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(6/20) 1. The commutator subgroup of a group G is the smallest subgroup H C G which contains
all elements of the form ghg='h™! for g,h € G (that is, it is the intersection of all
subgroups with this property). Show that:

(a) H is a normal subgroup.
(b) G/H is abelian.

(c) Each irreducible representation of G/H determines a 1-dimensional representation
of G.

(d) Every 1-dimensional representation of G can be obtained in this way.

(3/20) 2. The commutator subgroup of the alternating group A4 (that is, the group of even per-
mutations of {1,2,3,4}) is the Klein group K = {e, (12)(34), (13)(24), (14)(23)}. How
many irreducible representations does A, have? What are their dimensions?

(4/20) 3. Solve the equation 22922 = 5 in Z1;.

. Let , € a metric space an - a compact set.
3/20 4. Let (M,d) b i dKCM
(a) Show that K is necessarily closed and bounded (that is, contained in some open
ball).

(b) Show that in the metric space (R \ {0}, d), where d(z,y) = |z — y| is the usual
distance function, there are closed bounded sets which are not compact.



(4/20)

5. The Heisenberg algebra is the Lie algebra h generated by the matrices
010 0 00 0 0 1
X=10 0 0}, Y=|(0 0 1{, Z=10 0 0},
000 000 000
and the Heisenberg group is

1
H = 0 € Moya(R) : z,y,z € R
0

o = 8
— N

Show that:

(a) The Lie brackets of X, Y and Z are all zero except for [X, Y] = Z. Is the Heisenberg
algebra simple?

(b) H is a Lie group.

(c) b is the Lie algebra of H.



