
Appendix - Quasi-Maxwell form of Einstein’s equations

1. Stationary regions, space manifold and global time

Definition 1.1. A region U of a spacetime (Q, 〈, 〉 = g) is said to be stationary if there
exists a timelike Killing vector field T defined in U .

Recall that T is a Killing vector field iff £T g = 0, or, equivalently, iff

〈∇XT, Y 〉+ 〈∇Y T,X〉 = 0

for all vector fields X,Y .

Exercise 1.2. Show that if T is a Killing vector field then

T · 〈T, T 〉 = 0

(i.e., the norm of T is constant along its integral lines). Deduce that if T is timelike in
some region then T cannot vanish along any of its integral lines leaving that region. Show
that if fT is also a Killing vector field for some nonvanishing smooth function f then f is
constant along the integral lines of T , and that if T is timelike then f must be a constant
function. Conclude that a timelike Killing vector field T is determined by its integral lines
up to multiplication by a constant.

We shall assume that U contains a 3-dimensional submanifold Σ such that each integral
line of T intersect Σ exactly once (so that Σ coincides with the quotient of U by the integral
lines of T ). This can always be achieved by restricting U conveniently.

Definition 1.3. We will call Σ the space manifold.

Notice that the integral lines of T provide a natural projection π : U → Σ (correspond-
ing to the quotient map).

We can now define a global time function t : U → R by setting t (p) equal to the
parameter corresponding to p ∈ U along the integral line of T through p, where we assign
t = 0 to the intersection of the integral line with Σ (hence Σ is the level hypersurface
t = 0).

We will have to consider tensor fields defined both in the space manifold Σ or in all
the stationary region U . For that reason we shall take Latin indices to run from 1 to 3,
and Greek indices from 0 to 3. We shall also use Einstein’s summation convention that
whenever a repeated index occurs it is understood to be summed over its range.

If
{
xi
}

are local coordinates in Σ, we can use the integral lines of T to extend them
as functions to the whole of U .

Exercise 1.4. Show that
{
t, xi

}
are local coordinates on U and T = ∂

∂t .

Exercise 1.5. Show that in these coordinates one has

∂gαβ
∂t

= 0

corresponding to the intuitive idea that in a stationary region the metric should not depend
on time.
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In the coordinates
{
t, xi

}
the line element is written

ds2 = g00dt
2 + 2g0idtdx

i + gijdx
idxj

= g00

(
dt+

g0i

g00
dxi
)2

− g0ig0j

g00
dxidxj + gijdx

idxj

= −e2φ
(
dt+Aidx

i
)2

+ γijdx
idxj

where the definitions of φ, Ai and γij should be obvious. Here we’ve used the fact that
T is timelike and therefore

g00 = 〈T, T 〉 < 0.

Exercise 1.6. Use the time independence of the components gαβ to show that φ, A =
Aidx

i and γ = γijdx
i ⊗ dxj satisfy

φ = π∗ (φ |Σ) ;

A = π∗ (A |Σ) ;

γ = π∗ (γ |Σ) .

Conclude that φ, A and γ can be interpreted as tensor fields defined on the space manifold.

We are using the timelike Killing vector field T to identify a special class of observers,
namely those whose worldlines are the integral curves of T (to whom we shall refer as
stationary observers), and a special global time function. From this point of view, the
space manifold is just a convenient way to keep track of these stationary observers, and
we might as well have picked a different space manifold. Also, there’s no reason why we
should pick T among all the Killing fields ecT (c ∈ R) with the same integral curves. Now
the equation of any other space manifold is

t = f
(
x1, x2, x3

)
and picking this space manifold and the Killing vector field ecT amounts picking a new
global time function, i.e., to making the coordinate transformation

t′ = e−c (t− f) .

(obviously one can use the same local coordinates
{
xi
}

on the new space manifold). With
these new coordinates the line element is written

ds2 = −e2φ [d (ect′ + f) +A]
2

+ γijdx
idxj

= −e2(φ+c)
[
dt′ + e−c (A+ df)

]2
+ γijdx

idxj

and hence

φ′ = φ+ c;

A′ = e−c (A+ df) ;

γ′ = γ.

In particular, we see that the differential forms

G = −dφ
H = −eφdA

(which can be thought of as defined on the space manifold) have an invariant meaning
associated to the given family of stationary observers (i.e., do not depend on the choice
global time function).



3

Exercise 1.7. If u, v ∈ TxΣ ⊆ T(0,x)Q, show that

γ (u, v) =
〈
u⊥, v⊥

〉
where u⊥ is the component of u orthogonal to T . Conclude that (Σ, γ) is a Riemannian
manifold.

Notice that γ has the physical meaning of being the (local) distance measured by the
stationary observers using, say, radar measurements. The fact that T is a Killing vector
field means that

∂γij
∂t

= 0

i.e., distances between stationary observers do not change with time. This is just about
as close as General Relativity gets to the notion of a ”global frame of reference”.

2. Connection forms and equations of motion

Having chosen a global time t (and hence a space manifold Σ = {t = 0}), an orthonor-
mal coframe defined in the stationary region U is

ω0 = eφ (dt+A)

ωi = π∗ω̂i

where
{
ω̂i
}

is an orthonormal coframe for (Σ, γ) (we shall, for simplicity, drop π∗ out of
the equations).

The corresponding orthonormal basis {eα}satisfies

〈eα, eβ〉 = ηαβ

(where ηαβ is −1 if α = β = 0, 1 if α = β 6= 0 and 0 if α 6= β), and consequently it is
easy to check that the connection forms satisfy

ηαδω
δ
β + ηβδω

δ
α = 0

rather than the more familiar identity for the case of a Riemannian manifold. This plus
Cartan’s first structure equations

dωα = ωβ ∧ ωαβ
completely determine the connection forms. Now we have

dω0 = dφ ∧ ω0 + eφdA

= −G ∧ ω0 −H

= −Giωi ∧ ω0 − 1

2
Hijω

i ∧ ωj

= ωi ∧
(
−Giω0 − 1

2
Hijω

j

)
= ωi ∧ ω0

i

and

dωi = dω̂i

= ω̂j ∧ ω̂ij
= ωj ∧ ω̂ij
= ω0 ∧ ωi0 + ωj ∧ ωij
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(where ω̂ij are the connection forms corresponding to the orthonormal coframe
{
ω̂i
}

in
the space manifold). Consequently, if we make the obvious ansatz

ω0
i = ωi0 = −Giω0 − 1

2
Hijω

j

we will have

ωj ∧ ωij = ωj ∧ ω̂ij − ω0 ∧
(
−Giω0 − 1

2
Hijω

j

)
= ωj ∧ ω̂ij +

1

2
Hijω

0 ∧ ωj

= ωj ∧
(
ω̂ij −

1

2
Hijω

0

)
i.e.,

ωij = ω̂ij −
1

2
Hijω

0

which indeed satisfy the required skew-symmetry properties.
Consider a timelike geodesic representing the motion of a material particle, and let

u = u0e0 + uiei

be its unit tangent vector. Clearly u0 is the energy per unit rest mass that a stationary
observer measures for the particle, and

u = uiei

(which can be interpreted as a vector on the space manifold, as {π∗ei} is an orthonormal
frame for (Σ, γ) - we shall, for simplicity, stop worrying about the projection and freely
identify ei and π∗ei) is just u0v, where v is the velocity measured by the stationary
observer for the particle. We have

〈u, u〉 = −1⇔ −
(
u0
)2

+ u2 = −1⇔
(
u0
)2

= 1 + u2

where

u2 = g (u,u) = uiui = γ (u,u) .

Recalling that

∇veα = ωβα (v) eβ

we can write the geodesic equation as

∇uu = 0⇔ ∇u
(
u0e0 + uiei

)
= 0

⇔ du0

dτ
e0 + u0ωi0 (u) ei +

dui

dτ
ei + uiω0

i (u) e0 + uiωji (u) ej = 0

and hence the component along e0 is

du0

dτ
+ uiω0

i (u) = 0⇔ du0

dτ
− uiGiu0 − 1

2
Hiju

iuj = 0

⇔ du0

dτ
= u0uiGi
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whereas the component along ei is

dui

dτ
+ u0ωi0 (u) + ujωij (u) = 0

⇔ dui

dτ
− u0

(
Giu

0 +
1

2
Hiju

j

)
+ uj

(
ω̂ij (u)− 1

2
Hiju

0

)
= 0

⇔

(
D̂u

dτ

)i
=
(
u0
)2
Gi + u0Hiju

j

(here D̂
dt refers to the Levi-Civita connection ∇̂ on (Σ, γ)).

We now use the fact that (Σ, γ) is a three dimensional Riemannian manifold, and that
consequently

dimTxΣ = dimT ∗xΣ = dim Λ2T ∗xΣ = 3

for all x ∈ Σ. The Riemannian metric provides a bijection i1 : TxΣ → T ∗xΣ defined
through i1 (v) = γ (v, ·), i.e.,

i1
(
v1e1 + v2e2 + v3e3

)
= v1ω̂1 + v2ω̂2 + v3ω̂3.

Similarly, one can define a bijection i2 : TxΣ→ Λ2T ∗xΣ through

i2
(
v1e1 + v2e2 + v3e3

)
= v1ω̂2 ∧ ω̂3 + v2ω̂3 ∧ ω̂1 + v3ω̂1 ∧ ω̂2.

Exercise 2.1. Show that i2 is well defined, i.e., that it does not depend on the choice of
the orthonormal basis {e1, e2, e3}.

Exercise 2.2. Show that
i2 (u× v) = i1 (u) ∧ i1 (v) .

Definition 2.3. On the space manifold Σ we define the gravitational vector field G and
the gravitomagnetic vector field H through

G = i1 (G) ;

H = i2 (H) .

It should be clear that(
Hiju

j
)

=

 0 H3 −H2

−H3 0 H1

H2 −H1 0

 u1

u2

u3


=

 u2H3 − u3H2

u3H1 − u1H3

u1H2 − u2H1

 = (u×H)
i

and consequently the component of the motion equation along ei can be written as

D̂u

dτ
=

(
u0
)2

G + u0u×H

=
(
1 + u2

) 1
2

((
1 + u2

) 1
2 G + u×H

)
.

Thus when all stationary observers compare their local observations they conclude that
the particle moves in the space manifold under the influence of a gravitational field G and
a gravitomagnetic field H in a way that closely resembles electromagnetism. To check
how accurate this analogy is we now take a short detour.
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Exercise 2.4. Show that the component of the motion equation along e0 may be written
as

du0

dτ
= u0u ·G

and is a simple consequence of the motion equation in the space manifold. Also, show
that this equation can still be written as

du0

dτ
= −u0∇̂uφ

and deduce the energy conservation principle

d

dτ

(
u0eφ

)
= 0⇔ d

dτ

((
1 + u2

) 1
2 eφ

)
= 0

holds.

Notice that u0eφ is just 〈T, u〉. For low speeds and weak gravitational fields this
conserved quantity is

u0eφ =
(
1− v2

)− 1
2 eφ '

(
1 +

1

2
v2

)
(1 + φ) ' 1 +

1

2
v2 + φ

i.e., is just the rest energy plus the Newtonian mechanical energy (per unit rest mass).

Exercise 2.5. Show that in general stationary observers are accelerated observers, and
that their proper acceleration is

D

dτ

(
e−φT

)
= −Giei

(this is the acceleration measured by, say, an accelerometer carried by a stationary ob-
server).

3. Stationary Maxwell equations

Recall that the motion equations for a particle of rest mass m and electric charge e
under the influence of an electric field E and a magnetic field B are

dp

dt
= e (E + v ×B)

where p is the particle’s (relativistic) momentum and v is its velocity. If τ is the particle’s
proper time and x = x (τ) its spatial path, then one has

p = m
dx

dτ
= mu

and

−
(
dt

dτ

)2

+ u2 = −1⇔ dt

dτ
=
(
1 + u2

) 1
2 .

Consequently,

u =
dx

dt

dt

dτ
=
(
1 + u2

) 1
2 v

and the motion equation may be written as

du

dτ
=

e

m

((
1 + u2

) 1
2 E + u×B

)
.
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Thus we see that the motion equation for a free falling particle in the space manifold
of a stationary region is the curved space generalization of this equation with the ratio
e
m replaced by

(
1 + u2

) 1
2 . This is reasonable to expect, as

(
1 + u2

) 1
2 is the ratio between

the particle’s total energy as measured by a stationary observer (which is what one would
expect the gravitational field to couple to) and the particle’s rest mass.

It is interesting to see how far this analogy goes, and in particular whether Einstein’s
equation in a stationary region in any way mirrors Maxwell’s equations. Recall that in
natural units (c = ε0 = 1) Maxwell’s equations for stationary (i.e., time-independent)
electric and magnetic fields are written

div (E) = ρ;

div (B) = 0;

curl (E) = 0;

curl (B) = j

where ρ is the electric charge density and j is the electric current density.
Assuming these equations hold in a contractible region of space, the homogeneous

equations imply (due to Poincaré’s lemma) the existence of an electric potential φ and a
vector potential A such that

E = − grad (φ) ;

B = − curl (A) .

Clearly φ is defined up to the addition of a constant function, whereas A is defined up
to the addition of a gradient field.

It is possible to show that Maxwell’s equations are fully relativistic, and that electro-
magnetic fields carry energy and momentum. The energy density, energy density current
and stress of the electromagnetic field are given, respectively, by

ρfield =
1

2

(
E2 + B2

)
;

jfield = E×B;

Tfield =
1

2

(
E2 + B2

)
I −E⊗E−B⊗B.

4. Curvature forms and Ricci tensor

We will now try to write Einstein’s equation as a set of equations in the space manifold
involving the vector fields G and H. We start by noticing that

i1 (G) = −dφ⇔ G = − grad (φ)

in an exact analogue of the corresponding electrostatic formula.

Exercise 4.1. Show that in R3 with the usual Euclidean metric one has

i2 (curl (v)) = d (i1 (v)) .

Definition 4.2. If (Σ, γ) is an arbitrary 3-dimensional Riemannian manifold and v is a
vector field defined on Σ we define curl (v) as the unique vector field satisfying

i2 (curl (v)) = d (i1 (v)) .
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Thus we have

H = −eφ curl (A)

closely resembling the corresponding magnetostatic expression. Thus the equations defin-
ing the gravitational and gravitomagnetic fields G and H parallel the homogeneous
Maxwell equations.

In order to write Einstein’s equations in the orthonormal frame {eα} we will have to
compute the components of the Ricci tensor in this frame. These can be obtained from
the curvature forms Ωβα, which in turn are given by Cartan’s second structure equations

Ωβα = −dωβα + ωδα ∧ ω
β
δ .

Before computing these forms, we notice that since

∇̂ω̂i = −ω̂j ⊗ ω̂ij
we have

∇̂G =
(
∇̂jGi

)
ω̂i ⊗ ω̂j = ∇̂

(
Giω̂

i
)

= ω̂i ⊗ dGi −Giω̂j ⊗ ω̂ij
= ω̂i ⊗

(
dGi −Gjω̂ji

)
and

∇̂H =
(
∇̂kHij

)
ω̂i ⊗ ω̂j ⊗ ω̂k = ∇̂

(
Hijω̂

i ⊗ ω̂j
)

= ω̂i ⊗ ω̂j ⊗ dHij −Hijω̂
k ⊗ ω̂j ⊗ ω̂ik −Hijω̂

i ⊗ ω̂k ⊗ ω̂jk
= ω̂i ⊗ ω̂j ⊗

(
dHij −Hkjω̂

k
i −Hikω̂

k
j

)
(where we’ve taken the chance to introduce the notation ∇̂iGj and ∇̂iHjk for the com-
ponents of the covariant differential of G and H). In other words, one has(

∇̂jGi
)
ω̂j = dGi −Gjω̂ji

and (
∇̂kHij

)
ω̂k = dHij −Hkjω̂

k
i −Hikω̂

k
j .

Exercise 4.3. Use the formulae above and the known expressions

ω0
i = ωi0 = −Giω0 − 1

2
Hijω

j;

ωij = ω̂ij −
1

2
Hijω

0;

dω0 = −G ∧ ω0 −H;

dωi = ω̂j ∧ ω̂ij
in Cartan’s second structure equations

Ω0
i = dω0

i − ω
j
i ∧ ω

0
j ;

Ωji = dωji − ω
0
i ∧ ω

j
0 − ωki ∧ ω

j
k
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to show that the curvature forms are given by

Ω0
i = Ωi0 =

(
∇̂jGi −GiGj +

1

4
HikHkj

)
ω0 ∧ ωj +

1

2

(
−∇̂jHik +GiHjk

)
ωj ∧ ωk;

Ωji = −Ωij = Ω̂ji +
1

2

(
−∇̂kHij +GjHik −GiHjk +GkHij

)
ω0 ∧ ωk − 1

4
(HijHkl +HikHjl)ω

k ∧ ωl.

Since

ωα ∧ ωβ = ωα ⊗ ωβ − ωβ ⊗ ωα

the independent components of the Riemann tensor in this orthonormal frame are given
by

R0
i0j = ∇̂jGi −GiGj +

1

4
HikHkj ;

R0
ijk =

1

2

(
−∇̂jHik + ∇̂kHij + 2GiHjk

)
;

Rji0k =
1

2

(
−∇̂kHij +GjHik −GiHjk +GkHij

)
;

Rjikl = R̂jikl −
1

4
(2HijHkl +HikHjl −HilHjk) ,

where R̂jikl are the components of the Riemann tensor of the space manifold on the
corresponding orthonormal basis.

Exercise 4.4. Show that because of the Riemann tensor symmetries one has

R0
ijk = −Rjk0i.

Deduce that G and H must satisfy

∇̂iHjk + ∇̂jHki + ∇̂kHij +GiHjk +GjHki +GkHij = 0.

Rewrite this condition as

dH +G ∧H = 0

and show that it follows trivially from

H = −eφdA.

It is now a simple task to compute the components of the Ricci tensor in our orthonor-
mal frame. For example, one has

(Ric)00 = Ri0i0 = −∇̂iGi +GiGi −
1

4
HikHki

= −div (G) + G2 +
1

4
HikHik

= −div (G) + G2 +
1

2
H2

and

(Ric)0i = Rjij0 =
1

2

(
∇̂jHij −GjHij +GiHjj −GjHij

)
=

1

2

(
∇̂jHij − 2HijGj

)
.
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Since(
∇̂jHij

)
=

(
−∇̂jHji

)
= −

(
∇̂1 ∇̂2 ∇̂3

) 0 H3 −H2

−H3 0 H1

H2 −H1 0


=

(
∇̂2H

3 − ∇̂3H
2, ∇̂3H

1 − ∇̂1H
3, ∇̂1H

2 − ∇̂2H
1
)

=
(

(d (i1 (H)))23 , (d (i1 (H)))31 , (d (i1 (H)))12

)
=

(
(curl (H))

1
, (curl (H))

2
, (curl (H))

3
)

we see that

(Ric)0i ei =

(
1

2
curl (H)−G×H

)
.

Finally, we have

(Ric)ij = R0
i0j +Rkikj = ∇̂jGi −GiGj +

1

4
HikHkj + R̂kikj −

1

4
(2HikHkj +HikHkj −HijHkk)

=
(
R̂ic
)
ij

+ ∇̂iGj −GiGj −
1

2
HikHkj

where
(
R̂ic
)
ij

are the components of the Ricci tensor of the space manifold on the corre-

sponding orthonormal basis and we’ve used the fact that ∇̂iGj is minus the Hessian of φ
(hence symmetric). As

(HikHkj) =

 0 H3 −H2

−H3 0 H1

H2 −H1 0

 0 H3 −H2

−H3 0 H1

H2 −H1 0


=

 −
(
H2
)2 − (H3

)2
H1H2 H1H3

H1H2 −
(
H1
)2 − (H3

)2
H2H3

H1H3 H2H3 −
(
H1
)2 − (H2

)2


= HiHj −H2γij

we can write

(Ric)ij =
(
R̂ic
)
ij

+ ∇̂iGj −GiGj −
1

2
HiHj +

1

2
H2γij .

5. Quasi-Maxwell equations

Definition 5.1. A perfect fluid is defined as a fluid such that the only stresses measured
by a comoving observer correspond to an isotropic pressure.

So if {eα} is a orthonormal frame associated to a comoving observer, the energy-
momentum tensor of a perfect fluid is by definition

T = ρe0 ⊗ e0 + pei ⊗ ei

where ρ is the rest energy density of the fluid and p is the rest pressure (note that there are
no components in e0⊗ ei as the observer is at rest with respect to the fluid and therefore
must measure zero energy current density). Since the raised indices metric tensor clearly
is

g = −e0 ⊗ e0 + ei ⊗ ei
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we see that

T = ρe0 ⊗ e0 + p (g + e0 ⊗ e0)

= (ρ+ p) e0 ⊗ e0 + pg

or, since e0 is just the 4-velocity u of the fluid,

T = (ρ+ p)u⊗ u+ pg.

Exercise 5.2. Show that Einstein’s equation implies the motion equation

(ρ+ p)∇uu+ div ((ρ+ p)u)u = − grad (p)

for a perfect fluid (here div and grad refer to the full spacetime metric g).

Exercise 5.3. A perfect fluid satisfying p = −ρ = λ
8π is said to correspond to a cosmo-

logical constant λ (notice that such fluid does not possess a rest frame). Show that the
motion equations imply that λ is indeed constant.

Recall that

Ric = G− 1

2
C (G) g

where G is Einstein’s tensor. Since Einstein’s equation is

G = 8πT

we conclude that

Ric = 8π

(
T − 1

2
C (T ) g

)
.

Since

C (T ) = − (ρ+ p) + 4p = 3p− ρ
we have

Ric = 8π

(
(ρ+ p)u⊗ u+ pg − 1

2
(3p− ρ) g

)
= 8π

(
(ρ+ p)u⊗ u+

1

2
(ρ− p) g

)
In the stationary orthonormal frame, we have

u = u0e0 + u

and consequently

Ric = 8π

(
(ρ+ p)

((
u0
)2

e0 ⊗ e0 + u0e0 ⊗ u + u0u⊗ e0 + u⊗ u
)

+
1

2
(ρ− p) (−e0 ⊗ e0 + γ)

)
i.e.,

(Ric)
00

= 8π

(
(ρ+ p)

(
u0
)2 − 1

2
(ρ− p)

)
= 4π

((
2
(
u0
)2 − 1

)
ρ+

(
2
(
u0
)2

+ 1
)
p
)

;

(Ric)
0i

ei = 8π (ρ+ p)u0u;

(Ric)
ij

= 8π

(
(ρ+ p)uiuj +

1

2
(ρ− p) γij

)
.
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Since we are using an orthonormal frame, it is simple to equate these components to
those obtained from the expression of the line element:

− div (G) + G2 +
1

2
H2 = 4π

((
2
(
u0
)2 − 1

)
ρ+

(
2
(
u0
)2

+ 1
)
p
)

;

1

2
curl (H)−G×H = −8π (ρ+ p)u0u;(
R̂ic
)
ij

+ ∇̂iGj −GiGj −
1

2
HiHj +

1

2
H2γij = 8π

(
(ρ+ p)uiuj +

1

2
(ρ− p) γij

)
.

Rearranging these equations slightly, and remembering we are using an orthonormal
frame, we can finally write

div (G) = G2 +
1

2
H2 − 4π

((
2
(
u0
)2 − 1

)
ρ+

(
2
(
u0
)2

+ 1
)
p
)

;(1)

curl (H) = 2G×H− 16π (ρ+ p)u0u;(2) (
R̂ic
)
ij

+ ∇̂iGj = GiGj +
1

2
HiHj −

1

2
H2γij + 8π

(
(ρ+ p)uiuj +

1

2
(ρ− p) γij

)
.(3)

These equations are now either tensor equations or the components of tensor equations
on the space manifold, and therefore hold in any frame.

Definition 5.4. Equations (1), (2) and (3) are called the quasi-Maxwell equations cor-
responding to the given family of stationary observers.

Notice that on contraction equation (3) yields

Ŝ + div (G) = G2 +
1

2
H2 − 3

2
H2 + 8π

(
(ρ+ p) u2 +

3

2
(ρ− p)

)
where Ŝ is the scalar curvature of the space manifold; using (1), one gets

Ŝ = −3

2
H2 + 8π

(
(ρ+ p) u2 +

3

2
(ρ− p)

)
+ 4π

((
2
(
u0
)2 − 1

)
ρ+

(
2
(
u0
)2

+ 1
)
p
)

= −3

2
H2 + 4π

(
2u2 + 3 + 2

(
u0
)2 − 1

)
ρ+ 4π

(
2u2 − 3 + 2

(
u0
)2

+ 1
)
p

= −3

2
H2 + 16π

(
u0
)2
ρ+ 16π

((
u0
)2 − 1

)
p

= −3

2
H2 + 16πT00

where T00 is the fluid’s energy density as measured by the stationary observers.
Equations (1) and (2) are analogues of the non-homogeneous Maxwell equations for

stationary fields. They basically state that the source of the gravitational field G is
proportional to

ρmatter =
(

2
(
u0
)2 − 1

)
ρ+

(
2
(
u0
)2

+ 1
)
p

whereas the source of the gravitomagnetic field H is proportional to

jmatter = (ρ+ p)u0u.

For low speeds one usually has p << ρ in our units; therefore, to first order in v one
has ρmatter = ρ and jmatter = ρv. In other words, the gravitational field is basically
generated by the fluid’s mass, whereas the gravitomagnetic field is basically generated
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by the fluid’s mass current with respect to the stationary observers. This completely
parallels the situation in electrostatics and magnetostatics.

More interestingly, nonlinear terms occur in equations (1) and (2) (reflecting the fact
that the Einstein equation is highly nonlinear), in such a way that G and H act as a
source of themselves. These terms are

ρfield = G2 +
1

2
H2

and
jfield = 2G×H,

strikingly similar to the expressions for the energy density and energy current density of
the electromagnetic field. With these definitions, equations (1) and (2) are written

div (G) = ρfield − 4πρmatter;

curl (H) = jfield − 16πjmatter,

clearly bringing out their resemblance to the non-homogeneous Maxwell equations. Notice
that the source terms corresponding to the fields occur with an opposite sign to the source
terms corresponding to the fluid; this is in line with the general idea that the gravitational
field is always attractive and hence should have negative energy. (Actually, the energy of
the gravitational field in General Relativity is much more subtle: it is a nonlocal concept,
as any observer can eliminate his local gravitational field by being in free fall).

The analogy between the quasi-Maxwell form of the Einstein equation and Maxwell’s
equations for stationary fields is remarkable, but there are also important differences, the
most obvious of which is the existence of equation (3), with no electromagnetic analogue.
Notice that this equation, which is a kind of Einstein equation for the space manifold,
has 6 independent components (as many as 2 vector equations), and can be written as

R̂ic+ ∇̂G = 8πT̂matter − T̂field
with

T̂matter = (ρ+ p) u⊗ u +
1

2
(ρ− p) γ

and

T̂field =
1

2
H2γ −G⊗G− 1

2
H⊗H

(notice again the similarity with the stress tensor of the electromagnetic field).
In a way, it is hardly surprising that the analogy breaks down at some point. Elec-

tromagnetism and gravity are fundamentally different interactions (for example, they
correspond to fields of different spins). What is surprising is that the analogy is so good
in the first place. It is also essential to the existence of the analogy that we are dealing
with stationary fields: gravitational waves essentially correspond to time-varying space
metrics.

The quasi-Maxwell formalism allows one to get an immediate grasp of the physical
meaning of a stationary metric from the point of view of the family of stationary observers
(although if more than one such family exists the picture may change quite considerably,
as we shall see). Also, it provides an alternative way of solving Einstein’s equation:
one postulates a metric for the space manifolds (eventually depending on one or more
unknown functions) and tries to solve for the fields (eventually imposing some sort of
relation between the fields’ directions and the space manifold geometry). We shall see
this at work presently.
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6. Examples

We will now analyze a number of examples of application of the quasi-Maxwell equa-
tions.

The simplest example is clearly Minkowski spacetime. In the usual {t, x, y, z} coordi-
nates the line element is

ds2 = −dt2 + dx2 + dy2 + dz2

and thus ∂
∂t is a timelike Killing vector field. For the global time coordinate t we have

φ = 0, A = 0 and the space manifold is just Euclidean 3-space, with line element

dl2 = dx2 + dy2 + dz2.

Thus for this family of stationary observers G = H = 0.
Interestingly, however, Minkowski spacetime has many different Killing vector fields.

Exercise 6.1. Show that the Killing equation £kg = 0 in Minkowski space reduces to

∂kβ
∂xα

+
∂kα
∂xβ

= 0.

Show that this equation implies that kα is an affine function of the coordinates xβ, and
then solve it. Prove that the space of all Killing vector fields is 10-dimensional, and that
a basis for it is{
∂

∂t
,
∂

∂x
,
∂

∂y
,
∂

∂z
, x

∂

∂t
+ t

∂

∂x
, y
∂

∂t
+ t

∂

∂y
, z
∂

∂t
+ t

∂

∂z
, x

∂

∂y
− y ∂

∂x
, y

∂

∂z
− z ∂

∂y
, z

∂

∂x
− x ∂

∂z

}
.

Notice that the one-parameter families of isometries generated by these Killing fields
are (respectively) translations along each of the axes, boosts along each of the spatial
axes and rotations about each of the spatial axes.

Exercise 6.2. Show that making the coordinate transformation

t = a sinhu

x = a coshu

in the t < |x| region of Minkowski spacetime one gets the so-called Rindler spacetime line
element

ds2 = −a2du2 + da2 + dy2 + dz2.

Show that the timelike Killing vector field ∂
∂u is just

∂

∂u
= x

∂

∂t
+ t

∂

∂t
and corresponds to a family of stationary observers who measure and Euclidean space
manifold and G = − 1

a
∂
∂a , H = 0. Check that the quasi-Maxwell equations hold in this

example.

Thus we see that stationary observers may measure gravitational fields in a flat space-
time. This happens when the orbits of the timelike Killing vector field corresponds to
accelerated motions, which in General Relativity are locally indistinguishable from ob-
servers accelerating to oppose gravity in order to remain stationary. The stationary
observers of Rindler spacetime are the relativistic analogue of an uniformly accelerated
frame. Notice that while the distances between them remain constant, each observer
measures a different acceleration.

Another simple kind of accelerated motion is uniform circular motion.
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Exercise 6.3. Take the Minkowski line element in cylindrical coordinates,

ds2 = −dt2 + dr2 + r2dϕ2 + dz2,

and make the coordinate transformation θ = ϕ−ωt. Check that in these new coordinates
∂
∂t is a timelike Killing vector field for r < 1

ω , corresponding to a family of uniformly
rotating observers with angular velocity ω, and that in fact it is just

∂

∂t
+ ω

∂

∂ϕ
=

∂

∂t
+ ω

(
x
∂

∂y
− y ∂

∂x

)
in the old coordinates. Check that for this family of stationary observers the space manifold
line element is

dl2 = dr2 +
r2

1− ω2r2
dθ2 + dz2,

that

G =
ω2r

1− ω2r2

∂

∂r
,

H =
2ω

1− ω2r2

∂

∂z

and that the quasi-Maxwell equations hold.

Thus again accelerated stationary observers in flat spacetime measure nonzero fields.
From the equations of motion one easily sees the gravitational field corresponds to the
centrifugal acceleration, whereas the gravitomagnetic field is responsible for the Coriolis
forces.

Notice that

Ŝ = −3

2
H2 = − 6ω2

(1− ω2r2)
2

and hence the space manifold is curved, although the full spacetime is flat (Einstein used
this example, which he analyzed in terms of length contraction of rulers in the tangential
direction, to start thinking of curved geometries in connection with gravity). We now
investigate whether the reverse is also possible:

Exercise 6.4. Show that if the space manifold is Euclidean 3-space and no fluid is present
then H = 0 and hence the quasi-Maxwell equations reduce to

∂2φ

∂xi∂xj
= − ∂φ

∂xi
∂φ

∂xj
.

Show that the appropriate initial data for these equations is the value of φ and its first
partial derivatives at a point, and argue that it suffices to solve the equation for the
particular case when this point is the origin and all partial derivatives but one vanish.
Solve such equation and prove that all stationary vacuum spacetimes with Euclidean space
manifolds are either Minkowski or Rindler spacetime.

Thus to get curved spacetimes with Euclidean space manifolds we must introduce
matter.
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Exercise 6.5. Assume that the space manifold is flat but there is a fluid present. Make
the ansatz

G = G
∂

∂x
;

H = H
∂

∂y
;

u = u
∂

∂z

where G, H and u are constants. Show that for each ρ ≥ 0 the quasi-Maxwell equations
have a unique solution of this form given by

G = 4
√
πρ;

H = 4
√

2πρ;

u = 1;

p = ρ,

and show that the corresponding spacetime metric is

ds2 = −e−8
√
πρx
(
dt+

√
2e4
√
πρxdz

)2

+ dx2 + dy2 + dz2

= −
(
dz +

√
2e−4

√
πρxdt

)2

+ e−8
√
πρxdt2 + dx2 + dy2.

Conclude that ∂
∂z is also a timelike Killing vector field and that for the corresponding

family of observers

G = 0;

H = 4
√

2πρ
∂

∂y
;

u = 0.

Thus these observers are comoving with the fluid. Show that the 2-dimensional line ele-
ment

e−8
√
πρxdt2 + dx2

is that of a hyperbolic plane (and thus the comoving observers’ space manifold is just a
hyperbolic plane times R).

This is the line element for the so-called Godel universe, which was discovered by Kurt
Godel in 1949. It describes a fluid which is rotating about each of the comoving observers.
This solution caused considerable unrest among physicists at the time, as it was shown
by Godel to contain closed timelike curves (see [H]).

This feature could already be found in an exact solution discovered by Van Stockum
in 1936:
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Exercise 6.6. Show that setting G = u = 0 and p = 0 in the quasi-Maxwell equations
turns them into

H = grad (ψ) ;

ρ =
1

8π
H2;(

R̂ic
)
ij

=
1

2
HiHj.

Take as line element for the space manifold

dl2 = F (r)
(
dr2 + dz2

)
+ r2dϕ2

where F is an arbitrary function satisfying F (0) = 1, and set

ψ = 2az

so that

R̂ic = 2a2dz ⊗ dz.

Show that the quasi-Maxwell equations have the unique solution

F = e−a
2r2

and that consequently one has the rest density

ρ =
a2

2π
ea

2r2

and the line element

ds2 = −
(
dt− ar2dϕ

)2
+ e−a

2r2
(
dr2 + dz2

)
+ r2dϕ2.

This solution describes a rigidly rotating cylinder such that the gravitational attraction
is exactly balanced by the centrifugal acceleration. Notice that ∂

∂ϕ becomes timelike for

r > 1
a , thus leading to closed timelike curves. In 1974, Tipler matched Van Stockum’s

solution to an exterior vacuum solution at r = R < 1
a , thus obtaining the field outside

a rigidly rotating cylinder of finite radius, and also got closed timelike curves there (see
[T]). Using these he was able to prove that any two events outside the cylinder could be
joined by a timelike curve.

The quasi-Maxwell formalism can be successfully employed to get other kinds of sta-
tionary solutions of Einstein’s equation:

Exercise 6.7. Consider a spherically symmetric space manifold,

dl2 = C2 (r) dr2 + r2
(
dθ2 + sin2 θdϕ2

)
and radial gravitational and gravitomagnetic fields,

G = G (r)
∂

∂r
;

H = H (r)
∂

∂r
.
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Show that there exists a two-parameter family of asymptotically flat solutions of the quasi-
Maxwell vacuum equations given by

e2φ = 1− 2

r2

(
q2 +M

(
r2 − q2

) 1
2

)
;

C2 =

(
1− q2

r2

)−1

e−2φ;

H = −eφ 2q

Cr2
,

yielding the line element

ds2 = −e2φ (dt− 2q cos θdϕ)
2

+

(
1− q2

r2

)−1

e−2φdr2 + r2
(
dθ2 + sin2 θdϕ2

)
.

This is the so-called Newman-Unti-Tamburino (NUT) solution (see [H]), and represents
a gravitational monopole. Notice that for q = 0 it reduces to the Schwarzschild solution.

Exercise 6.8. On a five-dimensional spacetime let ∂
∂x4 be a spacelike Killing vector field

with constant norm and write the line element as

ds2 = gµνdx
µdxν + ĝ44

(
dx4 +Aµdx

µ
)2

.

Use a similar method to that used to obtain the quasi-Maxwell equations to show that the
5-dimensional Einstein tensor has the components

Ĝµ4 =
1

2
ĝ44∇αFαµ;

Ĝµν = Gµν −
1

2
ĝ44

(
FµαF

α
ν +

1

4
FαβF

αβgµν

)
,

where F = dA.

Setting ĝ44 = 16π we see that the vanishing of these components is equivalent to
simultaneously satisfying the coupled Einstein and Maxwell equations (F being inter-
preted as the Faraday electromagnetic tensor). This observation is the starting point of
Kaluza-Klein theory unifying gravity and electromagnetism in a geometric framework.
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