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Aim and open questions

Aim Explain the diagrammatic categorification of the
extended affine Hecke algebra and the affine g-Schur
algebra, extending work by Elias-Khovanov,
Elias-Williamson, Harterich, Khovanov-Lauda,
Soergel, Williamson,...
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@ Precise relation with Williamson's singular
bimodules (i.e. details, such as faithfulness
etc.)?
@ Relation with work by Lusztig and
Ginzburg-Vasserot (perverse sheaves)?
Relation with Webster's weighted KLR algebras?
Applications for knots/links on tori?
Generalizations for elliptic Hecke algebras?
Categorification of evaluation modules and their
tensor products?
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© Extended affine Weyl group and extended affine Hecke
algebra.

© Extended affine Soergel bimodules.

© Extended affine Elias-Khovanov-Williamson diagrammatical
calculus.

© Extended affine quantum general linear algebra and affine
tensor space.

© Affine Schur-Weyl duality and affine g-Schur algebra.

Q@ y-Deformed and extended affine Khovanov-Lauda calculus.
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The extended affine Weyl group

The extended affine Weyl group W?\ » is generated by

Oly -y Try Py
subject to the relations
o2=1 fori=1,...,r
oi0j = 0j0; for distant i/, j =1,...,r
0i0i410] = Oj+10i0j+1 fori=1,...,r
pa,-p_l =0jt1 fori=1,...,r

The indices are understood modulo r. We say that / and j are
distantif jZi+1 mod r.




The (non-extended) affine Weyl group

The (non-extended) affine Weyl group W5 e W?\ s the
subgroup generated by the ;.

Lemma

Any w € W5 , can be written as
k. ./ k
W=pw =poj 0

where k € 7 is unique and o, - - - 0j, is a reduced expression of an

element w' € Wi .
r—1




The extended affine Hecke algebra

Definition
Similarly, the extended affine Hecke algebra 7/-2;‘,_1 is the
Q(qg)-algebra generated by

(T, T, Toi=1,...1}
satisfying all the relations as in W5 _,» except that

'I'(fl_:(qz—l)Tgi—Fq2 foralli=1,...,r

with g being a formal parameter.

-

A Q(q)-basis of 7712\ _, is given by the set {Tw,w € W;‘ _1}, with

_ Tk _ Tk
Tw=TTw =T,Tg - To,.

17




Kazhdan-Lusztig generators

~

Alternatively, H3; s generated by
{7y, Ty, bjyi=1,...r}

where the b; := C,. = g~ *(1+ T,,) are the Kazhdan-Lusztig
generators.

We have:
b? = (q+q )b fori=1,...,r
b;bj = bjb,‘ for distant i,j=1,...,r
bibi11bj + bjt1 = biy1bibit1 + bj fori=1,...r
pr,-Tp_I:bH_l fori=1,...,r.




Kazhdan-Lusztig basis

Theorem (Grojnowski-Haiman)

7?[;‘ . has the following Kazhdan-Lusztig basis

{T,Cl keZandweW; 1},

with the usual positive integrality property.




Extended reflection faithful representation

W;\r_l acts faithfully on R = Q[y][x1, ..., x]:

o(xi) = Xjt1 fori=1,...,r—1
1 - o
fori=r

Xi_1 fori=2,...,r

x+y fori=1

X; otherwise

x+y fori=1

or(x;) = —y fori=r

Xjy1 fori=j
oi(xi) = {x fori=j+1 forj=1,...,r—1

Xi otherwise

20



Extended affine Soergel bimodules

Forany i =1,...,r, define the graded bimodule
B; =R KRR R
with deg(y) = deg(xx) =2 and

R = Qlyllx1,--.,Xi + Xit1, XiXit1,-- -, %] (i=1,...,r—1)
R = Qlyl[xes- -y Xr—1, % + x1, (X +¥/2) (1 — y/2)]

Define also the twisted bimodule B,«1. As a left R-module, we
have B,+1 := R. The right R-module structure is defined by

x<a:= p(a)Tix

for all x € Bpﬂ and a € R.



Harterich's categorification theorem

Definition

The category of extended Soergel bimodules KarEBimAr_l, is the
idempotent completion of the Q-linear graded additive monoidal
category with translation generated by the bimodules above.

Let KarBim; B be the idempotent completion of the monoidal
subcategory generated by the B;.
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Harterich's categorification theorem

Definition

The category of extended Soergel bimodules KarEBimAr_l, is the
idempotent completion of the Q-linear graded additive monoidal
category with translation generated by the bimodules above.

Let KarBim; B be the idempotent completion of the monoidal
subcategory generated by the B;.

A\

Theorem (Harterich)

We have

A Ké@(q)(KarBimZ‘ril)

r—1
such that
for any w € W7\,f1‘ Here B,, (e.g. B;) is an indecomposable
bimodule uniquely determined by w (e.g. o;).
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And its extension

Forany i=1,...,r, there exist R—bimodule isomorphisms

Rk ~
BOk =~ B,

B, ®r Bi = Bi11 ®r B,

Corollary (M.M.-Thiel)

We have

Hi | = Ko (Kar€Bim; )

such that
TXCl, — [ByBuw{-1}].

Note that B;?k 2 R for any k € Z, because the action of p is
faithful. Putting y = 0 gives B = R.
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The diagrammatic Soergel 2-category DEBimy;

Elias-Khovanov type generators:

@ involving only one color:

For simplicity, define the degree-zero morphisms:

AVY

@ Boxes (degree 2): ) and [v] ]

Degree

25



The diagrammatic Soergel 2-category DEBimy;

@ The 4—valent vertex with distant colors, of degree 0:

J i

i J

@ The 6—valent vertices with adjacent colors / and j, of degree O:

26



The diagrammatic Soergel 2-category DEBimy;

New generators:

@ Generators involving only oriented strands (degree 0):

i+1 + + i - i+

\%
X



The diagrammatic Soergel 2-category DEBimy;

The usual Elias-Khovanov relations, but with colors modulo r, e.g.:

28



The diagrammatic Soergel 2-category DEBimy;

New relations, e.g.:

20



The equivalence

Theorem (Elias-Williamson, mm.-Thiel)

There exists an equivalence of graded 2-categories

DEBIm;

A, 5B/m2r71

for any r > 3.

20



The equivalence

Theorem (Elias-Williamson, mm.-Thiel)

There exists an equivalence of graded 2-categories

DEBIm;

A, EBIim~

Ar—1

for any r > 3.

Corollary

Ha = KD (KarDEBim; )




The equivalence

Theorem (Elias-Williamson, mm.-Thiel)

There exists an equivalence of graded 2-categories

DEBIm;

A, 5B/m2r71

for any r > 3.

Corollary

Ha = KD (KarDEBim; )

r—1

The ideal generated by y is virtually nilpotent, so
Ko D (KarDEBim; _/[y]) = Ky » (KarDEBimy ).

9



The extended affine quantum algebras

Assume n > 3 from now on.
Definition (Green)

The extended quantum general linear algebra LAJq(gA[,,) is the
associative unital Q(q)-algebra generated by R*?, Kl-i:l and Ey;,

for i =1,...,n, subject to the usual relations together with
RR-'=RR=1 (0.1)
RX;R™' = Xi11  for Xi € {Exi, K '} (0.2)




The extended affine quantum algebras

Assume n > 3 from now on.

Definition (Green)

The extended quantum general linear algebra Oq(gl,,) is the
associative unital Q(q)-algebra generated by R*?, KI-jE:l and Ey;,
for i =1,...,n, subject to the usual relations together with
RR'=R1I'R=1
RX;R™' = Xiy1  for X; € {Exi, K '} (0.2)

Definition

The affine quantum general linear algebra Uq(gl,,) C Gq(g[n) is
generated by E4; and Kiil, fori=1,...,n.

The affine quantum special linear algebra Ug4(sl,) C Uq(gT[n) is
generated by E4; and K,-K;ll, fori=1,...,n.

These algebras are all Hopf algebras.
24



The idempotented version

The degenerate level-zero Gq(gln)—weight lattice can be identified
with Z". Note that

Rlx, ) = 10w K-

This relation plus the usual ones give

Definition

The idempotented extended affine quantum general linear algebra

is defined by
= P 1.U4(l,)
A, WEZ"

35



The idempotented version

Definition

Define U(gl,) C U(gl,) as the idempotented subalgebra generated
by 1) and E4;1y, fori=1,...,nand A € Z".
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The idempotented version

Define U(gl,) C U(gl,) as the idempotented subalgebra generated
by 1) and E4;1y, fori=1,...,nand A € Z".

Definition

| A\

To define U(sl,,) adjoin an idempotent 1, for each p € Z"~1.




The idempotented version

Define U(gl,) C U(gl,) as the idempotented subalgebra generated
by 1) and E4;1y, fori=1,...,nand A € Z".

Definition

To define U(sl,,) adjoin an idempotent 1, for each p € Z"~1.

Remark: gl,-weights versus sl,-weights

Recall the map Z" — Z"~! given by A — X with

X = ()\1 — )\2,. o -;>\n—1 — )\n).

28



Affine tensor space

Let V be the Q(q)-vector space freely generated by {e; | t € Z}.

Definition (Green)

The following defines an action of l/jq(é\[,,) on V
Eie;r1=¢e ifi=t modn (0.3)
Eieepr =0 ifi#t mod n (0.4)
E et =e€1 ifi=t modn (0.5)
E_jee=0 ifiZt modn (0.6)
K*le, = g™le, ifi=t mod n (0.7)
K*le;=e ifi#t modn (0.8)
R¥le, = e;41 forall t € Z. (0.9)




The affine g-Schur algebra

@ Foranyre N, V® isa U(g[n)—weight representation with
weights in

A(n,r)={X e N": zn:)\,- =r}.
i=1

40



The affine g-Schur algebra

@ Foranyre N, V® isa U(g[n)—weight representation with
weights in

A(n,r)={X e N": zn:)\,- =r}.
i=1

@ Green defined a right action of 71;\’71 on V@ which

commutes with the left action of U(gl,,).

Definition (Green)

~

Let n,r > 3. The affine q-Schur algebra S(n, r) is the centralizing
algebra
End_ (Vo).

Ar—1

41



Affine Schur-Weyl duality (part of)

Theorem (Green)

For n,r > 3, the image of ¥, U(gA[,,) — End(V®") is always
isomorphic to S(n,r). If n > r, we even have

Gnr(U(510)) = ¥ (U(al,)) 2 S(n, r).

For n = r, this is no longer true.

49



Thecase n>r >3

Theorem (Doty-Green)

Forn>r>3, §(n, r) is isomorphic to the quotient of U(gA[n) by
the ideal generated by all idempotents whose weight does not
belong to \(n, n).

43



As vector spaces, we have

S(n, n) = o u( )& P QIR R
t£0
However, this is not an algebra isomorphism.

44



Thecase n=r >3

As vector spaces, we have
S(n, n) = ¢ )& P QIR R
t£0
However, this is not an algebra isomorphism.
Definition (Deng-Du-Fu)
Define

_ E+51"+Z Z E(al 1) E:fal)E’San) e Ei(-ﬁa-ifl)1(an,31,~-73n71)

i=1 a;j=

and

R = E_ 5]-” + Z Z E(a(AI 11) E(al)E(an) E(a(l;:}i)l(ah""a")'

i=1 aj=

The second sum is over (a1, ...,a,) € A(n, n).
A5



Theorem (Deng-Du-Fu)

§(n, n) is generated by E. s, Ey; and 1y, fori =1,...,n and
A € A(n, n), with the usual relations and (i=1,...,n):

) E:t(;l)\ = 1)\E:|:5 =0 for all A 75 (1"),‘

i) Exsly = 1,E4s;
i) ExsE_slp=E sE 51, =1,;
|V) E—IE+51n =Ei_1---E1E;--- Eip1ly;
v) etc.

46



Some interesting homomorphisms

Lemma (Doty-Green, Deng-Du-Fu)

There exists an injection o, ”;[2 s S(n, r) defined by
Un,r(bi) = L,EE_ ;1,=1,E_;E1,
Un,r(br) = 1,E_p---E_,E---Epl,
On,r Tp) = 1,E_,---E_,1E,---E_1,
onr(T;Y) = LE - EEq1--Enly,
fori=1,...,r—1andn>r>3, and
Un,r(bi) = L,EE_ ;1,=1,E_;E1,
G A=) = Sl
fori=1,...,rand n=r>3.

47



Some interesting homomorphisms

Lemma (Deng-Du)

For n > 3, there exists an injection tp: §(n, n) — §(n +1,n)
defined by
1, — 1()\70)
Eiily — Eiilpn
En].)\ — EnEn+1 1()\70)

E_nlx — E_(hy1)E-nl(np)

E+51,, — EnEn—l oo E1 En+11(1n’0)

E_51n — E_(n+1)E_1 ooo E_n1(1n70)

48



Categorification for n > r > 3

Definition (M.M.-Thiel)

Define L{(gA[,,)M by tensoring Khovanov and Lauda’s Z/{(gA[,,) with
Q[y] and deforming the relation

e

and the analogous relation with 1 and n switched and an
additional minus sign.

As a consequence some bubble slide relations get deformed.

40



Categorification for n > r > 3

Definition (M.M-Thiel)

g(n, r)y] is the quotient of Ll(g[n)[y] by the ideal generated by all
diagrams with regions whose label is not contained in A(n, n).

50



Categorification for n > r > 3

Definition (M.M-Thiel)

g(n, r)y] is the quotient of L{(é\[n)[y] by the ideal generated by all
diagrams with regions whose label is not contained in A(n, n).

Theorem (M.M-Thiel)
The Q(q)-linear algebra homomorphism

~

Yot S(n, r) = Ko\ ¥ (KarS(n, r)1,))
defined by
’Yn,r(E:i:i]-)\) = [g:l:i]-)\] ®1 and ")/n,r(Ei(S]-n) = [8i61n] oL

forany i =1,...,n, is a well-defined isomorphism.




Categorification for n > r > 3

Definition (M.M-Thiel)

g’(n, r)y] is the quotient of L{(é\[n)[y] by the ideal generated by all
diagrams with regions whose label is not contained in A(n, n).

Theorem (M.M-Thiel)
The Q(q)-linear algebra homomorphism

~

Yot S(n, r) = Ko\ ¥ (KarS(n, r)1,))
defined by

’Yn,r(E:i:i]-)\) = [g:t,'].)\] ®1 and "Yn,r(EjuS]-n) = [Ei(s].n] ®1

forany i =1,...,n, is a well-defined isomorphism.

Note that the ideal generated by y is virtually nilpotent, so the
categorification theorem also holds for y = 0.

5D



Relation with affine Soergel bimodules

Corollary

The restriction of

~

Yo S(nyr) = KD (KarS(n, r)p,7)
gives rise to the composite isomorphism

YnroTnr: Hz = 1,8(n, )1, = Ko (KarS(n, r)p,((17), (1))

for any n > r > 3.




Relation with affine Soergel bimodules

The restriction of

Yo S(nyr) = KD (KarS(n, r)p,7)
gives rise to the composite isomorphism

YnroTnr: Hz = 1,8(n, )1, = Ko (KarS(n, r)p,((17), (1))

for any n > r > 3.

Theorem (M.M.-Thiel)

There exists a well-defined 2-functor

~

VR DSBimj%\r_l — S(n, r)y

which categorifies v, © o, for any n > r > 3.

A\

54



The 2-functor ¥, ,, e.g.:

1515



The 2-functor ¥, ,, e.g.:

n r+1 1 i—1 i i+1i42

56H



Relation with affine Soergel bimodules

Theorem (M.M.-Thiel)

For any n > r > 3, there exist a 2-category of extended singular
affine Soergel bimodules ESBim5 . and a 2-representation

F :8(n,r) ]~ SSBimE\ri .

*
ly q

such that the following diagram commutes

Dé’BimE‘ 2 ESBimj’%\r

r—1

Xnr /

8(n,r)z, (1), (1%)




Categorification for n=r >3 and y =0

Definition (M.M.-Thiel)

S(n, n) is the quotient of (gl,) by the ideal generated by all
diagrams with regions whose label is not contained in A(n, n)
(taking y = 0 for simplicity), together with the generating

1-morphisms
lng—i-&ln{t} and 1,,5_51,,{1‘},

for t € Z, and the following generating 2-morphisms

le s1.{0) le s1.(t}

5 )

a | @ am vy @
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Generators

) (ln)

)

5Q




Extra relations

5 5 5 5
(17) (17)
= =1
O, -0,
A N
s (17) = (17) s (17) = (17)
N\ 8
58 58
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Extra relations
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Extra relations

(1) = (17 ; an = (1)

i+1 i i+1

62



Extra relations

J i+2 i+1 i i—1  j+1

ii—1 j+1 42 i+l

Impose cyclicity on all diagrams.
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Categorification Theorem

Theorem (M.M.-Thiel)
For any n > 3, the Q(q)-linear algebra homomorphism

Yon: S(n, n) = KD (Kar8(n, n))
defined by

Yo,n(Exily) == [Exil\] ® 1 and  ypn(Exsln) = [Ex51n] @1

forany i =1,...,n, is a well-defined isomorphism.




Well-definedness, e.g.:

E_i€isly =& &&n- - il

an = (1)

i+1 i—1i=2 i+1

65



Where did we get the relations from?

Proposition (M.M.-Thiel)

The 2-functor Z,: S(n,n) — S(n+ 1, n) below is well-defined.

) = T (A,0) =4 4(X0)

n+1 n n+l

1 n n+l n




Where did we get the relations from?

f=2)
3
7
fay
=
3
+
[y
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The End

THANKS!H!
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