.1.19 For all a,b € O(A) and S C O(A) we have

UlA = E(A)
Ua/\b = UaﬂUb

..

a€S

Uys

Definition IT1.1.20 The spectrum of a locale A is the set of points Loc(1, A)

equipped with the above topology, and we shall denote the resulting space
by X(A).

For each locale map f: A — B the function
fo=fo(=): Loc(1,A) — Loc(1, B)

is easily seen to be continuous with respect to the topologies of ¥(A) and
¥(B), and thus we obtain a functor

Y. : Loc — Top .
Theorem II1.1.21 € is left adjoint to X.

Proof. Let A be a locale. Proposition II1.1.19 shows that the assigment
a — U, is a homomorphism of frames O(A) — Q(X(A)), hence giving us
a map of locales € : Q(3(A)) — A, which will provide the co-unit of the
adjunction. Now let X be a topological space, and let f : Q(X) — A be a
map of locales. We define a function f: X — X(A) by

f(x)(a) =1loa) <= z € f*(a).
Then if U, is an open set of ¥(A) we have
7 Ua) ={z € X| f(2)(a) =1} = f*(a) € QX)) ,

showing that f is continuous. It is equally easy to prove that the following
diagram is commutative

Q(2(A)) —= A
Q(X)

and that f is the only continuous map X — Y (A) with this property. This
concludes the proof. |}
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Definition II1.1.22 A locale A is spatial if and only if the A component of
the co-unit of the adjunction is an isomorphism of locales (equivalently, the
assignment a — U, is an isomorphism of frames). A topological space X is
sober if the X component of the unit of the adjunction is a homeomorphism.

Theorem II1.1.23 Let X be a topological space, and A a locale.
1. Q(X) is a spatial locale.
2. X(A) is a sober space.

3. The adjunction 2 4 X restricts to an equivalence of categories between
sober spaces and spatial locales.

Locales are often important as replacements for the notion of topological
space in a constructive setting, by which is meant the ability to interpret
definitions and theorems in an arbitrary topos. See [6, 7]. For instance, the
locale RIdI(R) of radical ideals of a commutative ring R can be regarded as
the “constructive Zariski spectrum” of R because X(RIdI(R)) is (classically)
homeomorphic to the usual space of prime ideals with the Zariski topology
(cf. exercises below).

Exercise 111.1.24 1. Show that the following two conditions are equiv-
alent:

e The locale A is spatial;
e There is a topological space X such that Q(X) = A in Loc.

2. Describe the unit of the adjunction €2 4 X explicitly.

3. Show that the points of a locale A can be identified with either of the
following concepts:

e Completely prime filters of O(A), by which are meant filters F' C
O(A) such that \/ S € F implies a € F for some a € S (these
correspond to 1-kernels of the points p* : O(4) — O(1)).

e Prime elements of O(A), by which are meant elements p € O(A)
such that p # 1 and such that the condition a A b < p implies
a<porb<p, forall a,b € O(A) (the prime elements are the
joins of the 0-kernels of the points).

4. Describe the topology of the spectrum of a locale directly in terms of
prime elements, and of completely prime filters.
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10.

11.

12.

13.

14.

. Let X be a topological space. Show that the points of the locale (X))

can be identified with the (nonempty) irreducible closed sets of X (hint:
these are the complements in X of the primes of 2(X)).

Describe the topology of the spectrum of a locale Q(X) directly in
terms of irreducible closed sets.

Show that every Hausdorff space is sober.

Give an example of a space which is not sober.

. Let X and B be topological spaces, and let f : X — B be a local

homeomorphism. Show that if B is sober then so is X.

Let X and B be locales, and let f : X — B be a local homeomorphism.
Show that if B is spatial then so is X. (Hint: recall Exercise I11.1.16-6.)

Let R be a commutative ring. Show that the prime ideals of R are
precisely the prime elements of the locale of radical ideals RIdI(R).
Show that the topology of ¥ RIdI(R) is precisely the Zariski topology.

Let X be a compact Hausdorff space. Show that X is homeomorphic to
the spectrum X (I(C'(X))) of the locale I(C(X)) of norm-closed ideals
of the commutative C*-algebra C'(X) of continuous functions X — C.

Let f: A — B be a map of locales. Show that if f is a local homeo-
morphism then so is X(f) : ¥(A) — X(B). Show that the analogous
assertion for open maps instead of local homeomorphisms is false.

Let G be a localic groupoid

Defining ¥ G to be the structure defined by

(i)

s () 5(r)
¥(G2) —=X(G1) =—=w)—— %(Go)
=(d)

show that ¥(G) is a topological groupoid, and that in this way we define
a functor ¥ from the category of localic groupoids to the category of
topological groupoids.
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15. Show that if G is a localic étale groupoid then X(G) is a topological
étale groupoid.

16. Let X and Y be topological spaces. Show that if X is locally compact
then the locale Q(X) ® Q(Y) is spatial. Give an example showing that
Q(X) ® Q(Y) may fail to be spatial in general.

17. Show, based on the previous exercise, that a topological groupoid G
does not necessarily give rise to a localic groupoid “Q(G)”.

2 Quantal frames

We have already remarked that the topologies of certain topological groupoids
are quantales. Besides this they are also frames, of course, hence suggesting
the following definition:

Definition I11.2.1 By a quantal frame is meant a quantale () such that for
all a,b; € @ the following distributivity property holds:

%

In this section we shall see how (localic) groupoids or at least categories
can be obtained from suitable quantal frames. The main result (theorem
[11.2.19) states simply that the localic étale groupoids correspond bijectively,
up to isomorphisms, to the inverse quantales that are also quantal frames.
To a large extent this is a consequence of a bijective correspondence between
these quantales and the abstract complete pseudogroups that furthermore
is part of an equivalence of categories (theorem II11.2.15). At the end, in
section 2, we provide examples whose purpose is to separate all the classes
of quantales considered so far.

Stable quantal frames. We begin by considering quantal frames of
which nothing is required except that their underlying quantales should be
stably supported. This condition can be expressed equivalently as follows:

Definition II1.2.2 By a stable quantal frame will be meant a unital invo-
lutive quantal frame satisfying the following additional conditions:

alhe < aa®
a < (alNe)a.

[Equivalently, satisfying the equations al A e = aa* A e and a = (al A e)a.]
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Let () be a stable quantal frame. The sup-lattice inclusion
vick) — Q.
has a right adjoint given by
v(a) =aAle,

which preserves arbitrary joins and is the inverse image frame homomorphism
of an (obviously) open locale map

u: Gy — Gy
whose direct image is vy = v, where Gy and (G; are defined by the conditions
O(Gp) =<Q and O(Gy) =Q .
Now consider the sup-lattice homomorphism ¢ : () — <) defined by
da)=alANe.
(This is just the support ¢ with codomain restricted to ¢@).)

Lemma II1.2.3 § is the direct image dy of an open map d : G1 — Gj.

Proof. Consider the map ¢ — @ given by a — al. By the properties of
stably supported quantales this is an isomorphism ¢@) — R(Q) followed by
the inclusion R(Q) — @. Hence, it is a frame homomorphism and it defines
a map of locales d : G; — (G, which furthermore is semiopen with § = d,
because d* is the right adjoint ¢, of ¢:

d(d*(a)) =¢(al) =ca=aforalla <e
d*(0(a)) =cal =al >aforalae€@.

In order to see that d is open we check the Frobenius reciprocity condition.
Let a,b € @, with b < e. Then

di(d*(b) Na) = <(bl Aa)

= <(ba) (By 11.3.5-5 and <b = b.)
= bsa (By 11.3.8-2.)
= bAga (¢@ is a locale.)

= b/\d;(a). |
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The involution of @) is a frame isomorphism that defines a locale map
i : G — Gy by the condition i*(a) = a*, and thus we have i o i = id and
71 = ¢*. Our aim is that ultimately d should be the domain map of a groupoid,
and we obtain a candidate for an open range map

T G1 — GO
just by defining » = d o 7. These maps satisfy the appropriate relations:

Lemma II1.2.4 Consider the locale maps

4
7 C G1 D GO
as defined above. We have
dou = id
rou = id
doi = r
rot = d.

Proof. The first condition is equivalent to u* o d* = id, which holds because
for all a < e we have ¢a = a, and thus

u*(d*(a)) =alNe=ca=a.

Similarly, the second condition is true: for all a < e we have a = a*, and
thus
u (r*(a)) =¢(a*) =ca=a.

The third condition is the definition of r, and the fourth follows from this
because i 07 = id. N

So far we have obtained from the stable quantal frame () a localic graph
G that is equipped with an involution 4, and whose maps d, r, and u, are
all open. There is additional structure on G, consisting of a certain kind of
multiplication defined on the “locale of composable pairs of edges” G x g, G1,
although not (yet) necessarily the multiplication of a groupoid or even of a
category. In order to see this let us first notice that the frame O(Gy) = <@
is, as a quantale, a unital subquantale of () because meet in ¢() coincides
with multiplication in @ (see 11.3.3). Hence, there are two immediate ways
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in which () is a module over ¢@): multiplication on the left defines an action of
¢ on (), and multiplication on the right defines another. We shall regard @)
as an ¢@-¢@)-bimodule with respect to these two actions, namely letting the
left (resp. right) action be left (resp. right) multiplication (in fact each action
makes @) both a right and a left ¢@)-module because ¢@) is a commutative
quantale, but this is irrelevant). We shall denote the corresponding tensor
product over ¢Q by @ ®.o Q. This coincides (fortunately for our notation)
with O(Gl X Gy G1>Z

Lemma III1.2.5 The tensor product Q) ®.q () coincides with the pushout of
the homomorphisms d* and r*.

Proof. This is equivalent to showing, for all a,b,c € @), with a < e, that the
equality
(bAT™(a) @ c=b® (d*(a) A c)

is equivalent to
ba ® c=b® ac,

which is immediate from II.3.5-5:
d*(a) Ne=al Nc=gac=ac.
[For 7* it is analogous, using the obvious dual of 11.3.5-5.]

Now we notice that the quantale multiplication () ® () — @ factors
through the above pushout because it is associative and thus in particu-
lar it respects the relations ba ® ¢ = b ® ac for a < e that determine the
quotient Q@ ® Q) — Q) ®.o (. This enables us to make the following definition:

Definition I11.2.6 Let () be a stable quantal frame, and let

_—

G=i( Gy—u

Go

be the corresponding involutive localic graph. The quantal multiplication
induced by Q) on G is the sup-lattice homomorphism

J O(Glé Gl) — O(Gl)

which is defined by, for all a,b € Q,

wla®b) =ab.
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Multiplicative quantal frames. Let us now examine a condition un-
der which the localic graph associated to a stable quantal frame has the
additional structure of a localic category.

Definition II1.2.7 By a multiplicative quantal frame will be meant a stable
quantal frame for which the right adjoint u, of the quantal multiplication
1 Q R0 @ — @ preserves arbitrary joins.

The multiplicativity condition is that under which p is the direct image
my of a (semiopen) locale map m, which then gives us a category, as the
following theorem shows.

Theorem II1.2.8 Let (Q be a multiplicative quantal frame. Then the locale
map
m: Gl X Gl — Gl
Go
which is defined by m* = p. (equivalently, my = p), together with the maps
d, r, and u, defines a localic category.

Proof. 1In I11.2.4 we have obtained many of the needed conditions. The only
ones missing are the unit laws, the associativity of m, and those that specify
the domain and range of a product of two arrows:

(II1.2.9) dom = dom
(I11.2.10) rom = romy.

We shall begin by proving these. In fact we shall prove (I11.2.9) only, as
(II1.2.10) is analogous. We have to show, for frame homomorphisms, that
m*od* = mfod*. In order to do this we shall prove that d,om, is left adjoint
to 7} o d* (this identifies m* o d* and 7} o d* because adjoints between partial
orders are uniquely determined), in order to take advantage of the following
simple formulas:

d[(ﬂlg(@@b)) = §(ab)
m(d*(a)) = al®1 (a <e)

We prove that the adjunction exists by proving the following two inequalities
(resp. the co-unit and the unit of the adjunction):

dy(my(75(d*(a)))) < aforalla<e
T (d*(di(mi(a®Db)))) > a®bforall a,be @ .
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Let us prove the first inequality. Consider a < e. Then
dy(my (75 (d*(a)))) = di(mi(al ® 1)) = ¢(all) =¢(al) =ca=a .
Now let us prove the second inequality. Let a,b € (). Then

mi(d* (di(mi(a ®@D)))) = m(d*(s(ab))) =<(ab)l® 1=
= abl®@l=achbl 1> ash® 1 =
= a®cbl=a®bl >a®b.

Hence, (I11.2.9) holds, and for analogous reasons so does (I11.2.10).
Let us now prove the unit laws, which state that the following diagram
is commutative:

GO X Gl uxid Gl X Gl idxu Gl X G[)
Go Go Go

(I11.2.9) (d,id)T mi T(id,r)
G1 Gl Gl

First we remark that, since the frame homomorphism u* has a left adjoint
uy, the maps v x id and id X u are semiopen, with

(UXid)! = uy®id
(iqu)[ = d®u,

because the operations id ® — and — ® id are functorial and thus preserve
the conditions ujou* < id and u* owy > id that define the adjunction u; 4 u*.
Secondly, the maps (d,id) and (id,r) are isomorphisms whose inverses are,
respectively, the projections ms : Gy X, G1 — G1 and m : G1 Xg, Go — Gi.
Hence, in particular, these maps are semiopen, and we have

<d71d>' - 7T>2k
<id,7’>g = 7TT.

Hence, since m*, too, has a left adjoint m,, we conclude that the commuta-
tivity of (I11.2.9) is equivalent to that of the following diagram:

O(GO X Gl) w®id R O(Gl X Gl) ) d®u O(Gl X G(])

o Go Go
(I11.2.9) ” m .
v/ S W
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Now the commutativity of the left square of (I11.2.9), i.e., the condition
m!O(U,!®id)O7T; :ld7

follows from the fact that @ is a unital quantale with e = w(1¢,), since for
all a € () we obtain

(myo(u®id)oms)(a) =mo(u®id)(lg, ® a) = mi(u(lg,) ®a) =ea=a .

Similarly, the right square of (I11.2.9) follows from ae = a.
Finally, we shall prove that the multiplication map m is associative. Let
m': O(G1) ® O(G1) — O(G4) be the quantale multiplication,

m' =myoq,
where ¢ is is the quotient homomorphism

&®
O(Go)

It is clear that the associativity of m’, which is equivalent to the commuta-
tivity of

(O(G1) ® O(GY)) © O(Gy) m'eid O(G1) ® O(G))
O(Gh) ® (O(Gy) ® O(GY)) m
O(G1) ® O(Gy) ™ O(Gy)

implies (in fact it is equivalent to) the commutativity of

(O(G1)0® 0(Gy)) ® 0O(Gy) m®id OG,) ® O(Gy)

(Go) O(Go) O(Go)

O(Gl)O%O)(O(Gl)O%O)O(Gl)) m
OG,) ® O(Gy) m O(Gy)

O(Go)
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as the following diagram chase shows:

m®id

(a®b) ® ct (ab) ® ¢
a® (b X C) m
id®mgl

a® (be) o a(bc) (ab)c .

Taking the right adjoints of all the above morphisms gives us the frame
version of the associativity of m,

(G1 X Gl) X G1 mxid Gl X G1
G() G() GO

(=23

G1 X (Gl X Gl) m
Go Go

idxm

Gl (>}<0 Gl = G ’

because, similarly to what we have argued for u, we have

(mXid)! = m®id
(idxm)g = id®mg. I

Now we see a fundamental example of multiplicative quantal frame.

Theorem I11.2.9 Let S be an abstract complete pseudogroup. Then LY(S)
is a multiplicative quantal frame.

Proof. The right adjoint of the quantal multiplication,
fi: LY(S) = LY(S) ®cevis) L7(S)
is given by the formula
p(U) =\[{VeW | VW CU}.

Due to the universal property of L£Y(S) as a sup-lattice, the question of
whether £Y(S) is multiplicative, that is of whether u, preserves joins, is
equivalent to asking whether the map

f S — EV(S) ®§LV(S) EV(S)
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defined by
)=\ {ly® Lz | yz <2}

preserves all the joins that exist, in which case p, is the unique homomorphic
extension of f; that is, for each compatible set X C S we need to see that

VX cVrx).

Equivalently, we need to see that yz < \/ X implies |y ® |z C \/ f(X) for
all y,z € S.

Consider then y,z € S such that yz < \/ X. For each x € X we have
yzo~tx <z because

yzalr < (\/ X))z 'e = \/ wrlr <z,

weX

where the equality is a consequence of distributivity, and the last inequality
follows from the fact that X is compatible and therefore wz~! € E(S) for
all w € X. Hence,

1 1

y(y tyzaTte) = (yy )z lr =y le < o

and thus, by definition of f, we obtain

ly®@ [(y'yza™"z) C f(z) .

From here, using distributivity, it follows that

ly® | (y‘lyz \/ x‘1x> = ly®| (\/ y_lyza:_lx)

zeX reX

= ly® (\/ l(ylylex)>

zeX

=\ ey yza )

rzeX

< V5ix).

Since \, z 7tz = (\/ X)H(\V X) [cf. 1.2.7], we further conclude that

Yz \/ e =yz (\/X>_1 (\/X) =yz

zeX
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(the last equality follows from the fact that for any elements a and b of an
inverse semigroup the condition a < b implies a = ab™'b), and thus

lyolz = [y 'yele=lyly 'y lz=ly (y 'y)lz

= lyellyly)=lye] (y‘lyz \/ a:‘lw) c\/sx). 1

zeX

Inverse quantal frames. Now we shall prove some facts about those
quantal frames that are also inverse quantales. In particular we shall see that
such quantal frames are necessarily multiplicative and of the form £Y(S), up
to isomorphism, and that this gives us a category which is equivalent to the
category of abstract complete pseudogroups ACPGrp.

Definition II1.2.10 By an inverse quantal frame () will be meant a sup-
ported quantal frame whose maximum is a join of partial units:

1=\/Z(Q) .

We remark that any inverse quantal frame () is an inverse quantale in the
sense of our original definition, due to distributivity: if a € () then

a:a/\lza/\\/I(Q):\/{a/\s|SEI(Q)}7

where each a A s is of course a partial unit. Hence, in particular, any inverse
quantal frame is a stable quantal frame.

Recall the adjunction £V - Z of 11.3.27, between the category ACPGrp of
abstract complete pseudogroups and the category StabQu of stably supported
quantales. For each stably supported quantale () we shall denote by

eq: LY(Z(Q) — @

the corresponding component of the co-unit of the adjunction. This is a
homomorphism of unital involutive quantales that is explicitly defined by

eU)=\/U.

In the following results we shall apply again the technique of Exercise
IT1.1.8-7 for the sheaf topology:

Lemma II1.2.11 Let Q be an inverse quantal frame. Then g is a surjec-
tive frame homomorphism whose restriction to the set of principal ideals of

LY(Z(Q)) is injective.
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Proof. ¢¢ is surjective because () is an inverse quantale. Hence, it remains
to show that g preserves binary meets. First, Z(Q)) is an abstract complete
pseudogroup and thus in particular it is a meet semilattice. The fact that ¢
preserves binary meets is now an essentially immediate consequence of the
coverage theorem for frames [8] (with minor adaptations due to the possible
absence of a maximum in Z(@)), but a direct proof using the explicit formula
for the co-unit is also immediate and we give it here: for any U,V € LY(Z(Q))
we have

UNnV={sAt|selU, teV},
and thus using the frame distributivity of ) we obtain

UNV) = eq{sAt|seU teVh)= \/ sat

— \/U/\\/V:€Q(U)/\5Q(V)-

Finally, the restriction of ¢ to principal ideals is the assignment

ls—\/ls=s,
and, of course, this is an order embedding. [

Lemma I11.2.12 Let S be an abstract complete pseudogroup. The principal
ideals of LY(S) form a downwards closed set.

Proof. Let s € S, and let U € L£Y(S) be such that U C |s. For all t,u € U
we have tu™! < ss7! < e, and, similarly, t7'u < e; that is, ¢t and u are
compatible and we conclude that U is a compatible subset of S. Since S is
complete the join \/ U exists in S, and since U is closed under joins it must

contain \/ U. Hence, U is the principal ideal | \/U. |

Theorem II1.2.13 Let () be an inverse quantal frame. Then there is an
isomorphism

LY(Z(Q) = Q

of unital involutive quantales.

Proof. e is a homomorphism of unital involutive quantales, and the fact
that it is an isomorphism follows immediately from II1.1.7 and the previous
two lemmas. |}

Corollary 111.2.14 Any inverse quantal frame is multiplicative.
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Denoting by InvQuF' the full subcategory of Qu; whose objects are the
inverse quantal frames, we have:

Theorem II1.2.15 The categories ACPGrp and InvQuF are equivalent.

Proof. From I11.2.13 it follows that the adjunction £V 4 Z between ACPGrp
and InvQu restricts to a reflection between ACPGrp and InvQuF. Now let
S be an abstract complete pseudogroup. The unit of the adjunction gives us
the injective homomorphism of abstract complete pseudogroups

ns : S — I(LY(S))

defined by s +— |s, and in order to prove that the reflection is in fact an
equivalence it remains to see that ng is surjective. Let then U € Z(LY(S5)).
By definition of partial unit this is an element of £Y(S) such that UU* C
E(S) and U*U C E(S). Hence, st™! € E(S) and s™'t € E(S) for all 5,t € U,
which means that U is a compatible subset of S. Hence, again as in [11.2.12, U
must coincide with the principal ideal | \/ U; that is, ns(\/ U) = U, showing
that ng is surjective. §

Etale groupoids from quantales. Now we determine the conditions
under which the category associated to a multiplicative quantal frame @) is
a groupoid. As we shall see, this happens if and only if @) is an inverse
quantal frame. A first step is given by the following result, which basically
produces a straightforward translation of the inversion law of groupoids into
the language of quantales.

Lemma I11.2.16 Let QQ be a multiplicative quantal frame. The localic cate-
gory (G1,Go,d,r,u,m, i) associated to Q is a groupoid (with inversion i) if
and only if QQ satisfies the following two conditions, for all a € Q:

(I11.2.17) (ane)l = \/ zny,
zy*<a

(II1.2.18) lane) = \/ TAY.
z*y<a

Proof. Recall the two groupoid inverse laws, namely the commutativity of
the following diagram:

id,i iid

0

| ¥ X

G[) Gl GO-
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Consider its dual frame version:

O(Gy) T 0G éo Gy) o(Gy)

(II1.2.17) & Tm -
O(Go) O(Gy) O(Gy)

uw*

The commutativity of the left square of (I11.2.17) is equivalent, for each
a € @ = O(Gh), to the equation

(I11.2.17) d*(u*(a)) = [id,i*](m*(a)) .

Taking into account the following formulas, for all b, z,y € @,

F () = b
d*(u*(b)) = (bAne)l
m'(b) = \[{z@y|zy<b}
[f9llz@y) = f(2)Agly),

we see that (I11.2.17) is equivalent to

(ane)l = \/ T Ay*,

zy<a

which is equivalent to (I11.2.17). Similarly, the right square of the diagram
(I11.2.17) is equivalent to (I11.2.18). 1

The following two lemmas are motivated by the equations (I11.2.17) and
(II1.2.18). We remark that, even though the equations have been introduced
in the context of multiplicative quantal frames, the lemmas hold for more
general quantal frames.

Lemma II1.2.17 Let QQ be a stable quantal frame. Then for all a € Q) the
following inequalities hold:

(II1.2.18) (ane)l > \/ zry
zy*<a
(I11.2.19) llane) > \/ TAY.
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Proof. Recall the property (I1.3.18) of supported quantales:
s(xAy) <y
The support ¢ coincides with the sup-lattice homomorphism

u!Od!ZQ—>Q7

and thus from (I1.3.18) we obtain, by adjointness, x Ay < d*(u*(zy*)). This
is equivalent to the statement that x Ay < d*(u*(a)) for all a € @ such that
xy* < a, and thus we obtain

(@) > \ Ay,

Then (II1.2.18) is a consequence of this and of the equality (a A e)l
d*(u*(a)), and (II1.2.19) is proved analogously taking into account that 1(a
e) = r*(u*(a)) and, again using (I11.3.18), wi(r(z A y)) = w(d((x A y)*))
s(x* Ny*) < z*y.

This has as a consequence that the conditions (II11.2.17) and (I11.2.18) are
equivalent, for any stable quantal frame, to the following lax version of them,

>

(I11.2.18) (@ane)l < \/ zAy
zy*<a

(I11.2.19) lane) < \/ zry,
zry<a

leading us to the second lemma:

Lemma I11.2.18 Let ) be a unital involutive quantal frame. Then @) sat-
isfies the two conditions (111.2.18) and (111.2.19) if and only if \/ Z(Q) = 1.

Proof. Let us assume that \/ Z(Q)) = 1 and prove from there that @) satisfies
(II1.2.18):

(ane)l = (a/\e)\/{x|xw* <eand 2"z < e}
(a/\e)\/{x | zz* < e}
\/{(a Ne)x | zx* < e}

IN

< \Hl@ne)z|za'a < a}
= \{anre)z|za*a <a}
< \HazAz|za7a <al

= \{o'z Az | z(a"2)” < a}
< Vizrylay <a}.
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Proving (I11.2.19) is done in an analogous way, but in the beginning retaining
the inequality z*x < e instead of xa* <e.

For the converse let us assume that both (II1.2.18) and (II1.2.19) hold,
and from there let us prove that \/ Z(Q) = 1. From (I11.2.18) we obtain

I=(ene)l < \/{:c/\y | zy* < e}
< Vizryl@ay@ny) <ep=\/{z|az" <e},
and, similarly, from (II1.2.19) we obtain
1< \/{ylyy<e}.

Hence,

—
IN

Az | z2z* < e} A\/{y vy < e}
\{zAy|azz* <eand yy <e}

< \V{zAyl(@Ay)(zAy) <eand (xAy)(zAy) <e}
= \{z|zz' <eandz'z < e} =\/Z(Q) . I

We finally arrive at the main result of this section.

Theorem II1.2.19 The following conditions are equivalent.

1. Q is an inverse quantal frame.

2. @ is a multiplicative quantal frame and the category associated to () s
a groupoid.

3. Q) 1s a multiplicative quantal frame and the category associated to Q) is
an €étale groupoid.

Proof. We already know that inverse quantal frames are multiplicative, and
it is clear from the previous three lemmas that the category associated to a
multiplicative quantal frame @) is a groupoid if and only if () is an inverse
quantal frame. What remains to be proved is therefore that this groupoid is
necessarily étale. Let then ) be an inverse quantal frame. Then Z(Q) is a
cover, and, since we already know that d is open, in order to show that d is a
local homeomorphism it suffices to prove, for each a € Z(Q), that the frame
homomorphism
f=({=)Na)od :<Q — la

is surjective. Let x € [a. Then xz* € ¢@) because x is a partial unit. The
conclusion that f is surjective follows from the fact that f(zz*) = :
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e By (I1.3.13) we have xzz*1 = zl1. Then z < zz*1, and thus x <
za*l ANa = f(za*);

e By I1.3.5-5 we have f(z2*) = 22*1 Aa = zr*a < za*a <ve=2z. |}

Definition I11.2.20 Let () be an inverse quantal frame. We denote its
associated localic étale groupoid by G(Q).

Separating examples. We have studied various kinds of quantales,
and in particular we have obtained the following inclusions:

. stably
inverse

C supported

quantales
quantales
(111.2.21) U U

inverse multiplicative stable
quantal C quantal C quantal p .
frames frames frames

The examples that follow show that all the inclusions are strict.

Example I11.2.21 A stable quantal frame which is not multiplicative is the
commutative quantale @ = p(X) with

o X ={1,z} (with 1 # x),

trivial involution,

U = {1} for all U # (),
e={1},

multiplication defined on the atom {z} by the condition {z}{z} =
{1, 2} (and freely extended to unions in each variable).

This also shows that not every stably supported quantale is an inverse quan-
tale.

Example II1.2.22 Let M be the idempotent ordered monoid which, besides
the unit 1, contains only one additional element x such that 1 < x. The
set Q@ = L(M) of downwards closed subsets of M is an idempotent unital
quantale under pointwise multiplication, with e = {1}, and it is commutative.
With trivial involution, and with a support defined by ¢(U) = {1} for all U #
(), we obtain a multiplicative quantal frame that is not an inverse quantale
because M is not a union of partial units.
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We remark that this example differs from the previous one because the
quantale is not a powerset. There is a good reason for this: if the powerset
of (the set of arrows of) a small discrete involutive category is a supported
quantale at all, then it is necessarily an inverse quantale. This is because
the axiom ¢a < aa* alone forces the category to be a groupoid, since on
singletons the axiom gives us d(z) = ¢({z}) C {zz*}, i.e., d(x) = zz*, and
also r(x) = d(z*) = x*z, and thus the involution of the category coincides
with inversion: z* = 271

Example I11.2.23 Now we present an example of an inverse quantale that
is not a frame, hence showing that the two vertical inclusions of the diagram
(II1.2.21) are strict. Consider a non-Ty topological space X = {z,y, 2z} with
three open sets (), {x,y}, and X. This space has exactly one non-idempotent
automorphism, namely the bijection s that permutes x and y. Hence, the
order structure of its pseudogroup S = Z(X) is as follows:

€IidX S

J=1dpy fs
\0 /

The multiplication of S is commutative, it is defined by the conditions s* = e
and E(S) = {0, f,e}, and each element is its own inverse. The inverse
quantal frame @ = £Y(S), which in this example coincides with £(S), has
nine elements (we write s instead of |s, fV s instead of | fU s, etc.), namely
0, f,t=fs,e,a=fVfs, s,b=eV fs,c=fVs, and1=¢eV s, where of
course we have a = f1. It is now straightforward to obtain the multiplication
table of (); we present only the upper triangle because () is commutative:

0
0

— 0 S »w Q O <+ O
—- O
S~ + O|
D+ O D
QL 2 L O
D QX W+ Ol W®
S0 Q@ T 2 OoOcCc
SO TR O Q Q@ OO0
_ = = = Q9 Q O
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Now consider the equivalence relation 6 on ) whose only non-singular equiv-
alence class is {b, ¢, 1}. The rightmost three entries of each line of the table
are always equivalent, which means that 6 is a congruence for the multipli-
cation. Similarly, any join of an element of () with either b, ¢ or 1 necessarily
produces an element in {b,c,1} (because b and ¢ are maximal elements of
@), and thus @ is also a congruence for binary joins (and hence for all joins
because () is finite). Since @ is trivially also a congruence for the involution,
the quotient )/6 is a unital involutive quantale with seven elements ordered

as follows:
e/a\
f/ \t

N/

This lattice is not distributive (for instance we have s A (eVa) =sA1=s
and (s Ae)V(sAa) =0Vt =1t s), but it is a supported quantale
because 6 is a congruence also with respect to the support, since in ) we
have ¢b = ¢c = ¢1 = e. Hence, /0 is an inverse quantale but not an inverse
quantal frame.

1

S

3 Groupoid quantales

In section 2 we have described the class of inverse quantal frames ), showing
that they have associated localic étale groupoids G(Q). Now we shall do the
converse, namely showing that any localic étale groupoid G has an associated
inverse quantal frame O(G), such that the two constructions G and O are
inverse to each other up to isomorphism.

Quantal groupoids. As we have seen, if the topology Q(G) of a topo-
logical groupoid G is closed under pointwise multiplication of open sets then
Q(G) is a unital involutive quantale. The localic analogue of this is of course
a localic groupoid G whose multiplication map m is open, but even just by
assuming that m is semiopen relevant conclusions are obtained. In partic-
ular, as we shall see below, in that case O(G;) is a quantal frame, which
motivates the following definition.
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Definition 111.3.1 By a quantal groupoid is meant a localic groupoid whose
multiplication map is semiopen. If G is a quantal groupoid, the groupoid
quantale of G, denoted by O(G), is defined to be the involutive quantale of
the following theorem.

Theorem I11.3.2 Let G be a localic groupoid:

O
G15<0G1 = G v Go.

_—

If G is quantal then O(G1) is a quantale whose multiplication
m': O(Gy) @ O(Gy) — O(Gy)

is the sup-lattice homomorphism m' = m, o q, where
q:O(G) x Gy) — O(Gy c>;<0 G1)

s the frame quotient that defines G1 X, G1 as a sublocale of G x Gj.
Furthermore, this quantale has an involution given by

Proof. The proof of associativity of m’ is, with direction reversed, entirely
analogous to the proof of associativity in II1.2.8.

Let us prove that i is an involution on O(G). The first condition, namely
a** = a, follows from i o 7 = id, as does the fact that ¢, = ¢*. For the second
condition, (ab)* = b*a*, we begin by recalling the equation

tom=moy,

where x is the isomorphism (i o 79,7 o m1), which satisfies y; = x* because
x © x = id. In particular, we have

x(a®b) = x"(a®b)=[r;0i" 75 0i"](a®b) =m5(i"(a)) A (i"(b))
1Qa*"ANV'R1=0"®a".

Hence, noting that i, o my = my o x;, we obtain
(ab)* = ij(my(a ® b)) = mi(xi(a @ b)) = my(b* @ a*) = b*a* . 1

Lemma II1.3.3 Let G be a quantal groupoid. Then d*(a) is right-sided and
r*(a) is left-sided, for all a € O(Gy).
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Proof. Let a € O(Gy). We have, in O(G),
(II1.3.4) d*(a)l = my(d*(a) ® 1) = my(m](d*(a))) ,
where m : Gy Xg, G1 — G is the first projection. One of the defining
conditions of G as a localic groupoid is d o m; = d o m, and thus we can
replace 77 by m* in (II1.3.4), which leads to

4" (@)1 = mu(m* (d*(a))) < d*(a) .

In a similar way one proves that r*(a) is left-sided. H

Lemma I11.3.4 Let G be a quantal groupoid. Then, for all a € O(G), we

have
(I11.3.5) d*(u*(a) = \/ bAc
(I11.3.6) r*(u*(a)) = \/ bAc.

Proof. This is entirely similar to the proof of II1.2.16, where the groupoid
inversion law was seen to be equivalent to the two conditions (II1.2.17) and
(IT1.2.18), except that now we cannot assume equations like d*(u*(a)) =
(ane)l or r*(u*(a)) = 1(a Ae), which make no sense because we do not even
have a unit e.

Lemma I11.3.5 Any quantal groupoid has semiopen domain and range maps,
with di(a) = u*(al) and r(a) = u*(la).

Proof. Let us verify the conditions d;d* < id and d*d, > id with respect to
the proposed definition of dy (for r it is analogous). Let a € O(Gy). Taking
into account that d*(a) is right-sided we obtain

dy(d*(a)) =u"(d*(a)l) < u*(d*(a)) = a.

Now let a € O(G1). Then d*(di(a)) equals d*(u*(al)) which, by (IIL.3.5),
equals

\/{b/\c]bc* <al},

and this is greater or equal to a (for instance, let b=c=a). |}
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Etale groupoids. In section 2 we have shown how to obtain localic
étale groupoids from inverse quantal frames, and now we shall do the con-
verse, showing not only any localic étale groupoid yields an inverse quantal
frame, but that indeed this is the case for any quantal groupoid G whose
sublocale of units is open; as a consequence it follows that such a groupoid
G is necessarily étale.

Definition I11.3.6 A localic groupoid G is said to be unital if the map
u: Gy — Gy
is open (and thus Gy is an open sublocale of G1).

Lemma II1.3.7 Let G be a unital quantal groupoid. The involutive quantale
O(G) is unital, and the multiplicative unit is e = w(1g,).

Proof. The proof is the same, with direction reversed, as the proof of the
unit laws in 111.2.8. |

Lemma II1.3.8 Let G be a unital quantal groupoid. The following condi-
tions hold in O(Q), for all a € O(Gy) and b € O(Gy):

(I11.3.7) bAd* (a) = w(a)b
(IIL.3.8) bAT*(a) = bua)

Proof. Let a € O(Gy). We have
eNrt(a) = w(lg,) Ari(a) = w(lg, Au(r(a)) = w(u’(r*(a)) = w(a)

where the second equality follows from the Frobenius reciprocity condition
for u, and the last equality is a consequence of the condition rou = id. Using
this, and noticing that the pushout of d* and r*

oGy ® 0(Gy)
O(Go)

satisfies the condition (cf. Exercise I11.1.10-1)

(I11.3.9) b (d*(a) ANe) = (bAT*(a)) ®c,

we prove (IIL3.7):

bAd*(a) = mi(e® (bAd*(a))) = mu((eAr*(a) @ B) = my(u(a) ©b) = w(a)h.

Equation (II1.3.8) is proved in a similar way, this time starting from the
condition e A d*(a) = w(a), which is an instance of (I11.3.7). |
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Lemma I11.3.9 Let G be a unital quantal groupoid. Then, for all a €
O(Gl);

d*(u*(a)) = (aNe)l
r*(u*(a)) = 1l(aAe).

Proof. Let a € O(Gy). From (I11.3.7) we have
d*(u*(a)) =1 Ad"(u*(a)) = w(u*(a))l .
And we have u(u*(a)) = a A e because u is open:
w(u*(a)) = w(u*(a) ANg,) =aANw(lg) =aAle.

Hence, d*(u*(a)) = (a A e)l. For r*(u*(a)) we use (II11.3.8) and everything is
analogous. 1

Theorem I11.3.10 Let G be a unital quantal groupoid. Then O(G) is an
inverse quantal frame, and its groupoid G(O(Q)) is isomorphic to G.

Proof. First, we show that the sup-lattice homomorphism
¢ =wod,
defines a support:
e ¢a=wu(d(a)) <w(lg,) = e, which proves (I1.3.2).

e An instance of (II1.3.5) gives us

and thus a < d*(u*(aa*)) (make a = x = y). Hence, by adjointness we
obtain w(di(a)) < aa*, i.e., we have proved (I1.3.3).

e Now we prove (I1.3.4):

saa = mi(sa® a)
mi(w(di(a)) ® a)
mgg(e Ar*(dy(a))) ®a) [By (I11.3.8)]

® (d*(dy(a)) ANa)) [By (I11.3.9)]

= a (d* od >id) .
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Hence, O(G) is a supported quantal frame. Furthermore, from II1.3.4 and
IT1.3.9 we obtain the equations

(ane)l = \/ Ay

lane) = \/ TNy,

which show, by II1.2.18, that O(G) is an inverse quantal frame. Hence,

~

O(G) has an associated (étale) groupoid G(O(G)). Let us denote this by G,
with structure maps cf, 7, 4, m, and 7. We _shall prove that G and G are
isomorphic. Since obviously we have G; = G1, it is natural to look for an
isomorphism (f1, fo) : G — G with f; = idg,. Then fy must be given by
fo= do fiou= do u, and, similarly, its inverse must be given by d o u. Let
us verify that the pair (f1, fo) commutes with d and d, i.e., that the following
diagram commutes:

fi=id

(I11.3.10) Gy G, =G,
| E
GO fg:CZOu ao

In order to do this, first we remark that the results of section 2 on stable
quantal frames give for the homomorphisms d* o 4* and 7* o 4* the formulas

(d*od*)(a) = (ane)l
(F*od®)(a) = 1(ane),

which are identical to those of I11.3.9 for d* o u* and r* o u*, thus yielding the
following identities of locale maps:

ST

uod

>

(0]

(I11.3.11)

(I11.3.12) of = wuor.

>

Hence, using (I11.3.11) we have
food=douod=dotiod=idod=doid=do f; ;

that is, the diagram (II1.3.10) commutes. Using again (II1.3.11) we show
that (f1, fo) commutes with v and 4,

o fy=uodou=uodou=uoid=idou= fou,
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and using (I11.3.12) we conclude that (fi, fo) commutes with r and 7:
id

foor=douor=douor=idor=roid=7ro f;.

Hence, (f1, fo) is a morphism of reflexive graphs. The fact that it is an
isomorphism with f; ! = d o @ follows again from (II1.3.11):

(dou)o(dot)=dotiodot =idoid =id,
(dot)o(dou)=douodou=idoid =id .

From these results it follows that the pullback of d and r coincides with
the pullback of d and 7 (both pullbacks are, as frame pushouts, given by
the same quotient of O(G1) ® O(G1)), and thus it is obvious that m =,
since both m* and m* are right adjoint to the same quantal multiplication
O(Gy xg,G1) — O(Gy). Similarly, i = 7 because both 7* and i* coincide with
the quantale involution, and we conclude that (fi, fo) is an isomorphism of
groupoids. 1

Our results provide equivalent but new alternative definitions for the no-
tion of étale groupoid:

Corollary II1.3.11 For any localic groupoid G, the following are equivalent:
1. G 1is étale.
2. G 1is quantal and unital.

3. G 1s open and unital.

Proof. 2 = 1: Immediate consequence of II11.2.19 and III.3.10.

3 = 2: Immediate because being open implies being quantal.

1 = 3: For an étale groupoid all the structure maps are local homeomor-
phisms, and thus, in particular, both m and u are open. |}

Groupoid maps and quantale homomorphisms. We remark that
as consequences of 111.2.19 and II1.3.10 we have obtained a duality between
étale groupoids and inverse quantal frames, which is given by isomorphisms

G g(0(@))
Q = 0(6(Q)) .
[Indeed there is an obvious equality @ = O(G(Q)).] It is natural to ask how

well this duality behaves with respect to morphisms, a question that we shall
briefly address now.

I
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Lemma II1.3.12 Let Q1 and Q2 be inverse quantal frames, and f : Q1 —
Q2 a sup-latttice homomorphism. Let also my and my be the multiplication
maps of G(Q1) and G(Qs), respectively. The following conditions are equiv-
alent:

1. f(a)f(b) < f(ab) for all a,b € Q.
2. (f®f)om] <mjo f.

Proof. 1= 2: Condition 1 is equivalent to (mz)0(f® f) < fo(my);, which
by adjointness is equivalent to f ® f < mjo f o (my),. Composing with mj
on the right we obtain (f ® f)om} < mjo fo(my) omj, and thus we obtain
condition 2 because (m;y); o m; <1id.

2 = 1: From condition 2 we obtain, by adjointness, (mz); 0 (f ® f)om} < f.
Now composing, on both sides of this inequality, with (m;), on the right we
obtain condition 1 because m} o (m;); >id. N

Theorem I11.3.13 Let G and G’ be étale groupoids, and let
h=(hi,hy): G — G

be a morphism of groupoids. Then for all a,b € O(G) we have
hi(a)hi(b) < hi(ab) .

Proof. This a corollary of the previous lemma, since a morphism (hq, hg)
of groupoids preserves multiplication and that is equivalent to the equality
(Rt@ht)om* = (m')*oht. |

The following example shows that the inequality in the above theorem is
in general not an equality.

Example I11.3.14 As an example of an étale groupoid consider a nontriv-
ial discrete group G (written multiplicatively), and let h : G — G be an
endomorphism. In general h™' : p(G) — p(G) is not a homomorphism of
quantales: for instance, if h(g) = 1 for all g € G, and U = V! = {g}
with g # 1, then A~Y(U) = h=Y(V) = 0, whence h='(U)h"1(V) = ( but
Y UV) =h1({1}) = G.

This shows that there is no immediate contravariant functor from étale
groupoids to quantales, and that in order to find a duality between étale
groupoids and inverse quantal frames in the categorical sense one must be
willing to change the morphisms under consideration, for instance allowing
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more general homomorphisms of quantales, in particular homomorphisms
that are lax on multiplication as in II1.3.13, or restricting consideration of
maps of groupoids to those whose inverse images preserve quantale multipli-
cation, etc. (Similar problems apply to multiplicative units — for instance,
in 111.3.14 we have e = {1} and h*(e) = ker h, and thus h*(e) = e if and only
if h is injective.)

Open groupoids. Recall that an open localic groupoid G is a localic
groupoid
O
G2 e Gl U G()

_—
d

whose domain map d is open. Similarly to topological groupoids, we have
(cf. Exercise 1.1.8):

Proposition II1.3.15 Let G be a localic groupoid as above. The following
properties are equivalent:

1. G is open;
2. 1 1S open;
3. m s open.

Proof. The first two conditions are clearly equivalent because d = r o7 and
r = doi and ¢ is an isomorphism. Now assume that G is open. Then m is
open because it is a pullback of d (cf. Exercise I11.1.16). Conversely, assume
that m is open. By III.3.5 we know that d is semiopen because m is, and
furthermore it satisfies the Frobenius reciprocity condition because m does,
which can be proved as follows:

di(aNd*(b)) = u*((aAd*(b))1) (By I11.3.5.)
= u(mi((and () ®1))
mi(ri(aAd* (D))  (mi(-)=-®1.)
(i (a) A mid(D)))
E (a)/\m*d*(f))) (dom=dom.)

*

*

I
*

§

*

I
E § & § & €& £ §
/\/\/\/-\/-\/-\/—\
§

= my(mf(a)) A d*(b) (Frobenius cond. for m.)

= u*(al /\d*(b)) (ri(a) =a®1.)

= w(al) Aurd(b)

= dfa)Ab (By I11.3.5 and dou =id.) |}

The quantales O(G) of open groupoids G have interesting properties, but
we shall not address them in these notes.
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Germ groupoids revisited. In these notes we have provided a de-
tailed account of a threefold interplay between inverse quantal frames, ab-
stract complete pseudogroups, and étale groupoids, beginning, in Chapter I,
with a description of direct relations between topological étale groupoids and
abstract complete pseudogroups over a space. Chapters II and III, on the
other hand, have developed a point free version of this where quantales act
as mediating objects between groupoids and inverse semigroups.

Although we have not said so explicitly in Chapters II and III, the re-
lation between sober étale groupoids and spatial inverse semigroups that
results from this is a generalization of that of Chapter I: this is obvious
when constructing inverse semigroups from groupoids; and in the reverse di-
rection the construction of groupoids from abstract complete pseudogroups is
easily seen to coincide, in the case of spatial locales, with the germ groupoid
construction of Chapter I, once we take into account the following two facts:

e local homeomorphisms reflect sobriety of the base spaces (cf. Exercise
[11.1.24-9);

e the locale £Y(S) of an abstract complete pseudogroup S is necessarily
the topology of the germ groupoid of S, due to an argument similar to
that of Exercise I11.1.8-7.

(See also the Exercise 111.3.16 at the end of this section.)

In other words, the groupoid G(L£Y(S)) of an abstract complete pseu-
dogroup S is the localic version of the germ groupoid of S. In particular,
if F(S) is a spatial locale then the spectrum of the groupoid is exactly the
germ groupoid of S, and we can summarize the results described in these
notes in the following diagram:

Inverse
quantal —-—-—-—-— equivalence of cats.

frames

e SO

, Abstract
Etale - ————germs——
. 7= complete
groupoids pseudogroups

bisections

Exercise 111.3.16 1. Let S be an inverse semigroup. Let s € S, and let
F C E(S) be a filter of E(S) such that ss~! € F. The germ of s at F
is defined to be the set

germp s ={t € S|tt"' € F and ft = fs for some f € F} .
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Prove the following assertions:

a) fs € germys, for all f € F;

b) tt~! € F, for all t € germ s;
) F coincides with the set 1{tt™! | t € germ s};
)

(c

(d) germy s is a filter of S.

2. Let S be an inverse semigroup, and ® a filter of S. Prove that the set
d(®) defined by
d(®) =1{tt ™' |t € ®}

is a filter of E(S), and that for all s € & we have

¢ = germyq) S -

3. Let S be an abstract complete pseudogroup. Show that a point of
LY(S) can be identified with any of the following two things:

(a) A map p:S — p(1) such that
hd \/ @(S) =1,
e ( preserves binary meets,
e ( preserves joins of compatible sets;

(b) A filter ® C S such that for every compatible set X C S such
that \/ X € ® we have z € ® for some z € X.

4. Calling the filters of the previous exercise compatibly prime, show that
the compatibly prime filters of S are exactly the same as the germs of
S defined on completely prime filters of E(S). (This shows by explicit
calculation that the points of the germ groupoid of S are the locale
points of £Y(S).)

5. The classical groupoid S of an inverse semigroup S (see [14]) is defined

as follows:
S, = S
Se = E(9)
d(s) = ss !



104 CHAPTER I1II. LOCALIC GROUPOIDS

(a) Show that S is a topological étale groupoid whose topology is the
(co-)Alexandroff topology obtained from the natural order of S
(the open sets are the downwards closed sets).

(b) Show that the quantale of this groupoid, ©(S), coincides with
L(S).

(c) Show that the principal filters of S are exactly the germs germy s
with F a principal filter of E(S).

(d) Show that S is isomorphic to the full subgroupoid of 2(G(£(S)))
whose points are the principal filters of S. (Hence, ¥(G(L(S)
in an obvious sense the soberification of S, and therefore G(£L(
is the closest possible localic counterpart of S )

1S

)
5))
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